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This report gives the result of running the computer algebra independent integration test.

The download section in the appendix contains links to download the problems in plain
text format used for all CAS systems.

The number of integrals in this report is [ 61 |. This is test number [ 174 |.

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1.
2.
3.
4.

Mathematica 13.1 (June 29, 2022) on windows 10.
Rubi 4.16.1 (Dec 19, 2018) on Mathematica 13.0.1 on windows 10.
Maple 2022.1 (June 1, 2022) on windows 10.

Maxima 5.46 (April 13, 2022) using Lisp SBCL 2.1.11.debian on Linux via sagemath
9.6.

5. Fricas 1.3.8 (June 21, 2022) based on sbcl 2.1.11.debian on Linux via sagemath 9.6.
6.

7. Sympy 1.10.1 (March 20, 2022) Using Python 3.10.4 on Linux.

8.

Giac/Xcas 1.9.0-13 (July 3, 2022) on Linux via sagemath 9.6.

Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows 10.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath
integrate command by changing the name of the algorithm to use the different CAS
systems.

Sympy was called directly from Python.



1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed
form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf are
not allowed.

If a CAS returns the above integral unevaluated within the time limit, then the result is
counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not integrable,
as this implies CAS could not determine that the integral is not integrable in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automatically
and this special result is listed in the introduction section of each individual test report to
make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed
Rubi 100.00 (61 ) | 0.00 (0)
Fricas | 100.00 (61) | 0.00 (0)

Mathematica | 98.36 (60 ) | 1.64 (1)

Maple | 95.08 (58) | 4.92(3)

Maxima | 90.16 (55) | 9.84 (6)
Giac 57.38 (35) | 42.62 ( 26)

Mupad | 45.90 (28) | 54.10 ( 33)
Sympy | 45.90 (28) | 54.10 (33)

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes
the meaning of these grades.



grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 100.00 0.00 0.00 0.00
Mathematica 85.25 6.56 6.56 1.64
Maxima, 65.57 24.59 0.00 9.84
Giac 54.10 3.28 0.00 42.62
Maple 52.46 42.62 0.00 4.92
Fricas 50.82 49.18 0.00 0.00
Mupad N/A 16.39 0.00 54.10
Sympy 29.51 16.39 0.00 54.10

Table 1.3: Antiderivative Grade distribution of each CAS

The following is a Bar chart illustration of the data in the above table.



Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS
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The following table shows the distribution of the different types of failure for each CAS.
There are 3 types of reasons why it can fail. The first is when CAS returns back the input
within the time limit, which means it could not solve it. This the typical normal failure F .

The second is due to time out. CAS could not solve the integral within the 3 minutes time
limit which is assigned F(-1).

The third is due to an exception generated. Assigned F(-2). This most likely indicates an
interface problem between sagemath and the CAS (applicable only to FriCAS, Maxima and



Giac) or it could be an indication of an internal error in CAS. This type of error requires
more investigations to determine the cause.

System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure
Rubi 0 0.00 % 0.00 % 0.00 %
Mathematica | 1 0.00 % 100.00 % 0.00 %
Maple 3 100.00 % 0.00 % 0.00 %
Fricas 0 0.00 % 0.00 % 0.00 %
Giac 26 100.00 % 0.00 % 0.00 %
Maxima 6 100.00 % 0.00 % 0.00 %
Sympy 33 100.00 % 0.00 % 0.00 %
Mupad 33 100.00 % 0.00 % 0.00 %

Table 1.4: Failure statistics for each CAS




1.3 Time and leaf size Performance

The table below summarizes the performance of each CAS system in terms of time used
and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization). The
Normalized mean is relative to the mean size of the optimal anti-derivative given in the
input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is 3
times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as the
median leaf size of the optimal.

System Mean  time | Mean size | Normalized Median Normalized
(sec) mean size median

Rubi 0.22 150.31 0.70 114.00 1.00
Mathematica | 9.11 254.22 1.06 148.00 1.05

Maple 43.03 367.31 1.73 164.00 1.06
Maxima 0.43 210.87 1.06 115.00 1.03

Fricas 0.26 1228.07 4.44 247.00 1.82

Sympy 0.36 490.00 2.51 0.00 0.00

Giac 0.21 123.17 0.56 0.00 0.00
Mupad 0.47 63.14 0.36 -1.00 -0.04

Table 1.5: Time and leaf size performance for each CAS

The following are bar charts for the normalized leafsize and time used from the above table.
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Mean time used (seconds)

Normalized mean size of antiderivative

Lower is better

Lower is better
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1.4 list of integrals that has no closed form
antiderivative

{45, B}[10}[14}[15}[32} 33} |40} 41} |45, |46, [50} 51, [55, [56, (60} (61}
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1.5 List of integrals solved by CAS but has
no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Mupad {}
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1.6 list of integrals solved by CAS but failed
verification

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not mean necessarily that the anti-derivative
is wrong, as additional methods of verification might be needed, or more time is needed (3
minutes time limit was used). These integrals are listed here to make it easier to do further
investigation to determine why it was not possible to verify the result produced.

Rubi {}

Mathematica {[13][48]}

Maple Verification phase not implemented yet.
Maxima Verification phase not implemented yet.
Fricas Verification phase not implemented yet.
Sympy Verification phase not implemented yet.
Giac Verification phase not implemented yet.

Mupad Verification phase not implemented yet.

1.7 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call completed from the time before the call was
made. This was done using Python’s time.time() call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for each
integral. If the integrate command did not complete within this time limit, the integral was
aborted and considered to have failed and assigned an F grade. The time used by failed
integrals due to time out was not counted in the final statistics.
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1.8 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that the
antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not verified
could still be correct, but further investigation is needed on those integrals. These integrals
were marked in the summary table below and also in each integral separate section so they
are easy to identify and locate.

1.9 Important notes about some of the re-
sults

1.9.1 Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

The exception raised is ValueError. Therefore Maxima results is lower than what would
result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about 2
percent. This percentage can be higher or lower depending on the specific input test file.

Such integrals can be identified by looking at the output of the integration in each section
for Maxima. The exception message will indicate the cause of error.

Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'
'load(abs_integrate)' 'load(diag)'

SageMath automatic loading of Maxima abs_integrate was found to cause some problems.
So the following code was added to disable this effect.

{ from sage.interfaces.maxima_lib import maxima_lib
| maxima_lib.set('extra_definite_integration_methods', '[1')
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L maxima_lib.set('extra_integration_methods', '[]') J

Seelhttps://ask.sagemath.org/question/43088/integrate-results-that-are-diffdrent-
[from-using-maxima/| for reference.

1.9.2 Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

1.9.3 Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for this
purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative was deter-
mined using the following function, thanks to user slelievre at https://ask.sagemath|
lorg/question/57123/could-we-have-a-leaf count-function-in-base-sagemath/|

def tree_size(expr):
L
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)



https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
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For Sympy, which was called directly from Python, the following code was used to obtain
the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count_ ops(anti))

except Exception as ee:
leafCount =1

1.9.4 Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post

processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future, when
grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
‘ anti = int(integrand,the_variable)

Which gives sin(x)~2/2




1.10 Design of the test system

The following diagram gives a high level view of the current test build system.

[ Mathematica script + grading +verification ]
Sam Blake test file

[ Rubi script + grading + verification POST
PROCESSOR
PROGRAM
Test files from Albert : n b
T
8 Rich Rubi web site l aple script + grading
Waldek Hebisch - "
test file [ Python script to run sympy + grading
j\> . - Program that
b Latex repo
’ Matlab script for Mupad/Symbolic toolbox generates the p

Latex report
using input

from the ‘ HTML
result tables

™ Giac

SageMath/Python
script to test
Maxima, Fricas +

grading
Maxima —>

High level overview of the CAS
independent integration test

build system
One record (line) per one integral result. The line is CSV comma'separated. This is description of each record

! Fricas

pe

[ | SageMath

1. integer, the problem number.

2. integer. O for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
3. integer. Leaf size of result.

4. integer. Leaf size of the optimal antiderivative.

5. number. CPU time used to solve this integral. O if failed.

6. string. The integral in Latex format

7. string. The input used in CAS own syntax.

8. string. The result (antiderivative) produced by CAS in Latex format

9. string. The optimal antiderivative in Latex format.

10. integer. 0 or 1. Indicates if problem has known antiderivative or not
11. String. The result (antiderivative) in CAS own syntax.

12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”
13. String. Small string description of why the grade was given.

14. integer. 1 if result was verified or 0 if not verified.

The following fields are present only in Rubi Table file

15. integer. Number of steps used.

16. integer. Number of rules used.

17. integer. Integrand leaf size.

18. real number. Ratio. Field 16 over field 17

19. String of form “{n,n,..}” which is list of the rules used by Rubi a1 A
20. String. The optimal antiderivative in Mathematica syntx August 26,2022
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2.1 List of integrals sorted by grade for each
CAS

Local contents

2.1.1
2.1.2
2.1.3
214
2.1.5
2.1.6
2.1.7
2.1.8

Rubi .

Mathematica . . . . . . . . . . e

Maple

Maxima . . . . . . o e e e e e

FriCAS
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2.1.1 Rubi

A grade: { )23, 56,7 5,00} T 2 13) 145 16,7 1579, 20} 21, 22, 25) 24,25, 26, 2
28,29} [30, 31}, [32} 33} 34} [35} 36} 37} 38} [39, [40} 41}, 42} (43} 44} (45, {46}, [47, (43, 49} [50 5T} 62} 53} [54} [65,
56,5758, 59, 60,61 }

B grade: { }
C grade: { }
F grade: { }

2.1.2 Mathematica

A grade: { 1,25 5688, 0T 12
(30, 3132} 33,35 37, 38} 139} 0, 4.1} 3] 14 [} 4} ]
B grade: { 344247 [57 }

C grade: { [7}[L3|[48,59 }

F grade: {[36] }
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2.1.3 Maple

A grade: { [451[8}[9}[10}[14[15, [19} 20} 21} 22} 23} 24} 25, 26 27} [28} [29}30} 31} [32} [33} 40} A1} (45
146,501,511 55} 56} 60} 61 }

}{3 grade: { [1}[21[3}[6} (711} [12}[13} 16} L7} 18} 37] 38} 39} 42} [43} 44} 4T, |48} 49} 52} 3} 54 67, [58} 59

C grade: { }

F grade: { }

2.1.4 Maxima

A grade: { [4,[5[6}[7,[9}[10}[L 1} [I4}[15}[16}[17} [L8} [L9} [20} [21} 22} 23} [24} [25] [26] 27 28} [29}[30} [31} [32]
[33} 140} [41} 44} |45} [46, [0} 5.1} [55} [561, 57} (58} (601 [61] }

B grade: { [1}[2[38}[12}[13} 37}, [38} [42} |43} [47} [48} |49} [52} [53] }

C grade: { }

F grade: {[34,3536,39%,54,59 }
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2.1.5 FriCAS
A grade: { [41[51[0l[10} [14} [L5} 117} 18} [19} (20} 21} 4] [25} (26,26 [0} [32} [33} 34} [35] [36} [40), (41, 45} [46]
50, 51,5556, 60,611}

B.gadeiIEHﬂ@

C grade: { }
F grade: { }

2.1.6 Sympy

A grade: { @@I@ }
B grade: { B}[16,[17[18[22}[23}24, 27} [28,[29] }
C grade: { }

F grade: { [T}2,[3}[6} 7}[L1} [12} 13} 19}[20} 21} 25} 26} 30} 31} [34} 35, [36}[37] [38} 39} 42} 43} 14, |47} 48}
H9,62,53,54,57, 5859 }

2.1.7 Giac

A grade: { [4)[5}[9}[10} 14, [15,[16} 17} 18} [T% [21} 22} 23} 24, [25} [26} 27} 28} [29} [30} 31} 32} [33, A0} 4T
[45} 46,50} 51} 55}, 56} 60}, 61] }

B grade: { [8}[20] }

C grade: { }

}Fgrade: {2 Bl[6 [ [L1}[12}[13}34}[351[361[37) 38} 39} 42} 43} 44} |47, 48} 49,52} [53} 54 57 58} 59

2.1.8 Mupad

A grade: { @@@L }
B grade: { [8}[16}[17,[18,22, 23,24, 27, 28} 29 }
C grade: { }

F grade: { [1}2,(3}[6} 7}[L1} [12} 13} 19}[20} 21} 25} 26} 30} 31} [34} 35,[36}[37] [38} 39} (42} 43} 14, |47, 48}
H9,62,53,54,57,58/59 }
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2.2 Detailed conclusion table per each inte-
gral for all CAS systems

Detailed conclusion table per each integral is given by table below. The elapsed time is in
seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is given as
F(-2) if the failure was due to an exception being raised, which could indicate a bug in the
system. If the failure was due to integral not being evaluated within the time limit, then it
is given just an F.

In this table,the column N.S. in the table below, which stands for normalized size is de-

fined as —antiderivative leaf size help make the table fit, Mathematica was abbre-
optimal antiderivative leaf size

Problem 1 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade A A A B B B F F F
) verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
viated to MMA.
size 87 87 91 200 170 216 0 0 -1
N.S. 1 1.00 1.05 2.30 1.95 2.48 0.00 0.00 -0.01

time (sec) N/A 0.114 0.015 1.681 0.263 0.351  0.000 0.000 0.000

Problem 2 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade A A A B B B F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 63 63 66 166 138 168 0 0 -1
N.S. 1 1.00 1.05 2.63 2.19 2.67 0.00 0.00 -0.02

time (sec) N/A 0.095 0.009 1.697 0.283 0.347  0.000 0.000 0.000

Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade A A A B B B F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 45 45 47 122 98 112 0 0 -1
N.S. 1 1.00 1.04 2.71 2.18 2.49 0.00 0.00 -0.02

time (sec) N/A 0.062 0.007 1.714 0.279 0.378  0.000 0.000 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 13 0 0 0 0 0 0 0 -1
N.S. 1 0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.08
time (sec) N/A 0.014 9.219 0.937 0.000  0.000 0.000 0.000 0.000
Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 13 0 0 0 0 0 0 0 -1
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 -0.08
time (sec) N/A 0.012 12.258 0.786 0.000  0.000 0.000 0.000 0.000
Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B A B F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 87 87 106 198 146 632 0 0 -1
N.S. 1 1.00 1.22 2.28 1.68 7.26 0.00 0.00 -0.01
time (sec) N/A 0.121 3.424 0.936 0.341 0.383 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B A B F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 65 65 163 156 108 453 0 0 -1
N.S. 1 1.00 2.51 2.40 1.66 6.97 0.00 0.00 -0.02
time (sec) N/A 0.086 3.745 0.973 0.332 0.354  0.000 0.000 0.000
Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A B B B B B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 31 31 46 54 115 189 190 98 48
N.S. 1 1.00 1.48 1.74 3.71 6.10 6.13 3.16 1.55
time (sec) N/A 0.020 0.131 0.832 0.308 0.342 0.850 0.422 1.154
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Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 15 0 0 0 0 0 0 0 -1
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 -0.07
time (sec) N/A 0.020 14.516 0.448 0.000  0.000 0.000 0.000 0.000
Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 15 0 0 0 0 0 0 0 -1
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 -0.07
time (sec) N/A 0.021 12.985 0.496 0.000  0.000 0.000 0.000 0.000
Problem 11 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B A B F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 179 179 191 375 302 1985 0 0 -1
N.S. 1 1.00 1.07 2.09 1.69 11.09  0.00 0.00 -0.01
time (sec) N/A 0.236 2.072 1.722 0.313  0.369 0.000 0.000 0.000
Problem 12 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B B B F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 114 114 133 246 226 1467 0 0 -1
N.S. 1 1.00 1.17 2.16 1.98 12.87  0.00 0.00 -0.01
time (sec) N/A 0.149 1493 1.692 0.315 0.368  0.000 0.000 0.000
Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B B B F F F
verified N/A Yes NO TBD TBD TBD TBD TBD TBD
size 82 82 173 164 149 975 0 0 -1
N.S. 1 1.00 2.11 2.00 1.82 11.89 0.00 0.00 -0.01
time (sec) N/A 0.088 5.558 1.360 0.314 0.460 0.000 0.000 0.000
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Problem 14 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 15 0 0 0 0 0 0 0 -1
N.S. 1 0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.07
time (sec) N/A 0.020 9.152 0.779 0.000  0.000 0.000 0.000 0.000
Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 15 0 0 0 0 0 0 0 -1
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 -0.07
time (sec) N/A 0.021 7.481 180.000  0.000 0.000  0.000 0.000 0.000
Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B A B B A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 169 169 244 929 191 316 864 188 223
N.S. 1 1.00 1.44 5.50 1.13 1.87 5.11 1.11 1.32
time (sec) N/A 0.134 0.254 1.460 0.346 0.410 0.839 0431 1.451
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B A A B A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 122 122 169 449 130 204 522 119 186
N.S. 1 1.00 1.39 3.68 1.07 1.67 4.28 0.98 1.52
time (sec) N/A 0.086 0.174 1.426 0.313 0.404 0.654 0.418 1.299
Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B A A B A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 74 74 81 165 76 113 250 62 76
N.S. 1 1.00 1.09 2.23 1.03 1.53 3.38 0.84 1.03
time (sec) N/A 0.040 0.174 1.359 0.286  0.404 0.532 0.421 1.257
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Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 157 157 122 61 49 88 0 48 -1
N.S. 1 1.00 0.78 0.39 0.31 0.56 0.00 0.31 -0.01
time (sec) N/A 0.201 0.200 10.847  0.402 0.345 0.000 0.419 0.000
Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F B F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 159 159 206 91 57 247 0 321 -1
N.S. 1 1.00 1.30 0.57 0.36 1.55 0.00 2.02 -0.01
time (sec) N/A 0.170 0.552 10.342  0.503 0.355 0.000 0.438 0.000
Problem 21 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 211 211 265 210 69 380 0 175 -1
N.S. 1 1.00 1.26 1.00 0.33 1.80 0.00 0.83  -0.00
time (sec) N/A 0.219 0.760 10.431  0.649 0.352 0.000 0.445 0.000
Problem 22 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A B B A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 230 230 420 273 315 595 2193 368 266
N.S. 1 1.00 1.83 1.19 1.37 2.59 9.53 1.60 1.16
time (sec) N/A 0.194 0.524 2.974 0.555 0.378 1.179 0.423 1.335
Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A B B A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 170 170 207 163 203 383 1353 217 164
N.S. 1 1.00 1.22 0.96 1.19 2.25 7.96 1.28 0.96
time (sec) N/A 0.141 0.590 2.939 0.462 0.367 0.984 0.418 1.284
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Problem 24 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A B A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 133 133 114 74 114 214 700 103 88
N.S. 1 1.00 0.86 0.56 0.86 1.61 5.26 0.77 0.66
time (sec) N/A 0.100 0.334 2928 0383 0369 0.863 0.415 1.224
Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 297 297 199 106 83 160 0 7 -1
N.S. 1 1.00  0.67 0.36 0.28 0.54 0.00 0.26  -0.00
time (sec) N/A 0.519 0.349 10.401 0.740 0.357 0.000 0.428 0.000
Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 420 420 442 164 102 713 0 585 -1
N.S. 1 1.00 1.05 0.39 0.24 1.70 0.00 1.39  -0.00
time (sec) N/A 0.535 0.993 9.354 1.249  0.351 0.000 0.445 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A B B A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 336 336 615 379 434 883 3918 548 374
N.S. 1 1.00 1.83 1.13 1.29 2.63 11.66  1.63 1.11
time (sec) N/A 0.259 1.420 3.014 1.551 0.386 1.553 0.419 1.437
Problem 28 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A B B A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 246 246 371 223 272 571 2443 315 234
N.S. 1 1.00 1.51 0.91 1.11 2.32 9.93 1.28 0.95
time (sec) N/A 0.180 0.848 3.700 1.128  0.386  1.367 0.409 1.343
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Problem 29 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A B A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 183 183 185 102 148 325 1287 142 127
N.S. 1 1.00 1.01 0.56 0.81 1.78 7.03 0.78 0.69
time (sec) N/A 0.155 0.459 3.549 0.683 0372 1.263 0.413 1.256
Problem 30 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 437 437 312 151 117 232 0 104 -1
N.S. 1 1.00 0.71 0.35 0.27 0.53 0.00 0.24  -0.00
time (sec) N/A 1.252 0.488 3.306 2.113  0.360 0.000 0.417 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A B F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 692 692 796 239 143 1355 0 841 -1
N.S. 1 1.00 1.15 0.35 0.21 1.96 0.00 1.22 -0.00
time (sec) N/A 1.282 2299 3.435 4.665 0.379  0.000 0.458 0.000
Optimal | Rubi MMA  Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 23 0 0 0 0 0 0 0 -1
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 -0.04
time (sec) N/A 0.034 23.558 180.000 0.000  0.000 0.000 0.000 0.000
Problem 33 Optimal | Rubi MMA  Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 21 0 0 0 0 0 0 0 -1
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 -0.05
time (sec) N/A 0.020 10.914 180.000 0.000  0.000 0.000 0.000 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A B F F A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 88 88 186 0 0 160 0 0 -1
N.S. 1 1.00 2.11 0.00 0.00 1.82 0.00 0.00 -0.01
time (sec) N/A 0.082 0.845 180.000  0.000 0.089 0.000 0.000 0.000
Problem 35 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 152 152 194 0 0 272 0 0 -1
N.S. 1 1.00 1.28 0.00 0.00 1.79 0.00 0.00 -0.01
time (sec) N/A 0.121 5.827 180.000  0.000 0.092 0.000 0.000 0.000
Problem 36 Optimal | Rubi MMA  Maple Maxima Fricas Sympy Giac Mupad
grade A A F(-1) F F A F F F
verified N/A Yes N/A TBD TBD TBD TBD TBD TBD
size 223 223 0 0 0 381 0 0 -1
N.S. 1 1.00 0.00 0.00 0.00 1.711 0.00 0.00  -0.00
time (sec) N/A 0.170 180.001 180.000 0.000  0.094 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B B B F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 133 133 247 766 438 677 0 0 -1
N.S. 1 1.00 1.86 5.76 3.29 5.09 0.00 0.00 -0.01
time (sec) N/A 0.178 1.442 2.658 0.363  0.367 0.000 0.000 0.000
Problem 38 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B B B F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 101 101 102 465 251 404 0 0 -1
N.S. 1 1.00 1.01 4.60 2.49 4.00 0.00 0.00 -0.01
time (sec) N/A 0.146 1.365 2.148 0.331 0.382  0.000 0.000 0.000
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Problem 39 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B F B F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 75 75 87 201 0 199 0 0 -1
N.S. 1 1.00 1.16 2.68 0.00 2.65 0.00 0.00 -0.01
time (sec) N/A 0.086 0.060 2.042 0.000  0.381 0.000 0.000 0.000
Problem 40 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 21 0 0 0 0 0 0 0 -1
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 -0.05
time (sec) N/A 0.022 3.547 180.000  0.000 0.000  0.000 0.000 0.000
Optimal | Rubi MMA  Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 21 0 0 0 0 0 0 0 -1
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 -0.05
time (sec) N/A 0.021 17.192 180.000 0.000  0.000 0.000 0.000 0.000
Problem 42 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A B B B B F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 271 271 786 1425 795 4965 0 0 -1
N.S. 1 1.00  2.90 5.26 2.93 18.32  0.00 0.00  -0.00
time (sec) N/A 0.382 4.686 3.441 0.366  0.421  0.000 0.000 0.000
Problem 43 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B B B F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 209 209 203 825 503 2688 0 0 -1
N.S. 1 1.00 0.97 3.95 2.41 12.86  0.00 0.00  -0.00
time (sec) N/A 0.278 3.306  2.852 0.350  0.405 0.000 0.000 0.000




32

Problem 44 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B A B F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 127 127 192 318 250 1159 0 0 -1
N.S. 1 1.00 1.51 2.50 1.97 9.13 0.00 0.00 -0.01
time (sec) N/A 0.136 1.115 2.497 0.348 0.394 0.000 0.000 0.000
Problem 45 Optimal | Rubi MMA  Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 23 0 0 0 0 0 0 0 -1
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 -0.04
time (sec) N/A 0.037 27.649 180.000 0.000  0.000 0.000 0.000 0.000
Problem 46 Optimal | Rubi MMA  Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 23 0 0 0 0 0 0 0 -1
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 -0.04
time (sec) N/A 0.035 19.397 180.000 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A B B B B F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 556 556 2043 2823 1468 16978 0 0 -1
N.S. 1 1.00  3.67 5.08 2.64 30.54  0.00 0.00  -0.00
time (sec) N/A 0.720 11.117 4.373 0.390 0.560 0.000 0.000 0.000
Problem 48 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B B B F F F
verified N/A Yes NO TBD TBD TBD TBD TBD TBD
size 401 401 1885 1586 952 9165 0 0 -1
N.S. 1 1.00  4.70 3.96 2.37 22.86  0.00 0.00  -0.00
time (sec) N/A 0.495 10.568 3.690 0.380  0.497 0.000 0.000 0.000
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Problem 49 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B B B F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 261 261 266 651 503 3958 0 0 -1
N.S. 1 1.00 1.02 2.49 1.93 15.16  0.00 0.00 -0.00
time (sec) N/A 0.256 2.125 3.096 0.360  0.393 0.000 0.000 0.000
Problem 50 Optimal | Rubi MMA  Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 23 0 0 0 0 0 0 0 -1
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 -0.04
time (sec) N/A 0.037 39.878 180.000  0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA  Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 23 0 0 0 0 0 0 0 -1
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 -0.04
time (sec) N/A 0.035 37.729 180.000 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B B B F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 210 210 349 1158 478 1060 0 0 -1
N.S. 1 1.00 1.66 5.51 2.28 5.05 0.00 0.00  -0.00
time (sec) N/A 0.245 2.287 5.356 0.410  0.409 0.000 0.000 0.000
Problem 53 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B B B F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 156 156 204 735 309 658 0 0 -1
N.S. 1 1.00 1.31 4.71 1.98 4.22 0.00 0.00 -0.01
time (sec) N/A 0.212 2411 5.030 0.378 0.372 0.000 0.000 0.000




34

Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B F B F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 108 108 93 357 0 362 0 0 -1
N.S. 1 1.00 0.86 3.31 0.00 3.35 0.00 0.00 -0.01
time (sec) N/A 0.122 1.731 4.825 0.000  0.406 0.000 0.000 0.000
Problem 55 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 23 0 0 0 0 0 0 0 -1
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 -0.04
time (sec) N/A 0.042 9.905 180.000  0.000 0.000  0.000 0.000 0.000
Problem 56 Optimal | Rubi MMA  Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 23 0 0 0 0 0 0 0 -1
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 -0.04
time (sec) N/A 0.040 15.527 180.000 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A B B A B F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 638 638 1786 2444 989 10570 0 0 -1
N.S. 1 1.00 2.80 3.83 1.55 16.57  0.00 0.00  -0.00
time (sec) N/A 1.637 9.777 5.637 0.582 0.513 0.000 0.000 0.000
Problem 58 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B A B F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 475 475 389 1470 707 5791 0 0 -1
N.S. 1 1.00 0.82 3.09 1.49 12.19  0.00 0.00 -0.00
time (sec) N/A 1.216 5.671 5.349 0.589  0.452 0.000 0.000 0.000




35

Problem 59 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F B F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 196 196 477 620 0 2489 0 0 -1
N.S. 1 1.00 2.43 3.16 0.00 12.70  0.00 0.00 -0.01
time (sec) N/A 0.207 3.868 5.244 0.000  0.406 0.000 0.000 0.000
Problem 60 Optimal | Rubi MMA  Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 23 0 0 0 0 0 0 0 -1
N.S. 1 0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.04
time (sec) N/A 0.041 100.152 180.000  0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA  Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 23 0 0 0 0 0 0 0 -1
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 -0.04
time (sec) N/A 0.038 80.458 180.000 0.000  0.000 0.000 0.000 0.000
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2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi. It gives additional statistics for each integral. the
column steps is the number of steps used by Rubi to obtain the antiderivative. The rules
column is the number of unique rules used. The integrand size column is the leaf size of
number of rules
integrand size
the integral was to solve. In this test, problem number [16] had the largest ratio of [20]

the integrand. Finally the ratio is given. The larger this ratio is, the harder

Table 2.1: Rubi specific breakdown of results for each integral

number of numjber of no.rma?lize.d integrand number of rules
# | grade S;seep; uz;g:e antlf;“r:ifzzwe leaf size integrand leaf size
1 A 6 6 1.00 10 0.600
2 A 5 5 1.00 10 0.500
3 A 4 4 1.00 8 0.500
4 A 0 0 0.00 0 0.000
5! A 0 0 0.00 0 0.000
6 A 7 7 1.00 12 0.583
7 A 6 6 1.00 12 0.500
3 A 3 3 1.00 10 0.300
9 A 0 0 0.00 0 0.000
10 A 0 0 0.00 0 0.000
11 A 13 10 1.00 12 0.833
12 A 9 8 1.00 12 0.667
13 A 7 7 1.00 10 0.700
14 A 0 0 0.00 0 0.000
15 A 0 0 0.00 0 0.000
16 A 5 3 1.00 20 0.150
17, A 4 3 1.00 20 0.150
18 A 3 3 1.00 18 0.167
19 A 7 4 1.00 20 0.200
20 A 7 4 1.00 20 0.200
21] A 8 ) 1.00 20 0.250
22 A 10 3 1.00 20 0.150
23] A 8 3 1.00 20 0.150
24 A 7 3 1.00 18 0.167
25) A 21 ) 1.00 20 0.250
Continued on next page
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number of

number of

normalized

#olemde| s | e | asidebaive | (RO e,
26 A 24 7 1.00 20 0.350
27| A 14 3 1.00 20 0.150
28 A 11 3 1.00 20 0.150
29 A 11 3 1.00 18 0.167
30 A 53 7 1.00 20 0.350
31 A 60 9 1.00 20 0.450
32 A 0 0 0.00 0 0.000
33 A 0 0 0.00 0 0.000
34 A 2 2 1.00 20 0.100
35 A 4 2 1.00 20 0.100
36 A ) 2 1.00 20 0.100
37 A 8 7 1.00 18 0.389
38 A 7 6 1.00 18 0.333
39 A 6 5 1.00 16 0.312
40j A 0 0 0.00 0 0.000
41 A 0 0 0.00 0 0.000
42 A 15 9 1.00 20 0.450
43 A 13 10 1.00 20 0.500
44 A 9 7 1.00 18 0.389
45 A 0 0 0.00 0 0.000
46 A 0 0 0.00 0 0.000
47 A 28 11 1.00 20 0.550
48 A 22 11 1.00 20 0.550
49 A 16 9 1.00 18 0.500
50 A 0 0 0.00 0 0.000
51 A 0 0 0.00 0 0.000
52 A 6 6 1.00 20 0.300
53 A ) 5 1.00 20 0.250
54 A 4 4 1.00 18 0.222
55 A 0 0 0.00 0 0.000
56 A 0 0 0.00 0 0.000
57 A 28 10 1.00 20 0.500
58 A 24 11 1.00 20 0.550
59 A ) 5 1.00 18 0.278
60 A 0 0 0.00 0 0.000

Continued on next page
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number of number of normalized integrand b ¢ rul
. e . number of rules
# | grade i“::;‘ uz;leze antlfaicms‘ij:we leaf size integrand leaf size
A 0 0 0.00 0 0.000
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3.1 [ z° coth(a + bx) dx

Optimal. Leaf size=87

gt z3log (1 — eX@+)  3z2PolyLog(2, e*@+))  3zPolyLog(3, e2*™*)) 3PolyLog(4, e*(@+t2))
1 b o - 207 * 4bt

[Out] -1/4%x"4+x"3*1n(1-exp(2*¥b*x+2%*a))/b+3/2*x"2*polylog(2,exp(2*xb*x+2*a))/b~2-3
/2*x*polylog(3,exp (2xb*x+2*a)) /b~3+3/4*polylog(4,exp(2*bxx+2%*a)) /b~4

Rubi [A]
time = 0.11, antiderivative size = 87, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.600,

steps used = 6, number of rules used = 6, integrand size = 10,
Rules used = {3797, 2221, 2611, 6744, 2320, 6724}

() aLip(0) | Lip(eH)  olog (1— o) g
4pt N 2b3 2h2 b 1

Antiderivative was successfully verified.
[In] Int[x~3*Coth[a + b*x],x]

[Out] -1/4%x"4 + (x"3*Log[l - E"(2*(a + b*x))])/b + (3*x"2*PolyLog[2, E~(2%(a + b
*x))]1)/(2%b~2) - (3*x*PolyLogl[3, E~(2x(a + b*x))])/(2%b~3) + (3*PolyLogl4,
E"(2*(a + b*x))])/(4%b~4)

Rule 2221

Int [(((F_)~((g_)*((e_.) + (£_D*(x_))))"(a_)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)"m/(bxf*g*nxLog[F]))*Log[l + bx((F~(gx(e + f*x)))"n/a)], x] - Di
st [d* (m/ (bxfxg*n*Log[F])), Int[(c + d*x)~(m - 1)*Logl[l + b*x((F~(g*(e + f*x)
))"n/a)l, x1, x] /; FreeQ[{F, a, b, c, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2320

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
onOfExponentialQ[u, x] && !'MatchQu, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)Iv_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 2611

Int[Log[l + (e_.)*((F_)~((c_.)*x((a_.) + (b_.)*(x_))))"(a_)]1*x((£f_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g*x) “m)*(PolyLogl[2, (-e)*(F~(cx(a +
b*x))) ~"n]/(b*c*nxLog[F])), x] + Dist[gx(m/(b*c*n*xLog[F])), Int[(f + g*x)~(m
- 1)*PolyLog[2, (-e)*(F~(cx(a + b*x)))"nl], x], x] /; FreeQ[{F, a, b, c, e,
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f, g, n}, x] && GtQ[m, O]

Rule 3797

Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (Complex[0, fz_])*(f_
OD*(x_)], x_Symbol] :> Simp[(-I)*((c + d*x)"(m + 1)/(d*(m + 1))), x] + Dist
[2*xI, Int[((c + d*x) " m*x(E"(2x((-I)*e + fxfz*xx))/(1 + ET(2%((-I)*e + fxfzx*x)
)/E~(2%I*k*Pi)))) /E~(2*%I*k*Pi), x], x] /; FreeQl[{c, d, e, f, fz}, x] && Int
egerQ[4*k] && IGtQ[m, O]

Rule 6724

Int[PolyLogln_, (c_.)*((a_.) + (b_.)*(x_))"(p_.)1/C(d_.) + (e_.)*x(x_)), x_S
ymbol] :> Simp[PolyLog[n + 1, c*(a + b*x)“pl/(e*p), x] /; FreeQ[{a, b, c, d
, e, n, p}, x] && EqQ[bxd, axe]

Rule 6744

Int[((e_.) + (£f_.)*(x_)) " (m_.)*PolyLog[n_, (d_.)*((F_)~((c_.)*((a_.) + (b_.
)*(x_))))"(p_.)], x_Symbol] :> Simp[(e + f*x) m*(PolyLog[n + 1, d*(F~(c*(a
+ b*x)))"pl/ (bxcxp*Log[F1)), x] - Dist[f*(m/(bxcxpxLog[F]1)), Int[(e + fxx)~
(m - 1)*PolyLogln + 1, d*(F~(c*x(a + b*x)))"pl, x], x] /; FreeQ[{F, a, b, c,
d, e, £, n, p}, x] && GtQ[m, O]

Rubi steps
/m3 coth(a + bx) dz = —%4 -2 %dr
gt zdlog (1—eXatt?)) 3 [z2log (1 — e2(@t2)) dy
- Ta T b B b
ozt zlog (1 — e+ N 3L, (e2(a+b0)) 3 [ zLiz (2@ dz
4 b 2b2 b2
B _1:_4 N 3 log (1 _ e2(a+bx)) N 3$2L12 (62(a+bx)) B 3zLis (62(a+bx)) 3f Lis (ez(a—i-bx):
4 b 2b? 203 26%
o x_4 N z3log (1 _ e2(a+bz)) N 322Li, (62(a+bm)) ~ 3zLis (62(a+bm)) . 3Subst ( f Ll_«;(x
4 b 2b? 2b3 4
B _.’L'_4 3 log (1 _ e2(a+bx)) N 3CL'2L12 (eZ(a—i—bz)) B 3CBL13 (62(a+bz)) 3Liy, (eZ(a—i—bz))
4 b 2b? 203 b

Mathematica [A]
time = 0.02, size = 91, normalized size = 1.05

z*  zdlog (1 —e®*)  3z2PolyLog(2, e24+27) B 3zPolyLog (3, e?*™%7)  3PolyLog (4, e2*+27)

1 b + 2b2 953 15
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Antiderivative was successfully verified.

[In] Integrate[x~3*Coth[a + b*x],x]

[Out] -1/4*x"4 + (x"3*Log[l - E~(2%a + 2xbxx)])/b + (3*x"2*PolyLog[2, E~(2*%a + 2%
bxx)])/(2x¥b~2) - (3*x*PolyLogl[3, E~(2*a + 2*b*x)])/(2¥b~3) + (3*PolyLogl[4,
E~(2%a + 2%b*x)])/(4*b~4)

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 199 vs.

2(79) = 158.
time = 1.68, size = 200, normalized size = 2.30

method | result

. 4 4 6 polylog (4,eb*+ea 6 polylog (4,—ebzta 2a3 6 polylog (3,—ebta) g In(1—ebz+a)g3 3 polylo
T I el s

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"3*coth(b*x+a),x,method=_RETURNVERBOSE)

[Out] -1/4%x"4-3/2/b~4%a~4+6/b~4*polylog(4,exp(b*x+a))+6/b~4*polylog(4,-exp(b*x+a
))-2/b~3%a"3*x-6/b"3*polylog(3,-exp(b*x+a))*x+1/b*1n(1-exp(b*x+a) ) *x~3+3/b"
2xpolylog(2,exp(b*x+a))*x~2-6/b"3*polylog(3, exp (b*x+a))*x+1/b*1n(exp (b*x+a)
+1)*x~3+3/b"2*polylog(2,-exp (b*x+a))*x~2+2/b"4*a~3*1n(exp (b*x+a))-1/b~4*a~3

*1n (exp (b*x+a)-1)+1/b~4*1n(1-exp(b*x+a))*a~3

Maxima [B] Leaf count of result is larger than twice the leaf count of optimal. 170 vs.
2(78) = 156.
time = 0.26, size = 170, normalized size = 1.95

( zt . 2t 2(b*2%log (e®+®) + 1) + 3b%2Lip(—e®**?) — 6 brLis(—e®**) + 6 Lig(—e®**9)) 2 (b°z®log (—e®*+*) 4 1) + 3b%w>Liy (e®***)) — 6 baLiz(e®+?) 4 6 Liy(e®*+?)) ) b
pe@bat2a) _p b b - 3

1, 1
2 & coth =
z* coth (bz + a) 3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*coth(b*x+a),x, algorithm="maxima")

[Out] 1/4*x"~4xcoth(b*x + a) - 1/2x(x"4/(b*e”(2*%b*x + 2%a) - b) + x74/b - 2% (b~ 3%*x
~3xlog(e”~(b*x + a) + 1) + 3*xb~2*x"2*dilog(-e~(b*x + a)) - 6xbxx*polylog(3,
-e~(b*x + a)) + 6*polylog(4, -e~(b*x + a)))/b~5 - 2x(b~3*x"3*log(-e~ (b*x +

a) + 1) + 3*%b"2xx"2*dilog(e~(b*x + a)) - 6xb*x*polylog(3, e~ (b*x + a)) + 6%
polylog(4, e~ (bxx + a)))/b~5)*b

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 216 vs.
2(78) = 156.
time = 0.35, size = 216, normalized size = 2.48

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(x~3*coth(b*x+a),x, algorithm="fricas")

[Out] -1/4%(b~4%x"4 - 4xb~3*x"3*log(cosh(b*x + a) + sinh(b*x + a) + 1) - 12xb™2x*x
~2xdilog(cosh(b*x + a) + sinh(b*x + a)) - 12xb~2*x"2*dilog(-cosh(b*x + a) -
sinh(b*x + a)) + 4*a”~3*log(cosh(b*x + a) + sinh(b*x + a) - 1) + 24xbx*x*pol
ylog(3, cosh(b*x + a) + sinh(b*x + a)) + 24*b*x*polylog(3, -cosh(b*x + a) -
sinh(b*x + a)) - 4*%(b~3*x"3 + a~3)*log(-cosh(b*x + a) - sinh(b*x + a) + 1)
- 24xpolylog(4, cosh(b*x + a) + sinh(b*x + a)) - 24x*polylog(4, -cosh(b*x +
a) - sinh(b*x + a)))/b"4

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ z* coth (a + bz) dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**3*coth(b*x+a),x)
[Out] Integral(x**3*coth(a + b*x), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*coth(b*x+a),x, algorithm="giac")
[Out] integrate(x~3*coth(b*x + a), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/m3 coth(a + bzx) dr

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"3*coth(a + b*x),x)
[Out] int(x"3*coth(a + b*x), x)
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3.2 [ z* coth(a + bz) dx

Optimal. Leaf size=63

23 z%log (1 — eatte)) N zPolyLog(2, eX(atte)) B PolyLog(3, eX(a+t2))

3 + b b2 263

[Out] -1/3%x"3+x"2*1n(1-exp(2*b*x+2*a))/b+x*polylog(2,exp(2*b*x+2*a))/b~2-1/2*pol
ylog(3,exp (2xb*x+2*a)) /b~3

Rubi [A]

time = 0.10, antiderivative size = 63, normalized size of antiderivative = 1.00, number of

number of rules _ (50
’ integrand size ’

steps used = 5, number of rules used = 5, integrand size = 10
Rules used = {3797, 2221, 2611, 2320, 6724}

Lis (62(a+bw)) zLiy (62(a+bw)) 22 log (1 _ 2a +bx))
— 553 + 72 + ;

_z
3

Antiderivative was successfully verified.
[In] Int[x"2*Coth[a + b*x],x]

[Out] -1/3%x"3 + (x"2*Log[1l - E~(2*(a + b*x))])/b + (x*PolyLogl[2, E~(2*(a + b*x))
1)/b~2 - PolyLogl[3, E~(2x(a + b*x))]1/(2%b~3)

Rule 2221

Int [CC(F_)~((g_.)*((e_.) + (£_.)*(x_)))) " (n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~"m/(bxfxg*n*Log[F]))*Log[1l + b*x((F~(gx(e + f*x)))"n/a)], x] - Di
st [d* (m/ (bxfxg*n*Log[F])), Int[(c + d*x)~(m - 1)*Log[l + b*((F~(g*(e + f*x)
))°n/a)], x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] & IGtQ[m, O]

Rule 2320

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Dist[v/D[v, x]
, Subst[Int [FunctionOfExponentialFunction[u, x]1/x, x], x, v], x]] /; Functi
onOfExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F_)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 2611

Int[Log[l + (e_.)*((F_)~((c_.)*((a_.) + (b_)*(x_))))"(n_.)I*x((f_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g*x) m)*(PolyLog[2, (-e)*(F~(cx(a +
b*x)) ) n]/(b*c*n*Log[F])), x] + Dist[g*(m/(b*xc*n*Log[F])), Int[(f + g*x)~(m
- 1)*PolyLog[2, (-e)*(F~(c*(a + b*x)))"nl, x], x] /; FreeQ[{F, a, b, c, e,



f, g, n}, x] && GtQ[m, O]

Rule 3797
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Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (Complex[0, fz_])*(f_
D*(x_)], x_Symbol] :> Simp[(-I)*((c + d*x)"(m + 1)/(d*(m + 1))), x] + Dist
[2+¢I, Int[((c + d*x)"mx(E~(2*x((-I)*e + fxfzxx))/(1 + E~(2*x((-I)*e + fxfz*x)
)/E~(2%I*k*Pi)))) /E~(2*%I*k*Pi), x], x] /; FreeQl[{c, d, e, f, fz}, x] && Int

egerQ[4+k] && IGtQ[m, O]

Rule 6724

Int[PolyLogln_, (c_.)*((a_.) + (b_.)*(x_))~(p_.)1/C(d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLog[n + 1, cx(a + b*x)~pl/(exp), x] /; FreeQl{a, b, c, d
, €, n, p}, x] && EqQ[b*d, axe]

Lis(z) iz, z, 62(a+bz)>

Rubi steps
3 62(a+bx) 2
/.’L‘2 coth(a—l—ba:) dx = —g — md%
N z?log (1 — e2(@+2) 2 [ zlog (1 — eXatte)) dg
! b b
B 3 2 10g (1 _ e2(a+bx)> N zLiy (62(a+bx)) f Li, (eQ(a-l—ba:)) dx
3 b b2 b2
28 z?log (1— e2@+)  gLi,(ea+ba)) Subst ( ==
E} b e T o0
B 3 2 log (1 _ e2(a-i—bar:)) zLis (62(a+bz)) Lis <e2(a+bz))
-3 b b? 2b3

Mathematica [A]

time = 0.01, size = 66, normalized size = 1.05

_1,_3 N x2 10g (1 _ e2a+2bx>

N zPolyLog(2,e**t?*)  PolyLog(3, e?*27)

3 b

b2

Antiderivative was successfully verified.

[In] Integrate[x~2*Coth[a + b*x],x]

2b3

[Out] -1/3%x"3 + (x"2*Log[l - E~(2*a + 2%bxx)])/b + (x*PolyLogl[2, E~(2*a + 2%b*x)

1)/b"2 - PolyLog[3, E~(2*a + 2xbxx)]/(2%b~3)
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Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 165 vs.
2(59) = 118.
time = 1.70, size = 166, normalized size = 2.63

method | result

. 3 a?In(ebzta_1 202 In(eb2te 202 403 In(1—ebz+a) 52 In(1—ebta)q2
risch |~ + TG - MG ey g g mmep s G e

2polylog(2,e*+2)z _

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*coth(b*x+a),x,method=_RETURNVERBOSE)

[Out] -1/3%x"3+1/b"3*a~2*1n(exp(b*x+a)-1)-2/b"3*a"2*1n(exp(b*x+a))+2/b"2*a~2xx+4/
3/b73*a~3+1/b*1n(1-exp (b*x+a))*x~2-1/b"3*1n(1-exp (b*x+a))*a~2+2/b"2*polylog
(2,exp(b*x+a) ) *x-2/b~3*polylog(3, exp(b*x+a) ) +1/b*1n(exp (b*x+a)+1) *x~2+2/b"~2
*xpolylog(2,-exp(b*x+a))*x-2/b~3*polylog(3,-exp(b*x+a))

Maxima [B] Leaf count of result is larger than twice the leaf count of optimal. 138 vs.
2(58) = 116.
time = 0.28, size = 138, normalized size = 2.19

1 2 coth (bo + @) — 1 2z° + 2z% 3 (%22 log (e®*9) + 1) + 2bxLiy (—e®+®)) — 2 Lig(—elba+a))) 3 (6?2 log (—e®=*® + 1) + 2baLiy (e®+®)) — 2 Liz(e=+2)) b
3 3\ bz 3 T W b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2xcoth(b*x+a),x, algorithm="maxima")

[Out] 1/3*x"3%coth(b*x + a) - 1/3%(2*x73/(b*e~(2*b*x + 2%a) - b) + 2*x~3/b - 3*(b
~2xx"2*log(e~(b*x + a) + 1) + 2xb*x*dilog(-e~(b*x + a)) - 2*polylog(3, -e~(

bxx + a)))/b”4 - 3*(b~2xx"2xlog(-e~(b*x + a) + 1) + 2xb*xx*dilog(e” (b*x + a)

) - 2*xpolylog(3, e~ (b*xx + a)))/b~4)*b

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 168 vs.
2(58) = 116.
time = 0.35, size = 168, normalized size = 2.67

%2 — 3122 log (cosh (bz + a) + sinh (bz + a) + 1) — 6 beLiy(cosh (b + a) + sin (bz +a)) — 6 brLis(— cosh (bs +a) — sinh (bz + a)) — 3a? log (cosh (bz + a) + sinh (b + a) — 1) = 3 (2 — a?) log (~ cosh (b + a) — sinh (b + a) + 1) + 6 polylog(3, cosh (bz + a) + sinh (b + a)) + 6 polylog(3, — cosh (bz + a) — sinh (bz + a))
36

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*coth(b*x+a),x, algorithm="fricas")

[Out] -1/3%(b~3%x"3 - 3xb~2*x"2*log(cosh(b*x + a) + sinh(b*x + a) + 1) - 6*b*x*di
log(cosh(b*x + a) + sinh(b*x + a)) - 6*b*x*dilog(-cosh(b*x + a) - sinh(b*x

+ a)) - 3*a"2xlog(cosh(b*x + a) + sinh(b*x + a) - 1) - 3*%(b"2*x"2 - a~2)x*lo
g(-cosh(b*x + a) - sinh(b*x + a) + 1) + 6*polylog(3, cosh(b*x + a) + sinh(b

*x + a)) + 6xpolylog(3, -cosh(b*x + a) - sinh(b*x + a)))/b~3



Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ z? coth (a + br) dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**2*coth(b*x+a),x)

[Out] Integral(x**2*coth(a + b*x), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(x~2xcoth(b*x+a),x, algorithm="giac")
[Out] integrate(x~2*coth(b*x + a), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.02

/w2 coth(a + bz) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~2*coth(a + b*x),x)
[Out] int(x"2*coth(a + b*x), x)
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3.3 [ z coth(a + bz) dz

Optimal. Leaf size=45

$2 T log (]. — e2(a+bw)) POlyLog (2, 62(a+bz))

2 b 2b2

[Out] -1/2%x"2+x*1n(1-exp(2*b*x+2*a))/b+1/2*xpolylog(2,exp (2*b*x+2*a))/b~2

Rubi [A]
time = 0.06, antiderivative size = 45, normalized size of antiderivative = 1.00, number of

number of rules _ 50

steps used = 4, number of rules used = 4, integrand size = 8, = ; ,
integrand size

Rules used = {3797, 2221, 2317, 2438}

Li, (62(a+bx)) z log (1 _ e2(a+bw)) 22
2b? + b 9

Antiderivative was successfully verified.

[In] Int[x*Coth[a + b*x],x]

[Out] -1/2%x"2 + (x*Log[l - E~(2x(a + b*x))])/b + PolyLog[2, E~(2*(a + b*x))]/(2x%
b~2)

Rule 2221

Int [(((F_)~((g_)*((e_.) + (£_D*(x_))))"(a_)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~m/(bxfxg*n*Log[F]))*Log[l + b*x((F~(gx(e + f*x)))"n/a)], x] - Di
st [d* (m/ (bxfxg*n*Log[F])), Int[(c + d*x)~(m - 1)*Logl[l + b*x((F~(g*x(e + f*x)
))"n/a)l, x1, x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2317

Int[Logl(a_) + (b_.)*((F_)"((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*exn*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, O]

Rule 2438

Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"n]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[cxd, 1]

Rule 3797

Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (Complex[0, fz_])*(f_
D*(x_)], x_Symbol]l :> Simp[(-I)*((c + d*x)~(m + 1)/(d*(m + 1))), x] + Dist
[2%I, Int[((c + d*x)"m*(E-(2%x((-I)*e + fxfzxx))/(1 + E-(2%((-I)*e + fxfz*xx)
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)/E~ (2xI*k*Pi))))/E~(2xI*k*Pi), x], x] /; FreeQl{c, d, e, £, £z}, x] && Int
egerQ[4+k] && IGtQ[m, O]

Rubi steps

2 2(a+bx)
/mcoth(a-l—bz)dm =T 2/udx

2 1 — e2(a+bz)
o slog(1- ) [log(1- o) ds
2 b b
z?2  zlog (1 — 62(a+bw)) Subst ( S @ dz, z, 62(“+b“’)>
2 b 252
__o® wlog(1— X)) | Lip(e2et)
2 b 252

Mathematica [A]
time = 0.01, size = 47, normalized size = 1.04

z?  zlog (1 —e**?*)  PolyLog(2, e )
2 T b 2b?

Antiderivative was successfully verified.

[In] Integrate[x*Coth[a + b*x],x]

[Out] -1/2%x"2 + (x*Log[l - E~(2%a + 2xb*x)])/b + PolyLog[2, E~(2%a + 2x%b*x)]/(2x%
b~2)

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 121 vs.

2(41) = 82.

time = 1.71, size = 122, normalized size = 2.71

method | result

2

. 2 In(1—ebzta)g In(1—ebzta)q olylog (2,ebx+a In(eP*ta41)x olylog(2,—ebztea
risch —%_”%_g_sz ( - ) ( > )+pygl()2 )+ ( - )+Pyg(b2 )

+ 2aIn|

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*coth(b*x+a),x,method=_RETURNVERBOSE)

[Out] -1/2%x"2-2/b*a*x-a~2/b~2+1/b*1n(1-exp(b*x+a))*x+1/b~2*1n(1-exp(b*x+a))*a+1l/
b~2*polylog(2,exp(b*x+a))+1/b*1ln(exp(b*x+a)+1)*x+1/b~2*polylog(2,-exp (b*x+a
))+2/b"2*a*x1n(exp(b*x+a))-1/b"2*a*1ln(exp(b*x+a)-1)
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Maxima [B] Leaf count of result is larger than twice the leaf count of optimal. 98 vs.
2(40) = 80.
time = 0.28, size = 98, normalized size = 2.18

x2 z®  brlog (e®+9) + 1) + Lip(—e®**9))  brlog (—e®®*®) + 1) + Lip (e®=+9) >

1 2
51‘ COth(b$+a)—b<W2a)_l)+b B3 B3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*coth(b*x+a),x, algorithm="maxima")

[Out] 1/2*x"2xcoth(b*x + a) - b*x(x"2/(b*e” (2*b*x + 2¥a) - b) + x72/b - (b*x*log(e
“(b*x + a) + 1) + dilog(-e~(b*x + a)))/b"3 - (b*xxlog(-e~(b*x + a) + 1) + d
ilog(e~(b*x + a)))/b~3)

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 112 vs.

2(40) = 80.

time = 0.38, size = 112, normalized size = 2.49

b%z? — 2bx log (cosh (bz + a) + sinh (b + a) + 1) + 2alog (cosh (bz + a) + sinh (bz + a) — 1) — 2 (bz + a) log (— cosh (bx + @) — sinh (bz + a) + 1) — 2 Liy(cosh (bz + a) + sinh (bz + a)) — 2 Liy(— cosh (bz + a) — sinh (bz + a))
20

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*coth(b*x+a),x, algorithm="fricas")

[Out] -1/2%(b~2%x"2 - 2xb*x*log(cosh(b*x + a) + sinh(b*x + a) + 1) + 2xaxlog(cosh
(bxx + a) + sinh(b*x + a) - 1) - 2x(b*x + a)*log(-cosh(b*x + a) - sinh(b*x

+ a) + 1) - 2*%dilog(cosh(b*x + a) + sinh(b*x + a)) - 2*dilog(-cosh(b*x + a)

- sinh(b*x + a)))/b~2

Sympy [F]

time = 0.00, size = 0, normalized size = 0.00

/x coth (a + bx) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*coth(b*x+a),x)
[Out] Integral(x*coth(a + b*x), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*coth(b*x+a),x, algorithm="giac")



[Out] integrate(x*coth(b*x + a), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.02

/xcoth(a +bx) dzx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*coth(a + b*x),x)
[Out] int(x*coth(a + b*x), x)
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3.4 f coth(a+bx) dx

X

Optimal. Leaf size=13

Int <coth(a + bx) , x)

T

[Out] Unintegrable(coth(b*x+a)/x,x)

Rubi [A]
time = 0.01, antiderivative size = 0, normalized size of antiderivative = 0.00, number of

number of rules _ 0.000,
integrand size

steps used = 0, number of rules used = 0, integrand size = 0,
Rules used = {}

/ coth(a + bx) s

x
Verification is not applicable to the result.
[In] Int[Coth[a + b*x]/x,x]

[Out] Defer[Int] [Coth[a + b*x]/x, x]
Rubi steps

/ coth(a + bx) dp — / coth(a + bx) i

T T

Mathematica [A]
time = 9.22, size = 0, normalized size = 0.00

/ coth(c; + bx) d

Verification is not applicable to the result.

[In] Integrate[Coth[a + b*x]/x,x]
[Out] Integrate[Coth[a + b*x]/x, x]
Maple [A]

time = 0.94, size = 0, normalized size = 0.00

/ coth (bx + a) s

T

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(coth(b*x+a)/x,x)
[Out] int(coth(b*x+a)/x,x)

Maxima [A]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(b*x+a)/x,x, algorithm="maxima")

[Out] -integrate(1/(x*e”(b*x + a) + x), x) + integrate(1/(x*e~(b*x + a) - x), x)
+ log(x)

Fricas [A]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(b*x+a)/x,x, algorithm="fricas")

[Out] integral(coth(b*x + a)/x, x)

Sympy [A]
time = 0.00, size = 0, normalized size = 0.00

/ coth (Z + bx) s

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(b*x+a)/x,x)
[Out] Integral(coth(a + b*x)/x, x)

Giac [A]
time = 0.00, size = 0, normalized size = 0.00

could not integrate
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(b*x+a)/x,x, algorithm="giac")

[Out] integrate(coth(b*x + a)/x, x)



Mupad [A]
time = 0.00, size = -1, normalized size = -0.08

/ coth(a + bx) i

T

Verification of antiderivative is not currently implemented for this CAS.

[In] int(coth(a + b*x)/x,x)
[Out] int(coth(a + b*x)/x, x)
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35 f coth(a+bx) dx

$2

Optimal. Leaf size=13
Int (Coth(a + bx) ’ x)

72
[Out] Unintegrable(coth(b*x+a)/x"2,x)

Rubi [A]
time = 0.01, antiderivative size = 0, normalized size of antiderivative = 0.00, number of

number of rules _ 0.000,
integrand size

steps used = 0, number of rules used = 0, integrand size = 0,
Rules used = {}

/ coth(;zz—l- bx) s
Verification is not applicable to the result.

[In] Int[Coth[a + b*x]/x"2,x]

[Out] Defer[Int] [Coth[a + b*x]/x~2, x]

Rubi steps

/ coth(a + bx) dp — / coth(a + bzx) i

z2 2

Mathematica [A]
time = 12.26, size = 0, normalized size = 0.00

/ coth(a + bx) s

2

Verification is not applicable to the result.

[In] Integrate[Coth[a + b*x]/x"2,x]
[Out] Integrate[Coth[a + b*x]/x"2, x]
Maple [A]

time = 0.79, size = 0, normalized size = 0.00

/ coth (bz + a) s

2

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(coth(b*x+a)/x"2,x)
[Out] int(coth(b*x+a)/x"2,x)

Maxima [A]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(b*x+a)/x"2,x, algorithm="maxima")

[Out] -1/x - integrate(1/(x"2*e”(b*x + a) + x72), x) + integrate(1/(x"2*e”(b*x +
a) - x72), x)

Fricas [A]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(b*x+a)/x"2,x, algorithm="fricas")

[Out] integral(coth(b*x + a)/x"2, x)

Sympy [A]
time = 0.00, size = 0, normalized size = 0.00

/ coth (a + bx) s

22
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(b*x+a)/x**2,x)
[Out] Integral(coth(a + b*x)/x**2, x)

Giac [A]
time = 0.00, size = 0, normalized size = 0.00

could not integrate
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(b*x+a)/x"2,x, algorithm="giac")

[Out] integrate(coth(b*x + a)/x"2, x)



Mupad [A]
time = 0.00, size = -1, normalized size = -0.08

/ coth(a + bx) i

2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(coth(a + b*x)/x"2,x)
[Out] int(coth(a + b*x)/x"2, x)

o8
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3.6 [ 23 coth?(a + bx) dx

Optimal. Leaf size=87

r® z* 2°coth(a + bx) +3x2 log (1 — e*(ate)) +3xPolyLog (2,€2@))  3PolyLog(3, eX(@tte))

b 4 b b? b3 2b*
[Out] -x"3/b+1/4*x~4-x"3*coth(b*x+a)/b+3*x~2*1n(1-exp(2*b*x+2%a)) /b~2+3*x*polylog
(2,exp(2*bxx+2*a)) /b~3-3/2*polylog (3, exp (2*%bxx+2%a)) /b~4

Rubi [A]
time = 0.12, antiderivative size = 87, normalized size of antiderivative = 1.00, number of

number of rules __
integrand size 0.533,

steps used = 7, number of rules used = 7, integrand size = 12,
Rules used = {3801, 3797, 2221, 2611, 2320, 6724, 30}

3 1,'4

>+
b4

3Lis (62(a+bm)) N 3zLi, (62(a+bm)) N 32 log (1 _ e2(a+bz)) z3 coth(a + bw)
2b% b3 b? b

Antiderivative was successfully verified.
[In] Int[x"3*Cothl[a + b*x]~2,x]

[Out] -(x"3/b) + x~4/4 - (x"3*Coth[a + b*x])/b + (3*x"2xLog[l - E~(2*(a + b*x))])
/b2 + (3*x*PolyLog[2, E~(2x(a + b*x))])/b~3 - (3*PolyLog[3, E~(2*(a + b*x)
)1)/(2%b~4)

Rule 30

Int[(x_)~"(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQm, -1]

Rule 2221

Int [(((F_)~((g_)*((e_.) + (£_D*(x_))))"(a_)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*x((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~"m/(bxfxg*n*Log[F]))*Log[l + b*x((F~(gx(e + f*x)))"n/a)], x] - Di
st [d* (m/ (bxfxg*n*Log[F])), Int[(c + d*x)~(m - 1)*Log[l + b*x((F~(g*(e + f*x)
))"n/a)], x1, x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] & IGtQ[m, 0]

Rule 2320

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
onOfExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 2611
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Int[Logl[l + (e_.)*((F_)~((c_.)*((a_.) + (b_.)*(x_))))"(n_.)]1*x((f_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g*x) m)*(PolyLog[2, (-e)*(F~(cx(a +
b*x))) “n]/(b*cxnxLog[F])), x] + Dist[gx(m/(b*c*nxLog[F])), Int[(f + g*x)~(m
- 1)*PolyLog[2, (-e)*(F~(cx(a + b*x)))"nl, x1, x] /; FreeQ[{F, a, b, c, e,
f, g, n}, x] && GtQ[m, O]

Rule 3797

Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (Complex[0, fz_])*(f_
D*(x_)], x_Symbol] :> Simp[(-I)*((c + d*x)"(m + 1)/(d*(m + 1))), x] + Dist
[2+¢I, Int[((c + d*x)"mkx(E~(2*x((-I)*e + fxfzxx))/(1 + ET(2*x((-I)*e + f*xfz*x)
)/E~(2%I*k*Pi)))) /E~(2%Ixk*Pi), x], x] /; FreeQ[{c, 4, e, f, fz}, x] && Int
egerQ[4*k] && IGtQ[m, O]

Rule 3801

Int[((c_.) + (d_.)*(x_))"(m_.)*((b_.)*tan[(e_.) + (f_.)*(x_)]1)"(n_), x_Symb
0l] :> Simp[b*(c + d*x) “m*((b*Tan[e + f*x])~(n - 1)/(fx(n - 1))), x] + (-Di
st[bxd*(m/(fx(n - 1))), Int[(c + d*x)"(m - 1)*(b*Tan[e + f*x])~(n - 1), x],
x] - Dist[b~2, Int[(c + d*x) m*(b*Tan[e + f*x])~(n - 2), x], x]) /; FreeQ[
{b, c, d, e, f}, x] && GtQ[n, 1] && GtQ[m, O]

Rule 6724

Int[PolyLogln_, (c_.)*((a_.) + (b_.)*(x_))~(p_.)1/C(d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLog[n + 1, cx(a + b*x)~pl/(exp), x] /; FreeQ[{a, b, c, d
, e, n, p}, x] && EqQ[bxd, axe]

Rubi steps
3 2 h
/m3coth2(a+bx) gp— % cothga+bx) 4 3 [ z*cot £a+bx) dz N /x3dz
_ 2 N z*  z’coth(a+bx) 6 / 12(2:(2?&) dx
b 4 b b
_ 2 N z* 2’ coth(a + bx) N 3z°log (1 — @) 6 [zlog (1 — **+*)) du
b 4 b b2 b2
_ =z N z* 1’ coth(a + bx) N 3z%log (1 — e2(@ta) N 3zLi (e2(@F42)) 3/ Li (e
b 4 b b2 b3

3 ' z3coth(a+ bx) 3z%log (1 — e?(@tt2) . 3z Liy (€2 Ht0)) 38ubst<

b b2 b3
3  z*  z3coth(a+ bz) N 3z log (1 — e?(@tt)) N 3zLip (€2 ¥))  3Liz (e
b 4 b b2 b3 2b°
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Mathematica [A]
time = 3.42, size = 106, normalized size = 1.22

e20q a+bx a+bx a+bx
zt + 2 2( —2?+e2a +3log (1 et )>) + 6bzPolyLog(2, e*eth )) — 3PolyLog(3, elet )) + z3csch(a)csch(a + bx) sinh (bx)

4 254 b

Antiderivative was successfully verified.

[In] Integrate[x~3*Coth[a + b*x]~2,x]

[Out] x74/4 + (2%b~2%x"2%((-2*%b*E~(2%a)*x)/(-1 + E~(2*%a)) + 3*Logl[l - E~(2x(a + b
*x))]) + 6xbxx*PolyLog[2, E~(2%(a + b*x))] - 3*PolyLog[3, E~(2*(a + b*x))])
/(2¥b~4) + (x~3*Csch[a]*Csch[a + b*x]*Sinh[b*x])/b

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 197 vs.
2(83) = 166.
time = 0.94, size = 198, normalized size = 2.28

method | result

4 213 3a2In(eb®ta—1) 6a? ln(ebm+‘l) 6 3In(1- eszr“) 3In(1—eb*+2)q?

+ - 2

3 T
risch T T pleetza) B - 1 +

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"3*coth(b*x+a) ~2,x,method=_RETURNVERBOSE)

[Out] 1/4*x~4-2/b*x"3/(exp(2*b*x+2%a)-1)+3/b~4*a~2x1n(exp(b*x+a)-1)-6/b"4*a~2x1n(
exp (b*x+a) ) -2/b*x~3+6/b”3*x*a"~2+4/b~4*a~3+3/b"2x1n(1-exp (b*x+a) ) *x~2-3/b"4x*
1n(1-exp(b*x+a))*a~2+6/b~3*polylog(2,exp(b*x+a))*x-6/b~4*polylog(3, exp (b*x+
a))+3/b~2*1n(exp(b*x+a)+1) *x~2+6/b~3*polylog(2,-exp (b*x+a))*x-6/b"4*polylog
(3,-exp(b*x+a))

Maxima [A]

time = 0.34, size = 146, normalized size = 1.68

223 batett29) _pgt _84% 3 (bPa?log (e®*) + 1) + 2baLiz(—e*tV) — 2Lig(—e®**9)) 3 (b2a?log (—e®*9) + 1) + 2baLip (e®*) — 2Liz(e=+?))
) + 4 (be(@bo+20) — p) + bt + bt

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*coth(b*x+a)”~2,x, algorithm="maxima")

[Out] -2*%x73/b + 1/4%(b*x"4*e” (2xb*x + 2%a) - bxx"4 - 8+%x73)/(b*e”(2*b*x + 2%a) -
b) + 3x(b"2xx"2*log(e”(b*x + a) + 1) + 2xb*x*dilog(-e~(b*x + a)) - 2*polyl

0g(3, -e~(b*x + a)))/b~4 + 3*x(b~2*x"2+log(-e”~(b*x + a) + 1) + 2xbxxxdilog(e
“(b*x + a)) - 2*polylog(3, e~ (b*x + a)))/b"4

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 632 vs.

2(82) = 164.
time = 0.38, size = 632, normalized size = 7.26
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*coth(b*x+a)”~2,x, algorithm="fricas")

[Out] -1/4*%(b"4*x~4 - 8*a~3 - (b~4*x"4 - 8%b~3*x~3 - 8*a~3)*cosh(b*x + a)~2
b~4xx"4 - 8*%b~3*x~3 - 8*a”~3)*cosh(b*x + a)*sinh(b*x + a) - (b"4*x"4 - 8*b~3
*x~3 - 8*a~3)*sinh(b*x + a)~2 - 24x(b*x*cosh(b*x + a)~2 + 2xbxx*cosh(b*x +

a)*sinh(b*x + a) + bxx*sinh(b*x + a)~2 - bxx)*dilog(cosh(b*x + a) + sinh(b*
x + a)) - 24x(b*x*cosh(b*x + a)~2 + 2*b*x*cosh(b*x + a)*sinh(b*x + a) + b*x
xsinh(b*x + a)~2 - b*x)*dilog(-cosh(b*x + a) - sinh(b*x + a)) - 12%(b~2*x"2
xcosh(b*x + a)~2 + 2%b~2xx"2*cosh(b*x + a)*sinh(b*x + a) + b~ 2*x"2*sinh(b*x
+ a)72 - b™2xx"2)*log(cosh(b*x + a) + sinh(b*x + a) + 1) - 12%(a"2*cosh(b*
X + a)~2 + 2*a"2*cosh(b*x + a)*sinh(b*x + a) + a"2*sinh(b*x + a)~2 - a”~2)*1
og(cosh(b*x + a) + sinh(b*x + a) - 1) + 12x(b"2*xx"2 - (b"2*x"2 - a~2)*cosh(
b*x + a)~2 - 2x(b"2%x"2 - a~2)*cosh(b*x + a)*sinh(b*x + a) - (b™2*%x"2 - a~2
)*sinh(b*x + a)~2 - a~2)*log(-cosh(b*x + a) - sinh(b*x + a) + 1) + 24*(cosh
(bxx + a)~2 + 2*xcosh(b*x + a)*sinh(b*x + a) + sinh(b*x + a)~2 - 1)*polylog(
3, cosh(bxx + a) + sinh(b*x + a)) + 24*(cosh(b*x + a)~2 + 2xcosh(b*x + a)x*s
inh(b*x + a) + sinh(b*x + a)~2 - 1)#*polylog(3, -cosh(b*x + a) - sinh(b*x +

a)))/(b"4*cosh(b*x + a)~2 + 2*b~4*cosh(b*x + a)*sinh(b*x + a) + b~4xsinh(b*
X+ a)”2 - b"4)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ z® coth? (a + bz) dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**3*coth(b*x+a)**2,x)
[Out] Integral(x**3*coth(a + b*x)**2, x)
Giac [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*coth(b*x+a)”~2,x, algorithm="giac")
[Out] integrate(x~3*coth(b*x + a)~2, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/m3 coth(a + bz)* dz

- 2*(



Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~3*coth(a + b*x)~2,x)
[Out] int(x~3*coth(a + b*x)"2, x)
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3.7 [ 22 coth®(a + bx) dx

Optimal. Leaf size=65

w2 1%  22coth(a+ b) N 2z log (1 — e(a+to)) N PolyLog (2, e?(@*t2))

b 3 b b? b

[Out] -x"2/b+1/3%x~3-x"2*coth(b*x+a) /b+2*x*1n(1-exp(2*b*x+2%a)) /b~ 2+polylog(2,exp
(2%b*x+2%a)) /b~3

Rubi [A]
time = 0.09, antiderivative size = 65, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.500,

steps used = 6, number of rules used = 6, integrand size = 12
Rules used = {3801, 3797, 2221, 2317, 2438, 30}

Lip(e2@+t)  2zlog (1 — e2@t))  g2coth(a +bz) 22 P
R z - b b3

Antiderivative was successfully verified.

[In] Int[x"2*Coth[a + b*x]~2,x]

[Out] -(x"2/b) + x73/3 - (x"2*Coth[a + b*x])/b + (2*x*Log[l - E~(2*(a + b*x))])/b
~2 + PolyLog[2, E"(2x(a + b*x))]/b~3

Rule 30

Int[(x_)~"(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQm, -1]

Rule 2221

Int [(((F_)~((g_)*((e_.) + (£_D*(x_))))"(a_)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*x((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~m/(bxfxg*n*Log[F]))*Log[l + b*x((F~(gx(e + f*x)))"n/a)], x] - Di
st [d* (m/ (bxfxg*n*Log[F])), Int[(c + d*x)~(m - 1)*Logl[l + b*x((F~(g*x(e + f*x)
))"n/a)], x1, x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] & IGtQ[m, 0]

Rule 2317

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, O]

Rule 2438

Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"n]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[c*d, 1]
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Rule 3797

Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (Complex[0, fz_])*(f_
D*(x_)], x_Symbol] :> Simp[(-I)*((c + d*x)"(m + 1)/(d*(m + 1))), x] + Dist
[2%I, Int[((c + d*x)"m*(E~(2%x((-I)*e + fxfzxx))/(1 + E-(2%((-I)*e + fxfz*x)
)/E” (2%Ixk*Pi)))) /E~(2+Ixk*Pi), x], x] /; FreeQ[{c, d, e, f, £z}, x] && Int
egerQ[4*k] && IGtQ[m, O]

Rule 3801

Int[((c_.) + (d_.)*(x_))"(m_.)*((b_.)*tan[(e_.) + (f_.)*(x_)]1)"(n_), x_Symb
0ol] :> Simp[b*(c + d*x) “m*((b*Tan[e + f*x])"(n - 1)/(fx(n - 1))), x] + (-Di
st[bxd*(m/(fx(n - 1))), Int[(c + d*x)~(m - 1)*(b*Tan[e + f*x])~(n - 1), x],
x] - Dist[b~2, Int[(c + d*x) m*(b*Tan[e + f*x])~(n - 2), x], x]) /; FreeQ[
{b, c, d, e, £}, x] && GtQ[n, 1] && GtQ[m, O]

Rubi steps
2 2 h d
/z2 coth®(a + bx) dz = T cothga +bo) + J z ot g)a +be)de + /w2 dz
_ _x_2 N x_3 B x2 coth(a + bx) B 4[4 2;?:3% dx
b 3 b b
_ N z®  2?coth(a + bx) N 2zlog (1 — X)) 2 ['log (1 — *+*)) dz
b 3 b b? b?
log(l—x a
oz N 2®  zlcoth(a+bz) 2xlog(1— eXttw))  Subst (f 602 4, @, X
R b b b
B _117_2 N .’13_3 B 72 coth(a + bz) N 2z log (1 _ e2(a+bz)) . Lis (62(a+bm))
b 3 b b? b3

Mathematica [C] Result contains complex when optimal does not.
time = 3.74, size = 163, normalized size = 2.51

(oo 2 stanh ) -t ) g2 i@
g9 ibmo — imlog (1+ €) + 2balog (1 — e 20+ (@) ) 4 i log(cosh(bz) + 2 tanh™"(tanh(a)) (ba + log (1 — e~20ertam ™ amh(0) ) — log (isinh (b + tanh™"(tanh(a)))) ) = PolyLog(2,e-2(be+ten™ (@) ) — pe-tom ™! 0mo)g? coth(a) yfsech(a) g2esch(a)osch(a -+ be) sinh(bz)
T+ +

3 7 b

Antiderivative was successfully verified.

[In] Integrate[x~2*Coth[a + b*x]~2,x]

[Out] x73/3 + (I*b*Pixx - I*PixLog[1 + E~(2*b*x)] + 2*b*x*Log[l - E~(-2*(b*x + Ar

cTanh[Tanh[a]]))] + I*PixLog[Cosh[b*x]] + 2*ArcTanh[Tanh[a]]*(b*x + Log[l -
E~(-2%(b*x + ArcTanh[Tanh[a]]))] - Log[I*Sinh[b*x + ArcTanh[Tanh([a]]]]) -

PolyLog[2, E~(-2%(b*x + ArcTanh[Tanh[al]))] - (b~2*x~2*Coth[a]*Sqrt[Sechl[a]

~2])/E"ArcTanh[Tanh([a]])/b"3 + (x"2*Csch[a]*Csch[a + b*x]*Sinh[b*x])/b
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Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 155 vs.
2(63) = 126.
time = 0.97, size = 156, normalized size = 2.40

method | result

. 2a2 2In(1—eb*+a) g 2In(1—eb?+2)q 2 polylog (2,eb=+ 2In(eb?+e41)z
risch | 5 —jamrmy — T T ® B T e A P 4 2l

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*coth(b*x+a) ~2,x,method=_RETURNVERBOSE)

[Out] 1/3*x"3-2%x"2/b/(exp(2xb*x+2%a)-1)-2%x~2/b-4*a*x/b"2-2/b"3*%a"~2+2/b"2*1n(1-e
xp (b*x+a) ) *x+2/b~3*1n(1-exp (b*x+a) ) *a+2/b~3*polylog (2, exp (b*x+a) ) +2/b~2*1n(

exp (b*x+a)+1) *x+2/b~3*polylog(2,-exp (b*x+a))+4/b~3*a*x1ln(exp (b*x+a))-2/b"3*a

*1n (exp (b*x+a)-1)

Maxima [A]

time = 0.33, size = 108, normalized size = 1.66

222 balebt20) _py3 642 2 (bzlog (e(””“) +1) + Lig(—e(b”“))) N 2 (bzlog (—e®*+) 4+ 1) + Li, (e(””“)))

b + 3 (be(2bm+2 a) _ b) + b3 b3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*coth(b*x+a)”~2,x, algorithm="maxima")

[Out] -2*%x72/b + 1/3%(b*x"3*e” (2%b*x + 2%a) - bxx"3 - 6%x72)/(b*e”(2*b*x + 2%a) -
b) + 2x(bxxxlog(e~(b*x + a) + 1) + dilog(-e~(b*x + a)))/b~3 + 2x(b*x*log(-
e"(b*x + a) + 1) + dilog(e”~(b*x + a)))/b"3

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 453 vs.
2(62) = 124.
time = 0.35, size = 453, normalized size = 6.97

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*coth(b*x+a)”~2,x, algorithm="fricas")

[Out] -1/3*(b"3*x"3 - (b"3*x"3 - 6*%b~2%x"2 + 6*a~2)*cosh(b*x + a)~2 - 2*%(b~3*x"3
- 6*b"2*xx"2 + 6*a”~2)*cosh(b*x + a)*sinh(b*x + a) - (b"3*x"3 - 6*xb"2*x"2 + 6
*a~2)*sinh(b*x + a)~2 + 6*xa~2 - 6*(cosh(b*x + a)~2 + 2*cosh(b*x + a)*sinh(b

*x + a) + sinh(b*x + a)~2 - 1)*dilog(cosh(b*x + a) + sinh(b*x + a)) - 6*(co
sh(b*x + a)~2 + 2*cosh(b*x + a)*sinh(b*x + a) + sinh(b*x + a)~2 - 1)*dilog(
-cosh(b*x + a) - sinh(b*x + a)) - 6*(b*x*cosh(b*x + a)~2 + 2¥bxx*cosh(b*x +
a)*sinh(b*x + a) + bxxxsinh(b*x + a)~2 - b*x)*log(cosh(b*x + a) + sinh(b*x

+ a) + 1) + 6*(axcosh(b*x + a)~2 + 2*axcosh(b*x + a)*sinh(b*x + a) + a*sin
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h(b*x + a)~2 - a)*log(cosh(b*x + a) + sinh(b*x + a) - 1) - 6x((b*x + a)*cos
h(b*x + a)~2 + 2x(b*x + a)*cosh(b*x + a)*sinh(b*x + a) + (b*x + a)*sinh(b*x
+ a)”2 - bxx - a)*log(-cosh(b*x + a) - sinh(b*x + a) + 1))/(b~3*cosh(b*x +
a)~2 + 2xb~3*cosh(b*x + a)*sinh(b*x + a) + b~3*sinh(b*x + a)~2 - b~3)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ z% coth® (a + bz) dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**2*kcoth(b*x+a)**2,x)
[Out] Integral(x**2*coth(a + b*x)**2, x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*coth(b*x+a)”~2,x, algorithm="giac")
[Out] integrate(x~2*coth(b*x + a)~2, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.02

/x2 coth(a + bz)* dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*coth(a + b*x)~2,x)
[Out] int(x"2*coth(a + b*x)"2, x)
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3.8 [ x coth?(a + bz) dx

Optimal. Leaf size=31
z?  zcoth(a + bx) N log(sinh(a + bz))

2 b b?

[Out] 1/2*x~2-x*coth(b*x+a)/b+1ln(sinh(b*x+a))/b"2

Rubi [A]
time = 0.02, antiderivative size = 31, normalized size of antiderivative = 1.00, number of

number of rules __
integrand size 0.300,

steps used = 3, number of rules used = 3, integrand size = 10,
Rules used = {3801, 3556, 30}

log(sinh(a + bx))  xcoth(a + bx) N z?
b? b 2

Antiderivative was successfully verified.

[In] Int[x*Cothl[a + b*x]~2,x]

[Out] x~2/2 - (x*Coth[a + b*x])/b + Log[Sinh[a + b*x]]/b~2
Rule 30

Int[(x_)"(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQ[m, -1]

Rule 3556

Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + d
*x], x]11/d, x1 /; FreeQ[{c, d}, xI]

Rule 3801

Int[((c_.) + (d_.)*(x_))"(m_.)*((b_.)*tan[(e_.) + (f_.)*(x_)]1)"(n_), x_Symb
0l] :> Simp[b*(c + d*x) m*x((b*Tan[e + f*x])"(n - 1)/(f*x(n - 1))), x] + (-Di
st[bxd*(m/(fx(n - 1))), Int[(c + d*x)"(m - 1)*(b*Tan[e + f*x])"(n - 1), x],
x] - Dist[b~2, Int[(c + d*x) m*(b*Tan[e + f*x])~(n - 2), x], x]) /; FreeQ[
{b, c, d, e, f}, x] && GtQ[n, 1] && GtQ[m, O]

Rubi steps
h th bx)d.
/xcothQ(a+bx) der = _zeot (:-I—ba:) + J co (ab—i- z) do + /xdw
2  zcoth(a+ br) log(sinh(a + bz))
2 b =
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Mathematica [A]
time = 0.13, size = 46, normalized size = 1.48

b?z? — 2bx coth(a) + 2log(sinh(a + bx)) + 2bzcsch(a)csch(a + bz) sinh(bz)
2b?

Antiderivative was successfully verified.

[In] Integrate[x*Coth[a + bxx]~2,x]
[Out] (b™2#x72 - 2xb*x*Coth[a] + 2xLog[Sinh[a + b*x]] + 2*b*x*Csch[al*Csch[a + bx

x] *Sinh [b*x])/(2%b~2)

Maple [A]
time = 0.83, size = 54, normalized size = 1.74

method | result size

. 2 2x 2a 2 ln(ezbz+2a—1)
I'lSCh 7 - T - b_2 - b(ezbz+2a_1) b2 54

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*coth(b*x+a)~2,x,method=_RETURNVERBOSE)
[Out] 1/2*%x~2-2%x/b-2*a/b~2-2%x/b/(exp(2*b*x+2%a)-1)+1/b"2*1n(exp (2*b*x+2%a)-1)
Maxima [B] Leaf count of result is larger than twice the leaf count of optimal. 115 vs.

2(29) = 58.
time = 0.31, size = 115, normalized size = 3.71

1‘6(2 bz+2a) bx? — (b.’172€(2 a) _ 2xe(2a))e(2ba¢) log ((e(bz+a) + 1)6(—0,)) log ((e(baH—a) _ l)e(—a))
" pe@bz+20) _p 2 (be(2ba+2a) — p) + b2 + b2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*coth(b*x+a)~2,x, algorithm="maxima")

[Out] -x*e~(2*b*x + 2*a)/(bxe” (2xb*x + 2¥a) - b) - 1/2%(b*x"2 - (b*x"2%e”(2%a) -
2xx*e” (2%a) ) *e~ (2xb*x)) /(b*e” (2%b*x + 2¥a) - b) + log((e~(b*x + a) + 1)*e"(
-a))/b"2 + log((e~(b*x + a) - 1)*e~(-a))/b~2

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 189 vs.

2(29) = 58.
time = 0.34, size = 189, normalized size = 6.10

2% — (b2 — 4bx) cosh (bz + a)” — 2 (b?2? — 4bx) cosh (ba + a) sinh (bz + a) — (b2 — 4bz) sinh (bz + a)” — 2 (cosh (b + a)* + 2 cosh (bz + a) sinh (bz + a) + sinh (bz + a)” — 1) log (M;%mm)
2 (b2 cosh (bz + a)” + 202 cosh (bz + a) sinh (bz + a) + b2 sinh (bz + a)’ — b?)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*coth(b*x+a)~2,x, algorithm="fricas")
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[Out] -1/2%(b"2%x"2 — (b"2%x"2 - 4*b*x)*cosh(b*x + a)~2 — 2% (b"2*x"2 — 4*b*x)*cos
h(b*x + a)*sinh(b*x + a) - (b"2%x"2 - 4*b*x)*sinh(b*x + a)~2 - 2*(cosh(b*x

+ a)”2 + 2xcosh(b*x + a)*sinh(b*x + a) + sinh(b*x + a)~2 - 1)*log(2*sinh(b*

x + a)/(cosh(b*x + a) - sinh(b*x + a))))/(b"2*cosh(b*x + a)~2 + 2*xb~2*cosh(

b*x + a)*sinh(b*x + a) + b~2*sinh(b*x + a)~2 - b~2)

Sympy [B] Leaf count of result is larger than twice the leaf count of optimal. 190 vs.
2(26) = 52.
time = 0.85, size = 190, normalized size = 6.13

(22 coth? (a) forb=0
2
z log (—e_b””) coth? (bz+log (—e_bw)) log (—e_bw)2 coth? (bz+log (—e_bm)) _ —bx
- - — o for a = log (—e ")
_ z log (e_b”:) coth? (ba:-l—log (e‘bz)) . log (e‘b’”)2 coth? (b:l:-l—log (e_bz)) fora — lOg (e_bx)
b 2b2 -

[

z z z
2 + b btanh (a+bzx)

h b .
log (tanh lgg—i—bx)-i-l) + log (taan(a-i- z)) otherwise

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*coth(b*x+a)**2,x)

[Out] Piecewise((x**2*coth(a)*x2/2, Eq(b, 0)), (-x*xlog(-exp(-b*x))*coth(b*x + log
(-exp(-b*x)))**2/b - log(-exp(-b*x))**2xcoth(b*x + log(-exp(-b*x)))**2/(2*b

*x2) , Eq(a, log(-exp(-b*x)))), (-x*log(exp(-b*x))*coth(b*x + log(exp(-b*x))
)*x2/b - log(exp(-b*x))**2xcoth(b*x + log(exp(-b*x)))**2/(2¥b**2), Eq(a, lo
g(exp(-b*x)))), (x*x*2/2 + x/b - x/(b*tanh(a + b*x)) - log(tanh(a + b*x) + 1
)/b*x2 + log(tanh(a + b*x))/b**2, True))

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 98 vs. 2(29) = 58.

time = 0.42, size = 98, normalized size = 3.16

b2x26(2bx+2a) — b2 — 4bxe(2bx+2a) + 26(2bx+2a) log (e(2bx+2a) _ 1) -9 10g (e(be—i-Za) _ 1)
2 (b2€(2 bz+2a) _ b2)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*coth(b*x+a)~2,x, algorithm="giac")

[Out] 1/2%(b~2%x"2%e~(2*%b*x + 2%a) — b~2%x"2 - 4xbxxxe”(2%b*x + 2%a) + 2xe” (2*b*x
+ 2xa)xlog(e”(2xb*x + 2xa) - 1) - 2xlog(e”(2%b*x + 2xa) - 1))/(b~2xe” (2*b*

X + 2¥a) - b72)

Mupad [B]
time = 1.15, size = 48, normalized size = 1.55

In (e?@€?** —1) 2z 22 2x
b2 b 2 " b (e2et2be — 1)
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*coth(a + b*x)~2,x)

[Out] log(exp(2+*a)*exp(2*b*x) - 1)/b"2 - (2*x)/b + x72/2 - (2*x)/(b*x(exp(2*a + 2%
b*x) - 1))
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3.9 f coth?(a+bz) dx

X

Optimal. Leaf size=15

2
Int <coth (;L + bx) , x)

[Out] Unintegrable(coth(b*x+a)~2/x,x)

Rubi [A]
time = 0.02, antiderivative size = 0, normalized size of antiderivative = 0.00, number of

number of rules __
integrand size 0.000,

steps used = 0, number of rules used = 0, integrand size = 0,
Rules used = {}

/ coth2(;t + bx) d

Verification is not applicable to the result.
[In] Int[Coth[a + b*x]~2/x,x]

[Out] Defer[Int] [Coth[a + b*x]~2/x, x]
Rubi steps

2 2
/coth (;L-I-bx) dr — / coth (Z-I—ba:) s

Mathematica [A]
time = 14.52, size = 0, normalized size = 0.00

coth?(a + bz
— 7 d

T

T

Verification is not applicable to the result.

[In] Integrate[Coth[a + bx*x]~2/x,x]
[Out] Integrate[Coth[a + b*x]~2/x, x]
Maple [A]

time = 0.45, size = 0, normalized size = 0.00

/ coth? (bz + a) s

T

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(coth(b*x+a) ~2/x,x)
[Out] int(coth(b*x+a)~2/x,x)

Maxima [A]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(b*x+a)~2/x,x, algorithm="maxima")
[Out] -2/(b*x*e~(2xb*x + 2*a) - b*x) + integrate(1/(b*x~2xe~(b*x + a) + b*x~2), x
) - integrate(1/(bxx~2%e”(b*x + a) - b*x~2), x) + log(x)

Fricas [A]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(b*x+a)~2/x,x, algorithm="fricas")

[Out] integral(coth(b*x + a)~2/x, x)

Sympy [A]
time = 0.00, size = 0, normalized size = 0.00

/ coth? (a + bx) s
z

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(b*x+a)**2/x,x)
[Out] Integral(coth(a + b*x)**2/x, x)

Giac [A]
time = 0.00, size = 0, normalized size = 0.00

could not integrate
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(b*x+a)~2/x,x, algorithm="giac")

[Out] integrate(coth(b*x + a)~2/x, x)



Mupad [A]
time = 0.00, size = -1, normalized size = -0.07
h 2
/ cot (ax—i- bx) s

Verification of antiderivative is not currently implemented for this CAS.

[In] int(coth(a + b*x)~2/x,x)
[Out] int(coth(a + b*x)~2/x, x)
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3.10 f coth?(a+bx) dz

x2

Optimal. Leaf size=15

2

2
Int <coth (a+ bx) ’ x)

[Out] Unintegrable(coth(b*x+a)“~2/x72,x)

Rubi [A]
time = 0.02, antiderivative size = 0, normalized size of antiderivative = 0.00, number of

number of rules __
integrand size 0.000,

steps used = 0, number of rules used = 0, integrand size = 0,
Rules used = {}

T

/ coth?(a + bx)

—5 ——d
x

Verification is not applicable to the result.

[In] Int[Coth[a + b*x]~2/x"2,x]

[Out] Defer[Int] [Coth[a + b*x]~2/x"2, x]

Rubi steps

2 2
/coth (a+ bx) dr — / coth”(a + bx) i

2 T2

Mathematica [A]
time = 12.98, size = 0, normalized size = 0.00

/ coth?(a + bx) d

2

Verification is not applicable to the result.

[In] Integrate[Coth[a + b*x]~2/x72,x]
[Out] Integrate[Coth[a + b*x]~2/x72, x]
Maple [A]

time = 0.50, size = 0, normalized size = 0.00

2
/ coth” (bx + a) d

xr2

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(coth(b*x+a)~2/x"2,x)
[Out] int(coth(b*x+a)~2/x"2,x)

Maxima [A]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(b*x+a)~2/x"2,x, algorithm="maxima")
[Out] -(b*x*e™ (2%b*x + 2%a) - b*x + 2)/(b*x"2%e” (2xbxx + 2%a) - b*x~2) + 2*xintegr
ate(1/(bxx"3xe~(b*x + a) + b*x"3), x) - 2xintegrate(1/(b*x"3*e”(b*x + a) -

b*x~3), x)

Fricas [A]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(coth(b*x+a)~2/x"2,x, algorithm="fricas")
[Out] integral(coth(b*x + a)~2/x72, x)

Sympy [A]
time = 0.00, size = 0, normalized size = 0.00

coth? (a + bz

[orari),
x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(b*x+a)**2/x**2,x)

[Out] Integral(coth(a + b*x)**2/x**2, x)

Giac [A]
time = 0.00, size = 0, normalized size = 0.00

could not integrate
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(b*x+a)~2/x"2,x, algorithm="giac")

[Out] integrate(coth(b*x + a)~2/x72, x)



Mupad [A]
time = 0.00, size = -1, normalized size = -0.07
2
/ coth(a ;!— bx) s
x

Verification of antiderivative is not currently implemented for this CAS.

[In] int(coth(a + b*x)~2/x"2,x)
[Out] int(coth(a + b*x)~2/x"2, x)

(s
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3.11 [ 23 coth®(a + bz) dx

Optimal. Leaf size=179

32 «* a* 3z’coth(a+bx) 2°coth’(a+ bx) +3x log (1 — e2(@t¥)) g3]og (1 — eat+bo)) +3PolyLog

AR 2h2 % = + b :

[Out] -3/2#x72/b"2+1/2%x"3/b-1/4%x"4-3/2*x"2*coth(b*x+a) /b~2-1/2%x"3*coth(b*x+a)~
2/b+3*x*1n(1-exp (2*b*xx+2%a) ) /b~ 3+x~3*1n (1-exp (2*xb*x+2%a)) /b+3/2*polylog(2,e

xp (2%b*x+2%a) ) /b~4+3/2*x"2xpolylog(2, exp (2xbxx+2*a)) /b~2-3/2*x*polylog(3,ex
p(2%b*x+2%a)) /b~3+3/4*polylog (4, exp (2*¥b*x+2*a)) /b~4

Rubi [A]

time = 0.24, antiderivative size = 179, normalized size of antiderivative = 1.00, number of

steps used = 13, number of rules used = 10, integrand size = 12, number of rules _ 0.833,
integrand size

Rules used = {3801, 3797, 2221, 2317, 2438, 30, 2611, 6744, 2320, 6724}

3Liy (ez("*"z)) 3Liy (ez(‘”b’)) 3zLis (ez(’”bm)) 3zlog (1 — 62(‘”“)) 322Li, (62<”+M)) 3z%coth(a + bz) z°log (1 — 62(‘””’)) zdcoth’(a +bx) 322 2 2t

W T 4 T [ 2% 2 + b % TR

Antiderivative was successfully verified.
[In] Int[x"3*Coth[a + b*x]~3,x]

[Out] (-3*x"2)/(2%b~2) + x~3/(2*%b) - x~4/4 - (3*x"2*Coth[a + b*x])/(2%b"2) - (x73
*Coth[a + b*x]~2)/(2%b) + (3*x*Log[l - E~(2*(a + b*x))])/b"3 + (x"3*Logll -
E~(2x(a + b*x))])/b + (3*xPolyLog[2, E~(2*(a + b*x))])/(2*b"4) + (3*x"2*Pol
yLog[2, E~(2*%(a + b*x))])/(2%xb~2) - (3*x*PolyLogl[3, E~(2*(a + b*x))])/(2xb~

3) + (3*PolyLogl[4, E"(2x(a + b*x))])/(4%b~4)

Rule 30

Int[(x_)"(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQm, -1]

Rule 2221

Int [CC(F_)~((g_.)*((e_.) + (£_.)*(x_)))) " (n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~"m/(bxfxg*n*Log[F]))*Log[1l + b*x((F~(gx(e + f*x)))"n/a)], x] - Di
st [d* (m/ (bxfxg*n*Log[F])), Int[(c + d*x)~(m - 1)*Log[l + b*x((F~(g*(e + f*x)
))"n/a)], x1, x] /; FreeQ[{F, a, b, ¢, 4, e, f, g, n}, x] & IGtQ[m, 0]

Rule 2317

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°n], x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, O]
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Rule 2320

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Dist[v/D[v, x]
, Subst[Int [FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
onOfExponentialQ[u, x] && !'MatchQu, (w_)*((a_.)*(v_)"(n_)) " (m_) /; FreeQl
{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 2438

Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)xexx"nl/n, x] /; FreeQl[{c, d, e, n}, x] && EqQlc*d, 1]

Rule 2611

Int[Log[l + (e_.)*((F_)~((c_.)*x((a_.) + (b_.)*(x_))))"(a_)]1*((£f_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g*x) m)*(PolyLog[2, (-e)*(F~(cx(a +
b*x))) “n]/(b*c*nxLog[F])), x] + Dist[gx(m/(b*c*n*xLog[F])), Int[(f + g*x)~(m
- 1)*PolyLog[2, (-e)*(F~(cx(a + b*x)))"n], x], x] /; FreeQ[{F, a, b, c, e,
f, g, n}, x] && GtQ[m, O]

Rule 3797

Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (Complex[0, fz_])*(f_
D*(x_)], x_Symbol] :> Simp[(-I)*((c + d*x)"(m + 1)/(d*(m + 1))), x] + Dist
[2+xI, Int[((c + d*x)"m*x(E~(2*x((-I)*e + f*xfzxx))/(1 + ET(2%((-I)*e + fxfz*x)
)/E~(2%I%k*Pi))))/E~(2xIxk*Pi), x], x] /; FreeQl[{c, d, e, £, fz}, x] && Int
egerQ[4+k] && IGtQ[m, O]

Rule 3801

Int[((c_.) + (d_.)*(x_))"(m_.)*((b_.)*tan[(e_.) + (f_.)*(x_)]1)"(n_), x_Symb
0l] :> Simp[b*(c + d*x) “m*((b*Tan[e + f*x])~(n - 1)/(fx(n - 1))), x] + (-Di
st[bxd*(m/(fx(n - 1))), Int[(c + d*x)"(m - 1)*(b*Tan[e + f*x])~(n - 1), x],
x] - Dist[b~2, Int[(c + d*x) m*(b*Tan[e + f*x])~(n - 2), x], x]) /; FreeQ[
{b, c, d, e, £}, x] && GtQ[n, 1] && GtQ[m, O]

Rule 6724

Int[PolyLog[n_, (c_.)*((a_.) + (b_.)*(x_))~(p_.)1/C(d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLog[n + 1, cx(a + b*x)~pl/(exp), x] /; FreeQl{a, b, c, d
, €, n, p}, x] && EqQ[b*d, axe]

Rule 6744

Int[((e_.) + (f_.)*(x_))"(m_.)*PolyLogln_, (d_.)*((F_)~((c_.)*x((a_.) + (b_.
)*x(x_))))"(p_.)], x_Symbol] :> Simp[(e + f*x) m*(PolyLog[n + 1, d*(F~(cx(a



80

+ bxx))) ~pl/(bxcxpxLog[F1)), x] - Dist[f*(m/(bxc*p*Logl[F])), Int[(e + f*x)~
(m - 1)*PolyLog[n + 1, d*(F~(c*(a + b*x)))~pl, x], x] /; FreeQ[{F, a, b, c,
d, e, £, n, p}, x] && GtQ[m, 0]

Rubi steps
3coth®(a+bz) 3 [ z%coth’(a+ bz)d
/m3 coth®(a + bz) dz = T 2§)a +bo) + S co 2l§a *bo)de + /m3 coth(a + bz) dz
__z* 3a’coth(a+bz) a°coth’(a+bzx) 2/ e2(atbe) 43 . 3 [z coth(a -
4 2b? 2b 1 — 2(a+ba) b2
_ 3 N «® '  3a’coth(a+bz) a°coth’(a + bx) N 2 log (1 — 2@+ B
22 26 4 22 2b b
_ 32 N «®  a*  3a’coth(a+bz) o’ coth’(a + bx) N 3zlog (1 — eXatbo)) N
o2 2 4 22 2b b3
_ 3? N «® x*  3a’coth(a+bx) 2’ coth’(a + bx) N 3z log (1 — eatbo)) N
202 20 4 2b? 2b b3
_ 3 N «® '  3z’coth(a+bx) z®coth’(a + bx) N 3zlog (1 — eatbo)) N
202 20 4 2b? 2b b3
_ 3 N x> a*  3z°coth(a+bz) o° coth?(a + bx) N 3zlog (1 — eXatbo)) N
202 20 4 2b2 2b b3

Mathematica [A]
time = 2.07, size = 191, normalized size = 1.07

1f 12 1,
P I S e

2% coth(e) 2atesch’(af ba) | 12wlog (1= ¢4  dalog (1= ") | 6(1+%) Pol};Log(ZAcy(“""”) _ GaPolyLog(3, ") 3PolyLog£;1, ) G:ﬁcsch(a)csch;;z +ba) sinh(br))

b v b b &

Antiderivative was successfully verified.

[In] Integrate[x~3*Coth[a + b*x]~3,x]

[Out] ((-12%x"2)/b"2 - (12*%x~2)/(b~2*%(-1 + E~(2%a))) - 2*x"4 - (2*x"4)/(-1 + E~(2
*a)) + x"4xCoth[a] - (2*x"3*Csch[a + b*x]~2)/b + (12*x*xLog[l - E~(2*(a + bx*
x))]1)/b"3 + (4*x"3xLog[1 - E~(2%(a + b*x))])/b + (6%(1 + b~2*x"2)*PolyLog[2
, E7(2%x(a + b*x))])/b~4 - (6*x*PolyLog[3, E~(2*(a + b*x))])/b~3 + (3*PolyLo
gl4, E"(2x(a + b*x))])/b"4 + (6*%x~2xCsch[a]*Csch[a + b*x]*Sinh[b*x])/b~2)/4

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 374 vs.
2(161) = 322.
time = 1.72, size = 375, normalized size = 2.09
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method | result

4 z2 (2bx e2bz+2a 4 3 e2bm+2a—3) 32 6az 6polylog(3,ebm+a)x + 3polylog(2,eb“”""‘)w2 . 3a ln(ebm‘“’—l)

risch T4 b2 (e2ba+2a_1)? b2 b3 b3 b2

b4

_‘

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"3*coth(b*x+a)~3,x,method=_RETURNVERBOSE)

[Out] -1/4%x"4-x"2*(2*¥b*x*exp (2¥b*x+2%a)+3*exp (2xb*x+2*a)-3) /b~2/ (exp (2*b*x+2%a) -

1) 72-3/b~2*x"2-6*a*x/b"3-3/b~4*a*1ln (exp (b*x+a)-1)+2/b~4*a~3*1n (exp(b*x+a)) -
1/b~4*a~3*1n(exp(b*x+a)-1)+3/b~2*polylog(2,exp(b*x+a))*x~2+3/b~4*a*1ln(1-exp
(bxx+a) )+3/b~3*1n(1-exp (b*x+a) ) *x+3/b~3*1n (exp (b*x+a) +1) *x-6/b~3*polylog(3,
exp (b*x+a) ) *x+1/b~4*1n(1-exp(b*x+a) ) *a~3+6/b~4*a*1ln(exp(b*x+a))+3/b~2*polyl
0g(2,-exp(b*x+a) ) *x~2-6/b"3*polylog(3,-exp(b*x+a))*x+1/b*1n(1-exp (b*x+a))*x
~3+1/b*1n(exp(b*x+a)+1)*x~3-2/b"3%a"~3*x-3/b~4*a~2+3/b~4*polylog(2, exp(b*x+a
))+6/b~4xpolylog(4,exp (bxx+a))+3/b~4*polylog(2,-exp(b*x+a))+6/b~4*polylog(4
,—exp(b*x+a))-3/2/b~4*a"4

Maxima [A]
time = 0.31, size = 302, normalized size = 1.69

Parteltienio) 4 Pt 4 1222 23 (Brtel®) + 4b5eR) 1 626 gt 4 61 | B log (€59 +1) +38a%Lin (—el))  GbaLin(—el*?) + 6Lis( =) 15 log (el +1) +3FaLin e49) — 6baLis(el ) + 6Liy(e*) | 3 (bwlog (¢4 + 1) + Lin(—et)) | 3 (brlog (<e) + 1) + Lip(el))
(e — 2RI 1 17) 25 o

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*coth(b*x+a)~3,x, algorithm="maxima")

[Out] 1/4%(b"2%x"4*e” (4*b*x + 4%a) + b~2*%x"4 + 12%x"2 - 2% (b~ 2%xx"4*e~(2*a) + 4*bx*

x"3%e~(2%a) + 6*x"2%e”(2*a))*e”(2*bx*x))/(b"2%e” (4*b*x + 4*a) - 2*¥b~2%e”(2*b
*x + 2%a) + b72) - 1/2%x(b"4*x"4 + 6%b~2%x72)/b"4 + (b~ 3*x"3*log(e”(b*x + a)
+ 1) + 3xb"2*x"2*xdilog(-e~(b*x + a)) - 6xb*x*polylog(3, -e~(b*x + a)) + 6%
polylog(4, -e~(b*x + a)))/b"4 + (b~3*x"3*log(-e~(b*x + a) + 1) + 3*%b~2xx"2%
dilog(e~(b*x + a)) - 6*b*x*polylog(3, e~ (b*x + a)) + 6*polylog(4, e~ (b*xx +
a)))/b~4 + 3x(b*x*log(e”(b*x + a) + 1) + dilog(-e~(b*x + a)))/b~4 + 3x(b*x*
log(-e~(b*x + a) + 1) + dilog(e~(b*x + a)))/b"4

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 1985 vs.
2(159) = 318.
time = 0.37, size = 1985, normalized size = 11.09

Too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*coth(b*x+a)”~3,x, algorithm="fricas")

[Out] -1/4%(b"4*xx"4 + (b~4%x"4 - 2*%a~4 + 12%b"2%xx"2 - 12%a~2)*cosh(b*x + a)~4 + 4

*(b~4*xx"4 - 2%a”4 + 12%b~2%x"2 - 12*%a~2)*cosh(b*x + a)*sinh(b*x + a)~3 + (b
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T4xx~4 - 2xa”4 + 12+b72*x72 - 12*a"2)*sinh(b*x + a)~4 - 2*xa”4 - 2x(b"4xx"4
- 4*b"3*x"3 - 2%a~4 + 6*b"2*xx"2 - 12%a”~2)*cosh(b*x + a)”2 - 2*%(b"4*x"4 - 4x
b~3*x"3 - 2*%a~4 + 6xb"2*x"2 - 3% (b~4*x"4 - 2*%a~4 + 12xb"2*x"2 - 12*a~2)*cos
h(b*x + a)~2 - 12*¥a~2)*sinh(b*x + a)~2 - 12%¥a"2 - 12*((b"2*x"2 + 1)*cosh(b*
X + a)”4 + 4x(b"2xx"2 + 1)*cosh(b*x + a)*sinh(b*x + a)~3 + (b™2*x"2 + 1)*si
nh(b*x + a)~4 + b™2%x"2 - 2%(b"2*%x"2 + 1)*cosh(b*x + a)~2 - 2x(b"2%x"2 - 3*
(b™2%x"2 + 1)*cosh(b*x + a)”2 + 1)*sinh(b*x + a)~2 + 4*x((b"2*x"2 + 1)*cosh(
bxx + a)”3 - (b"2*x"2 + 1)*cosh(b*x + a))*sinh(b*x + a) + 1)*dilog(cosh(b*x
+ a) + sinh(b*x + a)) - 12*%((b"2*x"2 + 1)*cosh(b*x + a)~4 + 4*x(b"2*x"2 + 1
)*cosh(b*x + a)*sinh(b*x + a)~3 + (b"2#x"2 + 1)*sinh(b*x + a)~4 + b~2*x"2 -
2% (b"2*x"2 + 1)*cosh(b*x + a)~2 - 2*%(b"2*x"2 - 3*(b"2*x"2 + 1)*cosh(b*x +
a)~2 + 1)*sinh(b*x + a)~2 + 4*x((b"2*x"2 + 1)*cosh(b*x + a)~3 - (b™2*x"2 + 1
)*cosh(b*x + a))*sinh(b*x + a) + 1)*dilog(-cosh(b*x + a) - sinh(b*x + a)) -
4% (b~3*x"3 + (b~3*x"3 + 3#*b*x)*cosh(b*x + a)~4 + 4x(b~3*x"3 + 3*bxx)*cosh(
b*x + a)*sinh(b*x + a)~3 + (b~3*x~3 + 3xb*x)*sinh(b*x + a)~4 - 2x(b~3*x"3 +
3*xb*x)*cosh(b*x + a)~2 - 2%(b"3*x"3 - 3*(b~3*x~3 + 3*b*x)*cosh(b*x + a)~2
+ 3xb*x)*sinh(b*x + a)~2 + 3xb*x + 4*((b"3*x"3 + 3*b*x)*cosh(b*x + a)~3 - (
b~3%x73 + 3xb*x)*cosh(b*x + a))*sinh(b*x + a))*log(cosh(b*x + a) + sinh(b*x
+ a) + 1) + 4%((a”3 + 3*a)*cosh(b*x + a)~4 + 4*x(a”3 + 3*a)*cosh(b*x + a)*s
inh(b*x + a)~3 + (a”3 + 3*a)*sinh(b*x + a)~4 + a~3 - 2%(a”3 + 3*a)*cosh(b*x
+ a)”2 - 2x(a~3 - 3*%(a”3 + 3*a)*cosh(b*x + a)~2 + 3+*a)*sinh(b*x + a)~2 + 4
*((a”3 + 3*a)*cosh(b*x + a)~3 - (a~3 + 3*a)*cosh(b*x + a))*sinh(b*x + a) +
3*a)*log(cosh(b*x + a) + sinh(b*x + a) - 1) - 4x(b"3*x"3 + (b~3*x"3 + a”3 +
3*xbxx + 3*a)*cosh(b*x + a)~4 + 4x(b"3*x"3 + a”3 + 3*b*x + 3*a)*cosh(b*xx +
a)*sinh(b*x + a)~3 + (b~3%x"3 + a3 + 3*b*x + 3#*a)*sinh(b*x + a)"4 + a~3 -
2x(b~3%x"3 + a~3 + 3xb*x + 3*a)*cosh(b*x + a)”2 - 2x(b"3*x"3 + a~3 - 3*(b~3
*x"3 + a”3 + 3*xb*x + 3*a)*cosh(b*x + a)~2 + 3*bxx + 3*a)*sinh(b*x + a)~2 +
3xb*x + 4*%((b"3*x"3 + a~3 + 3*b*x + 3*a)*cosh(b*x + a)~3 - (b"3*x"3 + a~3 +
3*b*xx + 3*a)*cosh(b*x + a))*sinh(b*x + a) + 3%a)*log(-cosh(b*x + a) - sinh
(bxx + a) + 1) - 24*(cosh(b*x + a)~4 + 4*cosh(b*x + a)*sinh(b*x + a)~3 + si
nh(b*x + a)~4 + 2%(3*cosh(b*x + a)~2 - 1)*sinh(b*x + a)~2 - 2*cosh(b*x + a)
~2 + 4%(cosh(b*x + a)~3 - cosh(b*x + a))*sinh(b*x + a) + 1)*polylog(4, cosh
(bxx + a) + sinh(b*x + a)) - 24*(cosh(b*x + a)~4 + 4*cosh(b*x + a)*sinh(b*x
+ a)~3 + sinh(b*x + a)~4 + 2x(3*cosh(b*x + a)~2 - 1)*sinh(b*x + a)~2 - 2%c
osh(b*x + a)~2 + 4x(cosh(b*x + a)~3 - cosh(b*x + a))*sinh(b*x + a) + 1)*pol
ylog(4, -cosh(b*x + a) - sinh(b*x + a)) + 24*(bxx*cosh(b*x + a)~4 + 4xb*x*c
osh(b*x + a)*sinh(b*x + a)~3 + b*x*sinh(b*x + a)~4 - 2*b*x*cosh(b*x + a)~2
+ 2x(3*bxx*cosh(b*x + a)”~2 - b*x)*sinh(b*x + a)~2 + b*x + 4x(b*x*xcosh(b*x +
a)~3 - bxxxcosh(b*x + a))*sinh(b*x + a))*polylog(3, cosh(b*x + a) + sinh(b
*x + a)) + 24x(b*x*cosh(b*x + a)~4 + 4xbkx*cosh(b*x + a)*sinh(b*x + a)~3 +
b*x*sinh(b*x + a)~4 - 2%b*x*cosh(b*x + a)~2 + 2*(3*b*x*cosh(b*x + a)~2 - b*
x)*sinh(b*x + a)~2 + b*x + 4*x(b*x*cosh(b*x + a)~3 - b*x*cosh(b*x + a))*sinh
(bxx + a))*polylog(3, -cosh(b*x + a) - sinh(b*x + a)) + 4*((b"4*x"4 - 2*a”4
+ 12%b72*x"2 - 12*a”2)*cosh(b*x + a)~3 - (b74*x"4 - 4xb~3%x"3 - 2*a"4 + 6%
b~2*x"2 - 12*a”2)*cosh(b*x + a))*sinh(b*x + a))/(b~4*cosh(b*x + a)~4 + 4*xb~
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4xcosh(b*x + a)*sinh(b*x + a)~3 + b~ 4*sinh(b*x + a)~4 - 2*%b~4xcosh(b*x + a)
"2 + b4 + 2%(3*b"4*xcosh(b*x + a)~2 - b"4)*sinh(b*x + a)~2 + 4x(b~4*cosh(bx*
X + a)”3 - b"4xcosh(b*x + a))*sinh(b*x + a))

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ z® coth® (a + bz) dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**3*coth(b*x+a)**3,x)
[Out] Integral(x**3*coth(a + b*x)**3, x)

Giac [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*coth(b*x+a)“~3,x, algorithm="giac")
[Out] integrate(x~3*coth(b*x + a)~3, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/x3 coth(a + bz)’ dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~3*coth(a + b*x)~3,x)
[Out] int(x"3*coth(a + b*x)~3, x)
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3.12 [ 22 coth®(a + bx) dx

Optimal. Leaf size=114

2 z® xzcoth(a+bz) x?coth’(a+ bx) +$2 log (1 — e¥atte)) +log(sinh(a + bx)) +zPolyLog (2, e2et)
2b 3 b2 2b b b3 b?

[Out] 1/2*x~2/b-1/3*x"3-x*coth(b*x+a)/b~2-1/2*%x"2*coth(b*x+a) ~2/b+x~2*1n(1-exp (2%
b*x+2%a)) /b+1n(sinh(b*x+a)) /b~ 3+x*polylog(2,exp (2*¥b*x+2*a))/b~2-1/2*polylog
(3,exp(2xb*x+2%a)) /b~3

Rubi [A]

time = 0.15, antiderivative size = 114, normalized size of antiderivative = 1.00, number of

number of rules _ 0.667,
integrand size

steps used = 9, number of rules used = 8, integrand size = 12,
Rules used = {3801, 3556, 30, 3797, 2221, 2611, 2320, 6724}

_ Lig(e**+*)) N log(sinh(a + b)) N aLip (e**+*))  zcoth(a + bx) N a’log (1 — ) g2coth*(a+bz)  a® 2°

263 b3 b? b? b 2b + 26 3

Antiderivative was successfully verified.
[In] Int[x"2*Coth[a + b*x]~3,x]

[Out] x72/(2%b) - x73/3 - (x*Coth[a + b*x])/b~2 - (x"2*Coth[a + b*x]~2)/(2%b) + (
x"2xLog[1l - E7(2%(a + b*x))])/b + Log[Sinh[a + b*x]]/b~3 + (x*PolyLog[2, E~
(2x(a + b*x))]1)/b~2 - PolyLog[3, E~(2x(a + b*x))]/(2%b"3)

Rule 30

Int[(x_)"(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQm, -1]

Rule 2221

Int [CC(F_)~((g_.)*((e_.) + (£_.)*(x_)))) " (n_.)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~m/(bxfxg*n*Log[F]))*Logl[l + b*x((F~(gx(e + f*x)))"n/a)], x] - Di
st [d* (m/ (bxfxg*n*Log[F])), Int[(c + d*x)~(m - 1)*Logl[l + b*x((F~(g*(e + f*x)
))"n/a)], x], x] /; FreeQ[{F, a, b, c, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2320

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
onOfExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_)) " (m_) /; FreeQl
{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]
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Rule 2611

Int[Logll + (e_.)*((F_)~((c_.)*((a_.) + (b_)*(x_))))"(n_.)1*x((f_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g*x)“m)*(PolyLogl[2, (-e)*(F~(cx(a +
b*x)) ) n]/(bxc*n*Log[F])), x] + Dist[g*(m/(b*c*n*Logl[F])), Int[(f + g*x)"(m
- 1)*PolyLog[2, (-e)*(F~(cx(a + b*x)))"nl, x1, x] /; FreeQ[{F, a, b, c, e,
f, g, n}, x] & GtQ[m, O]

Rule 3556

Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + d
*x], x11/d, x] /; FreeQ[{c, d}, x]

Rule 3797

Int[((c_.) + (d_.)*(x_)) " (m_.)*tan[(e_.) + Pix(k_.) + (Complex[0, fz_])*(f_
D*(x_)], x_Symbol] :> Simp[(-I)*((c + d*x)"(m + 1)/(d*(m + 1))), x] + Dist
[2%I, Int[((c + d*x)"m*(E~(2%x((-I)*e + fxfzxx))/(1 + E-(2%((-I)*e + fxfz*xx)
)/E~(2xIxk*Pi))))/E~(2%I*k*Pi), x], x] /; FreeQl{c, d, e, £, fz}, x] && Int
egerQ[4*k] && IGtQ[m, O]

Rule 3801

Int[((c_.) + (d_.)*(x_))"(m_.)*((b_.)*tan[(e_.) + (f_.)*(x_)1)"(n_), x_Symb
0l] :> Simp[b*(c + d*x) m*x((b*Tan[e + f*x])"(n - 1)/(f*x(n - 1))), x] + (-Di
st[bxd*(m/(fx(n - 1))), Int[(c + d*x)"(m - 1)*(bxTan[e + f*x])~(n - 1), x],
x] - Dist[b~2, Int[(c + d*x) m*(b*Tan[e + f*x])~(n - 2), x], x]) /; FreeqQl
{b, c, d, e, £}, x] && GtQ[n, 1] && GtQ[m, O]

Rule 6724

Int [PolyLog[n_, (c_.)*((a_.) + (b_)*(x_))"(p_.01/C(d_.) + (e_.)*(x))), x_S
ymbol] :> Simp[PolyLogln + 1, cx(a + b*x)~pl/(e*p), x] /; FreeQ[{a, b, c, d
> €, I, P}, X] && EqQ[b*d, a*e]

Rubi steps
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2 coth?(a + b th’(a + bz) d
/x2 coth®(a + bz) dz = T QE)G +bo) | Jzoo (ZL +bo)de + /x2 coth(a + bz) dz

13 zcoth(a+bz) 2?coth’(a+ bz) e2(atbe) 42 | coth(a + bz)
T3 T w T 2b ) T aem T 2

_ x_2 _ $_3 _ zcoth(a+bz) % coth®(a + br) N 22 log (1 — e2(att2)) . log(sinh(a
2 3 b2 2b b b3

_ z_z _ $_3 _ zcoth(a+bx) z? coth®(a + bz)  z%log (1 — e2(@tt2)) . log(sinh(a
2 3 b2 2b b b3

_ “’_2 _ 96_3 _ zcoth(a+bx) z? coth®(a + bz)  z*log (1 — e2(@t2)) . log(sinh(a
2 3 b? 2b b b3

_z* 1® gzcoth(a+bzr) z’coth’(a+bz)  a°log(l— e2(e+bo)) . log(sinh(a
2 3 b2 2b b b3

Mathematica [A]
time = 1.49, size = 133, normalized size = 1.17

_ aesch’(a + br) " —% + 6(1 + b%z?) log (1 — eX(*+¥)) + 6bzPolyLog(2, €2(@*¥=)) — 3PolyLog|(3, e2(*+)) N zesch(a)esch(a + bz) sinh(bz)
2b 6b° b?

%zs coth(a)

Antiderivative was successfully verified.

[In] Integrate[x~2*Coth[a + b*x]~3,x]

[Out] (x73#Coth[a]l)/3 - (x"2xCschl[a + b*x]~2)/(2xb) + ((-4*bxE~(2*a)*x*(3 + b~2#*x
~2))/(-1 + E7(2*a)) + 6x(1 + b~2*%x"2)*Log[1 - E~(2*(a + b*x))] + 6xb*x*Poly
Log[2, E"(2x(a + b*x))] - 3*PolyLogl[3, E~(2x(a + b*x))])/(6%b~3) + (x*Cschl[
a]*Csch[a + b*x]*Sinh[b*x])/b~2

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 245 vs.
2(106) = 212.
time = 1.69, size = 246, normalized size = 2.16

method | result

isch 23 2z (bx e2bo+2a 4 g2bz+2a_1) + 202 + 4a3 21n(eb®ta) 2 polylog (3,e¥*12) 2polylog(3,—eb@+a) + In(ebot
T8¢ 3 b2 (o2 t2a_1)? B2 T 33 53 b3 b3 53

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*coth(b*x+a)~3,x,method=_RETURNVERBOSE)

[Out] -1/3%x"3-2*x* (b*x*exp (2*¥b*x+2*a)+exp (2*¥b*x+2*a)-1) /b~2/ (exp (2*xb*x+2%a)-1) "2
+2/b"2%a~2*x+4/3/b~3*a~3-2/b"3*1n(exp (b*x+a) ) -2/b~3*polylog (3, exp(b*x+a)) -2
/b~3*polylog(3,-exp(b*x+a))+1/b~3*1ln(exp(b*x+a)+1)+1/b~3*1n(exp (b*x+a)-1)+2
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/b~2*polylog(2,-exp(b*x+a))*x+1/b*1n(1-exp(b*x+a))*x~2+2/b~2*polylog(2,exp(
b*x+a) ) *x+1/b*1n(exp (b*x+a)+1) *x~2+1/b~3*a~2*1n (exp (b*x+a)-1)-2/b~3*a~2*1n(
exp(b*x+a) ) -1/b"3*1n(1-exp (b*x+a))*a”~2

Maxima [B] Leaf count of result is larger than twice the leaf count of optimal. 226 vs.
2(105) = 210.
time = 0.32, size = 226, normalized size = 1.98

2, Balelbrrio) 4 g2 9 (2% + 3ba%Y 4 32e9)e®) £ 65 23 ba?log (P + 1) + 2baLip(—e) — 2Lig(—e®*)  b2?log (—el*) + 1) + 2baLis (?+Y) — 2Lig(e®*?)  log (P 1)  log (el — 1)
=+ 3 (B2elbetia) — 2 2e@ber2a) 1 p2) =t B + B + 3 + B

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*coth(b*x+a)”~3,x, algorithm="maxima")

[Out] -2/3%x73 + 1/3%(b"2*%x"3%e” (4xbxx + 4*xa) + b™2*x"3 - 2*(b~2*x"3*e”(2%a) + 3%
b*xx"2%e” (2%a) + 3kx*xe”(2%a))*e”(2xb*x) + 6*x)/(b"2%e” (4*b*x + 4*a) - 2xb~2x

e~ (2¥b*x + 2%a) + b"2) - 2*x/b72 + (b~2*x"2*log(e~(b*x + a) + 1) + 2¥b*x*di
log(-e~(b*x + a)) - 2*polylog(3, -e~(b*x + a)))/b~3 + (b~2*x"2*log(-e~ (b*x

+ a) + 1) + 2xb*x*dilog(e~(b*x + a)) - 2xpolylog(3, e~ (b*x + a)))/b~3 + log
(e"(b*x + a) + 1)/b"3 + log(e~(b*x + a) - 1)/b"3

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 1467 vs.
2(105) = 210.
time = 0.37, size = 1467, normalized size = 12.87

Too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*coth(b*x+a)”~3,x, algorithm="fricas")

[Out] -1/3*%(b"3*x"3 + (b"3*x"3 + 2*a”3 + 6*b*xx + 6*a)*cosh(b*x + a)~4 + 4*(b"3*x~
3 + 2%¥a”~3 + 6*b*x + 6*a)*cosh(b*x + a)*sinh(b*x + a)~3 + (b"3*x"3 + 2*a~3 +
6*bxx + 6%a)*sinh(b*x + a)~4 + 2*a~3 - 2x(b"3*x"3 - 3*b”"2*x"2 + 2*xa~3 + 3%
b*x + 6%a)*cosh(b*x + a)~2 - 2x(b~3*x"3 - 3*b~2*x"2 + 2*xa~3 - 3*(b"3*x"3 +
2%a~3 + 6*b*x + 6*a)*cosh(b*x + a)~2 + 3*bxx + 6+*a)*sinh(b*x + a)~2 - 6*(b*
x*cosh(b*x + a)~4 + 4xb*x*cosh(b*x + a)*sinh(b*x + a)~3 + b*x*sinh(b*x + a)
~4 - 2xb*x*cosh(b*x + a)~2 + 2*%(3*b*x*cosh(b*x + a)~2 - b*x)*sinh(b*x + a)~
2 + bxx + 4*x(b*x*cosh(b*x + a)~3 - b*x*cosh(b*x + a))*sinh(b*x + a))*dilog(
cosh(b*x + a) + sinh(b*x + a)) - 6*(b*x*cosh(b*x + a)~4 + 4xbxx*kcosh(b*x +
a)*sinh(b*x + a)~3 + bxx*sinh(b*x + a)”~4 - 2*b*x*xcosh(b*x + a)~2 + 2x(3*b*x
*cosh(b*x + a)~2 - b*x)*sinh(b*x + a)~2 + b*x + 4x(b*x*cosh(b*x + a)~3 - bx*
xxcosh(b*x + a))*sinh(b*x + a))*dilog(-cosh(b*x + a) - sinh(b*x + a)) - 3x%(
(b™2*x"2 + 1)*cosh(b*x + a)”4 + 4x(b~2*x"2 + 1)*cosh(b*x + a)*sinh(b*x + a)
“3 + (b72%x72 + 1)*sinh(b*x + a)”4 + b™2*x"2 - 2*x(b"2*x"2 + 1)*cosh(b*x + a
)72 - 2% (b72%x"2 - 3% (b"2*x"2 + 1)*cosh(b*x + a)~2 + 1)*sinh(b*x + a)~2 + 4
*((b"2*x"2 + 1)*cosh(b*x + a)~3 - (b™2*x"2 + 1)*cosh(b*x + a))*sinh(b*x + a
) + 1)*log(cosh(b*x + a) + sinh(b*x + a) + 1) - 3*((a”2 + 1)*cosh(b*x + a)~
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4 + 4x(a”2 + 1)*cosh(b*x + a)*sinh(b*x + a)~3 + (a2 + 1)*sinh(b*x + a)~4 -
2% (a”2 + 1)*cosh(b*x + a)~2 + 2*(3*%(a”2 + 1)*cosh(b*x + a)”2 - a~2 - 1)*si
nh(b*x + a)~2 + a2 + 4x((a"2 + 1)*cosh(b*x + a)~3 - (a”2 + 1)*cosh(b*x + a
))*sinh(b*x + a) + 1)*log(cosh(b*x + a) + sinh(b*x + a) - 1) - 3*((b"2%x"2

- a~2)*cosh(b*x + a)~4 + 4x(b"2*x"2 - a~2)*cosh(b*x + a)*sinh(b*x + a)~3 +

(b™2*x"2 - a"2)*sinh(b*x + a)”4 + b~ 2*x"2 - 2*x(b"2*x"2 - a~2)*cosh(b*x + a)
~2 = 2% (b72%x72 - 3*%(b"2*x"2 - a"2)*cosh(b*x + a)~2 - a~2)*sinh(b*x + a)~2

- a2 + 4x((b™2*xx"2 - a"2)*cosh(b*x + a)~3 - (b™2*x"2 - a"2)*cosh(b*x + a))
*sinh(b*x + a))*log(-cosh(b*x + a) - sinh(b*x + a) + 1) + 6*(cosh(b*x + a)~
4 + 4xcosh(b*x + a)*sinh(b*x + a)~3 + sinh(b*x + a)~4 + 2*(3*cosh(b*x + a)~
2 - 1)*sinh(b*x + a)~2 - 2*cosh(b*x + a)~2 + 4*(cosh(b*x + a)~3 - cosh(b*x
+ a))#*sinh(b*x + a) + 1)*polylog(3, cosh(b*x + a) + sinh(b*x + a)) + 6%(cos
h(b*x + a)~4 + 4*cosh(b*x + a)*sinh(b*x + a)~3 + sinh(b*x + a)~4 + 2x(3*cos
h(b*x + a)~2 - 1)*sinh(b*x + a)~2 - 2*cosh(b*x + a)~2 + 4*(cosh(b*x + a)~3
- cosh(b*x + a))*sinh(b*x + a) + 1)#*polylog(3, -cosh(b*x + a) - sinh(b*x +
a)) + 4x((b"3%x"3 + 2*a~3 + 6*xb*x + 6*a)*cosh(b*x + a)”"3 - (b~3*x"3 - 3%b~2
*x"2 + 2*%a~3 + 3xb*x + 6+*a)*cosh(b*x + a))*sinh(b*x + a) + 6%*a)/(b~3*cosh(b
*x + a)~4 + 4*%b~3*cosh(b*x + a)*sinh(b*x + a)~3 + b~ 3*sinh(b*x + a)~4 - 2*b
~3xcosh(b*x + a)~2 + b~3 + 2*(3*b~3*cosh(b*x + a)~2 - b~3)*sinh(b*x + a)~2
+ 4x(b~3*cosh(b*x + a)~3 - b~3*cosh(b*x + a))*sinh(b*x + a))

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ x? coth® (a + bz) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**2*coth(b*x+a)**3,x)
[Out] Integral(x**2*coth(a + b*x)**3, x)
Giac [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*coth(b*x+a)”~3,x, algorithm="giac")
[Out] integrate(x~2*coth(b*x + a)~3, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/m2 coth(a + bz)’ dz



Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*coth(a + b*x)~3,x)
[Out] int(x"2*coth(a + b*x)~3, x)
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3.13 [ x coth®(a + bx) dx

Optimal. Leaf size=82

¢ «* coth(a+bx) =z coth’(a+ bx) N zlog (1 — e*@t2))  PolyLog(2, e*(atte))

% 2 op? % b + 2p2

[Out] 1/2%x/b-1/2%x"2-1/2*coth(b*x+a)/b~2-1/2*x*coth(b*x+a) ~2/b+x*1n(1-exp (2*b*x+
2%a)) /b+1/2*polylog(2,exp(2*b*x+2*xa)) /b~2

Rubi [A]
time = 0.09, antiderivative size = 82, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.700,

steps used = 7, number of rules used = 7, integrand size = 10
Rules used = {3801, 3554, 8, 3797, 2221, 2317, 2438}

Lip (€2t coth(a + bz) L7 log (1 — X)) g coth®(a + bx) N 2

X
202 202 b 2b 2% 2

S

Antiderivative was successfully verified.
[In] Int[x*Coth[a + b*x]~3,x]

[Out] x/(2%b) - x72/2 - Coth[a + b*x]/(2%¥b~2) - (x*Coth[a + b*x]~2)/(2*b) + (x*Lo
gll - E7(2%(a + b*x))])/b + PolyLog[2, E~(2*(a + b*x))]/(2*%b~2)

Rule 8
Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]

Rule 2221

Int [(CF)~((g_)*((e_.) + (£_)*x )N " (@m_)*((c_.) + (d_)*(x))"(m_.))/
(@) + (b_)*((F)~((g_I)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~m/(b*f*xg*nxLog[F]))*Log[1l + bx((F~(gx(e + f*x)))"n/a)], x] - Di
st [d* (m/ (bxf*gxn*Log[F]1)), Int[(c + d*x)"(m - 1)*Log[l + b*((F~(gx(e + f*x)
))"n/a)l, x1, x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2317

Int[Logl(a_) + (b_.)*((F_)"((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*exn*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, O]

Rule 2438

Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"n]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[c*d, 1]
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Rule 3554

Int[((b_.)*tan[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[b*((b*Tan[c + d
*x])"(n - 1)/(d*(n - 1))), x] - Dist[b~2, Int[(b*Tan[c + d*x])~(n - 2), x],
x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1]

Rule 3797

Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (Complex[0, fz_])*(f_
D*(x_)], x_Symbol] :> Simp[(-I)*((c + d*x)"(m + 1)/(d*(m + 1))), x] + Dist
[2%I, Int[((c + d*x)"m*(E~(2%x((-I)*e + fxfzxx))/(1 + E-(2%((-I)*e + fxfz*x)
)/E” (2%Ixk*Pi)))) /E~(2+Ixk*Pi), x], x] /; FreeQ[{c, d, e, f, fz}, x] && Int
egerQ[4*k] && IGtQ[m, O]

Rule 3801

Int[((c_.) + (d_.)*(x_))"(m_.)*((b_.)*tan[(e_.) + (f_.)*(x_)1)"(n_), x_Symb
0l] :> Simp[b*(c + d*x) mx((b*Tan[e + f*x])"(n - 1)/(f*x(n - 1))), x] + (-Di
st[bxd*(m/(fx(n - 1))), Int[(c + d*x)"(m - 1)*(b*xTan[e + f*x])~(n - 1), x],
x] - Dist[b~2, Int[(c + d*x) m*(b*Tan[e + f*x])~(n - 2), x], x]) /; FreeqQl
{b, ¢, d, e, £}, x] && GtQ[n, 1] && GtQ[m, 0]

Rubi steps
th*(a + b th*(a + bz) d

/xcoth3(a+b:c) dz = — 22 2(;)“_ 2) | Jeo ((21;— @) dw +/a:coth(a+bac) dz
__2* coth(a+bz) z coth?(a + bx) B / e2(atba) g o+ [1dz
T2 202 2b 1— e2ett) 0T Top
_z _a* coth(a+bzr) zcoth’(a+bz)  azlog(l—e**))  [log (1 - e
20 2 2b2 2b b b

log(1-

_x 2 coth(a+bzx) xcoth’(a+ bx) N zlog (1 — eX(a+to)) B Subst (f —
20 2 2b? 2b b
_« _a* coth(a+bzr) zcoth’(a+ bz) N zlog (1 — eatbe))  Li, (eXatbn))
2 2 22 2b b 22

Mathematica [C] Result contains complex when optimal does not.
time = 5.56, size = 173, normalized size = 2.11

Warning: Unable to verify antiderivative.
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[In] Integrate[x*Coth[a + b*x]~3,x]

[Out] (Ixb*Pixx + b~2*x"2*Coth[a] - b*x*Csch[a + bxx]~2 - I*PixLog[l + E~(2*bxx)]
+ 2xb*x*Log[1l - E~(-2*(b*x + ArcTanh[Tanh[a]l]))] + IxPix*Log[Cosh[b*x]] + 2
*ArcTanh [Tanh[a]]*(b*x + Log[l - E~(-2%(b*x + ArcTanh[Tanh[a]]))] - Log[I*S
inh[b*x + ArcTanh[Tanh[a]]l]]) - PolyLog[2, E~(-2*(b*x + ArcTanh[Tanh([a]]))]
- (b~2*x~2xCoth[a] *Sqrt [Sech[al “2])/E~ArcTanh[Tanh[al] + Csch[a]*Csch[a +
b*x]*Sinh [b*x])/(2%b~2)
Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 163 vs.

2(72) = 144.
time = 1.36, size = 164, normalized size = 2.00

method | result
2 b e2bT+2a 4 g2bz+2a 20z a2 In(1—eb*ta)g In(1—eb*+a)q polylog(2,e®2+2) ln(ebw+a+1)z+

: X
risch 2 b2 (coet2a_1)2 b b2 b 52 b2 b

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*coth(b*x+a)~3,x,method=_RETURNVERBOSE)

[Out] -1/2%x"2-(2*b*x*exp (2*b*x+2*a)+exp (2*b*x+2*a)-1) /b~2/ (exp(2*b*x+2%a)-1) ~2-2
/b*a*xx-a~2/b~2+1/b*1n(1-exp (b*x+a))*x+1/b~2*1n(1-exp (b*x+a) ) *a+1/b~2*polylo
g(2,exp(b*x+a))+1/b*1n(exp(b*x+a)+1)*x+1/b~2*polylog(2,-exp(b*x+a))+2/b"2*a

*1n (exp (b*x+a))-1/b~2*a*1n(exp(b*x+a)-1)

Maxima [B] Leaf count of result is larger than twice the leaf count of optimal. 149 vs.
2(71) = 142.
time = 0.31, size = 149, normalized size = 1.82

bPa2etetia) 4 p2z2 — 2 (p23%e(29) 4 2bze?) 4 ¢(29)e?%) + 2 brlog (e®+9) + 1) + Lip(—e®**+9))  bzrlog (—e®*+9) + 1) + Lip (e®+9)
-+ 2 (b26(4bz+4a) — 2p2e(2be+2a) 4 p2) + b2 + b2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*coth(b*x+a)~3,x, algorithm="maxima")

[Out] -x"2 + 1/2%(b"2*x"2%e” (4xb*xx + 4%a) + b™2*x"2 - 2x(b"2*x"2xe”~(2*a) + 2xb*xxx*
e~ (2xa) + e~ (2xa))*e” (2%bxx) + 2)/(b"2xe” (4*b*x + 4*a) - 2%b~2xe” (2*b*x + 2

*a) + b~2) + (bxxxlog(e~(b*x + a) + 1) + dilog(-e~(b*x + a)))/b~2 + (b*x*lo
g(-e~(b*x + a) + 1) + dilog(e~(b*x + a)))/b~2

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 975 vs.
2(71) = 142.
time = 0.46, size = 975, normalized size = 11.89

Verification of antiderivative is not currently implemented for this CAS.



93

[In] integrate(x*coth(b*x+a)~3,x, algorithm="fricas")

[Out] -1/2%((b"2*x"2 - 2*a~2)*cosh(b*x + a)~4 + 4% (b~2*xx"2 - 2*a~2)*cosh(b*x + a)
*sinh(b*x + a)~3 + (b™2*x"2 - 2*xa”2)*sinh(b*x + a)~4 + b~ 2*x"2 — 2% (b~2%x"2
- 2%xa”2 - 2%bxx - 1)*cosh(b*x + a)~2 - 2x(b"2*x"2 - 3*(b~2%x"2 - 2*a~2)*co
sh(b*x + a)~2 - 2*a”™2 - 2xb*x - 1)*sinh(b*x + a)~2 - 2*a~2 - 2*(cosh(b*x +
a)~4 + 4xcosh(b*x + a)*sinh(b*x + a)~3 + sinh(b*x + a)~4 + 2%(3*cosh(b*x +
a)~2 - 1)*sinh(b*x + a)~2 - 2*cosh(b*x + a)~2 + 4x(cosh(b*x + a)~3 - cosh(b
*x + a))*sinh(b*x + a) + 1)*dilog(cosh(b*x + a) + sinh(b*x + a)) - 2x(cosh(
b*x + a)~4 + 4*cosh(b*x + a)*sinh(b*x + a)~3 + sinh(b*x + a)~4 + 2x*(3*cosh(
b*x + a)~2 - 1)*sinh(b*x + a)~2 - 2xcosh(b*x + a)~2 + 4x(cosh(b*x + a)~3 -
cosh(b*x + a))*sinh(b*x + a) + 1)*dilog(-cosh(b*x + a) - sinh(b*x + a)) - 2
* (bxx*cosh(b*x + a)~4 + 4xbxx*cosh(b*x + a)*sinh(b*x + a)~3 + b*x*sinh(b*x
+ a)”4 - 2*bxx*cosh(b*x + a)~2 + 2x(3*bxx*cosh(b*x + a)”~2 - b*x)*sinh(b*x +
a)~2 + b*x + 4*(bxx*cosh(b*x + a)~3 - b*x*cosh(b*x + a))*sinh(b*x + a))*lo
g(cosh(b*x + a) + sinh(b*x + a) + 1) + 2x(axcosh(b*x + a)~4 + 4*xaxcosh(b*x
+ a)*sinh(b*x + a)~3 + a*sinh(b*x + a)~4 - 2xa*cosh(b*x + a)~2 + 2*(3*a*cos
h(b*x + a)~2 - a)*sinh(b*x + a)~2 + 4*x(a*cosh(b*x + a)~3 - ax*cosh(b*x + a))
xsinh(b*x + a) + a)*log(cosh(b*x + a) + sinh(b*x + a) - 1) - 2x((bxx + a)*c
osh(b*x + a)~4 + 4x(b*x + a)*cosh(b*x + a)*sinh(b*x + a)~3 + (b*x + a)*sinh
(bxx + a)~4 - 2x(b*x + a)*cosh(b*x + a)~2 + 2*(3x(b*x + a)*cosh(b*x + a)~2
- bxx - a)*sinh(b*x + a)~2 + bxx + 4*%((b*x + a)*cosh(b*x + a)~3 - (b*x + a)
xcosh(b*x + a))*sinh(b*x + a) + a)*log(-cosh(b*x + a) - sinh(b*x + a) + 1)
+ 4% ((b™2*x"2 - 2*xa~2)*cosh(b*x + a)~3 - (b™2*x"2 - 2*a”~2 - 2%b*x — 1)*cosh
(bxx + a))*sinh(b*x + a) - 2)/(b"2*cosh(b*x + a)~4 + 4%b~2*cosh(b*x + a)*si
nh(b*x + a)~3 + b™2*sinh(b*x + a)~4 - 2*%b~2xcosh(b*x + a)~2 + 2*(3*¥b~2*cosh
(bxx + a)~2 - b"2)*sinh(b*x + a)~2 + b™2 + 4x(b~2*cosh(b*x + a)~3 - b~2*cos
h(b*x + a))*sinh(b*x + a))

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ z coth® (a + br) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*coth(b*x+a)**3,x)
[Out] Integral(x*coth(a + b*x)**3, x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.



[In] integrate(x*coth(b*x+a)~3,x, algorithm="giac")
[Out] integrate(x*coth(b*x + a)~3, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/:c coth(a + bz)® dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*coth(a + b*x)~3,x)
[Out] int(x*coth(a + b*x)~3, x)
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3.14 f coth3(a+bz) dz

X

Optimal. Leaf size=15

3
Int <coth (;L + bx) , x)

[Out] Unintegrable(coth(b*x+a)“~3/x,x)

Rubi [A]
time = 0.02, antiderivative size = 0, normalized size of antiderivative = 0.00, number of

number of rules __
integrand size 0.000,

steps used = 0, number of rules used = 0, integrand size = 0,
Rules used = {}

/ coth3(;t + bx) d

Verification is not applicable to the result.
[In] Int[Coth[a + b*x]~3/x,x]

[Out] Defer[Int] [Coth[a + b*x]~3/x, x]
Rubi steps

3 3
/coth (;L-I-bx) dp — / coth (Z-I—ba:) s

Mathematica [A]
time = 9.15, size = 0, normalized size = 0.00

/ coth®(a + bz) p

T

T

Verification is not applicable to the result.

[In] Integrate[Coth[a + bx*x]~3/x,x]
[Out] Integrate[Coth[a + b*x]~3/x, x]
Maple [A]

time = (.78, size = 0, normalized size = 0.00

/ coth® (bz + a) d

T

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(coth(b*x+a) ~3/x,x)
[Out] int(coth(b*x+a)~3/x,x)

Maxima [A]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(b*x+a)”~3/x,x, algorithm="maxima")

[Out] -((2*b*x*e~(2%a) - e~ (2*a))*e~(2*b*x) + 1)/(b"2*x"2%e” (4xb*x + 4%a) - 2xb~2
*xx"2%e” (2%b*x + 2xa) + b~2#x72) - integrate((b~2*x"2 + 1)/(b~2*x"3xe” (bxx +

a) + b"2xx"3), x) + integrate((b~2*x"2 + 1)/(b"2*x"3*e” (b*x + a) - b™2*x"3

), x) + log(x)

Fricas [A]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(b*x+a)“~3/x,x, algorithm="fricas")

[Out] integral(coth(b*x + a)~3/x, x)

Sympy [A]
time = 0.00, size = 0, normalized size = 0.00

/ coth® (a + bx) s
z

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(b*x+a)**3/x,x)
[Out] Integral(coth(a + b*x)**3/x, x)

Giac [A]

time = 0.00, size = 0, normalized size = 0.00
could not integrate
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(b*x+a)~3/x,x, algorithm="giac")

[Out] integrate(coth(b*x + a)~3/x, x)



Mupad [A]
time = 0.00, size = -1, normalized size = -0.07
h 3
/ cot (ax—i- bx) d

Verification of antiderivative is not currently implemented for this CAS.

[In] int(coth(a + b*x)~3/x,x)
[Out] int(coth(a + b*x)~3/x, x)
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3.15 f coth3(a+bx) dz

x2

Optimal. Leaf size=15

x2

3
Int <coth (a+ bzx) ’ x)

[Out] Unintegrable(coth(b*x+a)~3/x72,x)

Rubi [A]
time = 0.02, antiderivative size = 0, normalized size of antiderivative = 0.00, number of

number of rules __
integrand size 0.000,

steps used = 0, number of rules used = 0, integrand size = 0,
Rules used = {}

T

/ coth®(a + bz)

— 5 d
x

Verification is not applicable to the result.

[In] Int[Coth[a + b*x]~3/x"2,x]

[Out] Defer[Int] [Coth[a + b*x]~3/x"2, x]

Rubi steps

3 3
/coth (a+ bx) dr — / coth®(a + bx) i

2 T2

Mathematica [A]
time = 7.48, size = 0, normalized size = 0.00

/ coth®(a + bx) d

2

Verification is not applicable to the result.

[In] Integrate[Coth[a + b*x]~3/x72,x]
[Out] Integrate[Coth[a + b*x]~3/x72, x]
Maple [A]

time = 180.00, size = 0, normalized size = 0.00

3
/ coth® (bx + a) s

xr2

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(coth(b*x+a)~3/x"2,x)
[Out] int(coth(b*x+a)~3/x"2,x)
Maxima [A]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(b*x+a)~3/x"2,x, algorithm="maxima")

[Out] -(b"2*x"2%e”~ (4*xb*x + 4*a) + b™2*x"2 - 2x(b"2*x"2xe” (2*a) - bxx*e”(2%a) + e~
(2*a) ) *xe” (2xb*x) + 2)/(b~2*xx"3*e” (4xb*x + 4*a) - 2xb~2*x"3*e” (2*b*x + 2*a)

+ b™2*x73) - integrate((b~2*x~2 + 3)/(b~2*x"4*e”(b*x + a) + b~2*x"4), x) +
integrate((b™2*x"2 + 3)/(b"2xx"4*e” (b*x + a) - b™2*x"4), x)

Fricas [A]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(b*x+a)~3/x~2,x, algorithm="fricas")
[Out] integral(coth(b*x + a)~3/x"2, x)

Sympy [A]
time = 0.00, size = 0, normalized size = 0.00

/ coth® (a + bx) d

x2
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(b*x+a)**3/x**2,x)
[Out] Integral(coth(a + b*x)**3/x**2, x)

Giac [A]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(b*x+a)~3/x"2,x, algorithm="giac")
[Out] integrate(coth(b*x + a)~3/x72, x)



Mupad [A]
time = 0.00, size = -1, normalized size = -0.07
3
/ coth(a ;!— bx) s
x

Verification of antiderivative is not currently implemented for this CAS.

[In] int(coth(a + b*x)~3/x72,x)
[Out] int(coth(a + b*x)~3/x"2, x)
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(c+dz)?
3.16 f a+a§oth?e+ fx) dx

Optimal. Leaf size=169

3d3z 3d(c+dzx)? (c+dz)® (c+dx)? 3d3 3d*(c + dx) 3d(
8af3+ 8af? daf + 8ad  8f%(a+ acoth(e + fz)) 4f3(a+acoth(e+ fz)) 4f2(a+a

[Out] 3/8*d~3*x/a/f~3+3/8*d*(d*x+c) ~2/a/f~2+1/4x(d*x+c)~3/a/f+1/8*%(d*x+c)~4/a/d-3
/8*%d~3/f"4/(a+a*xcoth(f*x+e))-3/4*d"2* (d*x+c)/f~3/ (ata*xcoth(f*x+e))-3/4*d*(d
*x+c) "2/£72/ (a+axcoth(fxx+e))-1/2*(d*x+c) ~3/f/(a+axcoth(f*x+e))

Rubi [A]
time = 0.13, antiderivative size = 169, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.150,

steps used = 5, number of rules used = 3, integrand size = 20,
Rules used = {3804, 3560, 8}

3d%(c+ dz) 3d(c + dz)? (c+ dz)® 3d(c+dz)? | (c+dx)® | (c+dx)* 3d® 3d3z
4f3(acoth(e+ fz) +a) 4f2(acoth(e+ fz)+a) 2f(acoth(e+ fz)+a) + 8af? + daf + 8ad  8f%(acoth(e + fz)+a) +W

Antiderivative was successfully verified.
[In] Int[(c + d*x)~3/(a + a*Coth[e + f*x]),x]

[Out] (3*d"3*x)/(8*axf~3) + (3*d*x(c + d*x)~2)/(8*a*xf~2) + (c + d*x)~3/(4*axf) + (
c + dxx)~4/(8*a*xd) - (3*%d~3)/(8*f~4*(a + a*Cothl[e + fxx])) - (3*xd~2%(c + dx
x))/(4xf~3%(a + a*xCothl[e + f*x])) - (3*d*(c + dx*x)~2)/(4*f~2x(a + axCoth[e

+ f*x])) - (c + d*x)"3/(2*f*(a + a*Cothl[e + f*xx]))

Rule 8
Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQla, x]

Rule 3560

Int[((a_) + (b_.)*tan[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[ax((a +
b*Tan[c + d*x]) n/(2xb*d*n)), x] + Dist[1/(2*a), Int[(a + b*Tan[c + d*x])~(
n + 1), x], x] /; FreeQ[{a, b, c, d}, x] && EqQ[a"2 + b"2, 0] && LtQ[n, O]

Rule 3804

Int[((c_.) + (@_.)*(x))"(m_.)/((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)]1), x_Sy
mbol] :> Simp[(c + d*x)~(m + 1)/(2*axd*(m + 1)), x] + (Dist[a*xd*(m/(2*b*f))
, Int[(c + d*x)"(m - 1)/(a + b*Tan[e + f*x]), x], x] - Simp[ax((c + d*x)“m/
(2*b*fx(a + bxTan[e + f*x]))), x]) /; FreeQ[{a, b, c, d, e, f}, x] && EqQ[a
~2 + b"2, 0] && GtQ[m, O]

Rubi steps
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/ (c+ dx)3 e — (c+dzx)* (c+ dx)3 N (3d) [ % dz
a + acoth(e + fz) 8ad 2f(a+ acoth(e + fz)) 2f
(c+dz)3 N (c+dz)* 3d(c + dz)? B (c+dx)? N f
daf 8ad 4f%(a+ acoth(e+ fz)) 2f(a+ acoth(e + fz))
_ 3d(c+dzx)? N (c+ dx)3 N (c+dz)* 3d*(c + dx) B 3d(c -
8af? daf 8ad 4f3(a+ acoth(e + fz)) 4f%*(a+acc
_ 3d(c+dzx)? N (c+ dx)3 N (c+dz)* 3d3 B 3d%(c
8af? daf 8ad 8f*(a+ acoth(e+ fz)) 4f3(a+acc
_3d’z N 3d(c + dz)? N (c+ dx)3 N (c+dx)* 3d3 B
8af3 8a f? 4af 8ad 8f4(a + acoth(e + fz)) 4f3

Mathematica [A]
time = 0.25, size = 244, normalized size = 1.44

csch(e + f2)(cosh(fx) + sinh(fx)) (46 + 6c2df*(1 +2fx) + 6edf(1 + 2/ + 27%?) + d°(3+ 6]z + 6%* + 4/°)) cosh(2f) (cosh(e) — sinh(e)) + 2/*s(4c? + 6c*dz + ded®s® + &) (cosh(e) + sinh(e) + (Ac3* + 6c3dr(1 + 2fz) + 6ed® F(1 + 2fz +2%%) + d*(3 + 6/ + 6% + 41%*)) (~ cosh(e) +
16af3(1 + coth(e + /7))

Antiderivative was successfully verified.

[In] Integrate[(c + d*x)~3/(a + a*Cothl[e + fxx]),x]

[Out] (Cschl[e + fxx]*(Cosh[f*x] + Sinh[f*x])*((4*c~3*%f~3 + 6*%c™2*xd*f~2%x(1 + 2xfx*x
) + 6xckd"24f*x (1 + 2kFkx + 2%xF"2%x72) + d73*(3 + 6*f*kx + 6kF"2%xx"2 + 4xf"3%
x~3))*Cosh[2xf*x] * (Cosh[e] - Sinh[e]) + 2xf~4xx*x(4*c™3 + 6*c”2*d*x + 4*xcxd”

2%x72 + d"3*x"3)*(Cosh[e] + Sinh[e]) + (4*c™3*f~3 + 6xc”2*d*f~2x(1 + 2*f*x)

+ 6xcxd"2xFx (1 + 2xfxx + 2%f72%xx7"2) + d73*(3 + 6*f*x + 6*xf72*%x"2 + 4*xf " 3*x
~3))*(-Cosh[e] + Sinh[e])*Sinh[2*f*x]))/(16*%a*f~4*x(1 + Cothl[e + f*x]))

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 928 vs.

2(153) = 306.
time = 1.46, size = 929, normalized size = 5.50

method result
. Bzt d2cx3 3c2d 2 Bz ct (4d3:1:3f3+120 d? f3x2412c%d f3x+6d3 f2x2+4c® f34+12cd? f2x+6c2d
risch 8a + 2a + 4a + 2a + 8ad + 16a f4

derivativedivides | Expression too large to display
default Expression too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x+c)~3/(ata*coth(f*x+e)),x,method=_RETURNVERBOSE)

[Out] 1/f~4/a*x(-c~3xf"3%(1/2*sinh(f*x+e)*cosh(f*xx+e)-1/2*f*xx-1/2%e)+3*c 2xd*exf"2
*(1/2*sinh (f*x+e) *cosh (fxx+e)-1/2%f*xx—1/2%e) —3*c~2xd*f 2% (1/2% (f*x+e) *cosh(
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fxx+e) *sinh(fxx+e)-1/4* (f*x+e) "2-1/4*cosh(f*xx+e) ~2)-3*xc*xd~2*e~2*f*(1/2*sinh
(f*xx+e) *cosh(f*xx+e)-1/2xfxx—-1/2%e) +6xcxd”~2*xe*xf* (1/2*% (f*x+e)*cosh(f*x+e)*sin
h(f*x+e)-1/4x(f*x+e) "2-1/4*cosh(f*xx+e) ~2)-3xcxd~2*f* (1/2x (f*x+e) "2*xcosh (f*x
+e) *sinh (f*x+e)-1/6%* (f*x+e) "3-1/2*% (f*x+e) *cosh (f*x+e) "2+1/4*sinh (f*x+e) *cos
h(fxx+e)+1/4*f*x+1/4%e)+d"3*e~3*(1/2*xsinh (f*x+e) *cosh(f*x+e)-1/2xfxx-1/2%*e)
-3*%d"3*%e”" 2% (1/2*% (f*x+e) *cosh (f*x+e) *sinh (f*x+e)-1/4* (fxx+e) ~2-1/4*cosh (f*x+
e) "2)+3*xd"3*ex (1/2x (f*x+e) "2*xcosh (f*x+e) *sinh (f*x+e)-1/6* (f*x+e) “3-1/2* (f*x
+e) *cosh(f*x+e) "2+1/4xsinh (f*x+e) *cosh (f*x+e)+1/4*xf*x+1/4*xe)-d"3* (1/2% (f*x+
e) "3*cosh(f*x+e)*sinh (f*x+e)-1/8* (f*x+e) ~4-3/4* (fxx+e) "2*cosh (f*x+e) "2+3/4x*
(fxx+e)*cosh(f*x+e) *sinh (f*xx+e)+3/8* (f*x+e) "2-3/8*cosh(f*x+e) ~2)+1/2xc~3*f~
3*cosh(f*x+e) “2-3/2xc~2*d*e*f " 2*cosh (f*xx+e) “2+3xc~2xd*f ~2* (1/2* (f*x+e) *cosh
(fxx+e) ~2-1/4*sinh (f*x+e)*cosh(f*x+e)-1/4*f*x-1/4%e)+3/2xcxd~2xe~2*xf*cosh (f
*x+e) "2-6%ckxd”"2xexf*x (1/2% (fxx+e) *cosh (f*x+e) “2-1/4*xsinh (f*x+e)*cosh (f*x+e) -
1/4xfxx—1/4*e)+3*xc*d"2*f* (1/2*% (f*x+e) “2*xcosh (f*x+e) "2-1/2* (f*x+e) *cosh (f*x+
e) *sinh (f*x+e)-1/4* (f*x+e) ~2+1/4*cosh(f*x+e) "2)-1/2*%d"3*xe"3*cosh (f*x+e) ~2+3
*d"3%xe"2% (1/2% (f*x+e) *cosh (f*x+e) "2-1/4*sinh (f*x+e) *cosh(f*x+e)-1/4xf*xx-1/4
*xe)-3*%d " 3*ke*x (1/2*% (f*xx+e) “2xcosh (f*x+e) "2-1/2*% (f*x+e) *cosh (f*x+e) *sinh (f*x+e
)-1/4% (f*x+e) ~2+1/4*cosh(f*x+e) ~2)+d~3* (1/2* (f*x+e) “3*cosh(f*xx+e) "2-3/4* (f*
x+e) “2xcosh (f*x+e)*sinh (f*x+e) -1/4* (f*x+e) “3+3/4* (f*x+e) *cosh (f*x+e) "2-3/8x%
sinh (f*x+e) *cosh(f*x+e)-3/8*f*x-3/8%*e))

Maxima [A]
time = 0.35, size = 191, normalized size = 1.13

1 ,/2(fz+e)  e2f=-29) 3(2 22629 + (2 fo + 1)e-2/0) 2de(-29 (4 f32%629 4 3(2 f2? + 2 fo + 1)e2/)) 2629 (2 fizte) 4 (4 f32° + 6 f202 + 6 fo + 3)e(~2/2)) Pel-29)
e + + + +
4 af af 8af? 8af? 16af*

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)~3/(ataxcoth(f*x+e)),x, algorithm="maxima")

[Out] 1/4*xc™3*%(2*x(fxx + e)/(axf) + e~ (-2xfxx — 2%e)/(axf)) + 3/8%(2xf~2*x"2*e” (2%
e) + (2xfxx + 1)*e”(-2*f*x))*c " 2*xd*e” (-2*xe)/(a*xf~2) + 1/8%(4*f~3*x"3*e” (2*e

) + 3k (2%F"2%xx72 + 2xfxx + 1)*e” (-2%f*x))*cxd~2xe” (-2%e)/(axf~3) + 1/16%(2%
f4xx"4*xe” (2%e) + (4*f73%x"3 + 6*%f72%x"2 + 6*f*x + 3)*e” (—2*f*xx))*d"3*e” (-2

xe) /(axf~4)

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 316 vs.
2(157) = 314.
time = 0.41, size = 316, normalized size = 1.87

@A+ 4O + 6 + 6ol f +4Qedf +df)a + 3 +6 (26 + 20 +df2)a? +2 (A4S +63d + 6 +3d)z) cosh (fz + cosh (1) +sinh (1)) + (2 'zt — 4 — 622 — 6el’f +4(2edf — &) — 3! +6/(2EPdf* — Ded® [ — d'f)a? + 2 (4cf* — 6 Adf® — 6 ca® 2 — 3 f)z) simh (£ + cosh (1) + sinh (1))
16 (a* cosh (Jz + cosh (1) + sinh (1)) +af* sinh (2 + cosh (1) + simh (1))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)~3/(ata*coth(f*x+e)),x, algorithm="fricas")

[Out] 1/16%((2%d~3*f"4xx"4 + 4%c”3%xf~3 + 6xc™2xd*f~2 + 6xcxd~2xf + 4x(2xcxd~2*xf~4
+ d73*%f"3)*%x"3 + 3*%d"3 + 6% (2xc”2xd*f"4 + 2%ckd"2*%f"3 + d73*kf"2)*x"2 + 2%(
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4%c™3*%f"4 + 6%cT2xd*xf"3 + 6*cxd"2*f"2 + 3*d"3*f)*x)*cosh(f*x + cosh(1l) + si
nh(1)) + (2xd"3*f"4%x~4 — 4*c™3*%f~3 — 6*%c™2*%d*f~2 — 6*c*xd~2xf + 4% (2xcxd™2*
£f74 - A"3*xf"3)*x"3 - 3*%d"3 + 6% (2%c”2xd*f"4 - 2xcxd"2*%f"3 - d"3*f"2)*x"2 +
2% (4*xc™3*%f"4 - 6xc”2x%d*f~3 - 6*c*d"2*f"2 - 3*d"3*f)*x)*sinh(f*x + cosh(1l) +

sinh(1)))/(axf~4*xcosh(f*x + cosh(1) + sinh(1)) + a*f~4*sinh(f*x + cosh(1)
+ sinh(1)))

Sympy [B] Leaf count of result is larger than twice the leaf count of optimal. 864 vs.

2(144) = 288.
time = 0.84, size = 864, normalized size = 5.11

onnite

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)**3/(at+a*coth(f*x+e)),x)

[Out] Piecewise((4xcx*3*xf**4xxxtanh(e + fxx)/(8*a*f*x4dxtanh(e + fxx) + 8*axfxx4)
+ 4Axcx*k3kxfx*k4*x/ (8*kaxfx*k4xtanh(e + f£*xx) + 8Ska*xfx*4) + 4kck*x3*xf**x3/(8ka*xf**x4
xtanh(e + f*x) + 8kaxf*x*x4) + Gxckxx2xd*xf*xdxx**x2xtanh(e + f*xx)/(8xaxf*x*x4xtan
h(e + f*x) + 8ka*xf*x4) + Gkck*2xdxfrkdxx**2/(8xaxf**4+xtanh(e + f*x) + 8S*xaxf
*%4) - Gkckk2kdxfr*k3xx*xtanh(e + f*x)/(8*a*f*kdxtanh(e + fxx) + 8kxaxf*x4) +
6xcx*k2kdxfx*3xx/ (8kaxfxkdxtanh(e + f*x) + 8kaxfx*4) + BGkckx*2kd*xf*x*2/(8kaxfx*
*4xtanh (e + fxx) + 8*a*xfxx4) + 4kckdx*x2xf*x*x4*x**x3xtanh(e + fxx)/(8*ka*xf*x4dxt
anh(e + f*xx) + 8xaxfxx4) + 4kckd**2kf*kkdxx*x*x3/(8*xaxf**x4+xtanh(e + f*x) + 8*a
*fxkd) - Gkckdrx2kf**3*xxkx2xtanh(e + fxx)/(8*axfxxdxtanh(e + fxx) + Skxaxfxx
4) + Bkckd*x*2*xfx*k3*xx*x*2/ (8ka*f**4d*xtanh(e + fxx) + 8kaxf**x4) — Gkckd**x2kf**2
xxxtanh(e + fxx)/(8*a*f*xx4dxtanh(e + fxx) + 8*a*xfx*x4) + 6kckd*x*x2xf**2*x/(8*a
xfxxdxtanh(e + f*xx) + 8xaxfx*x4) + 6xcxdx*2*f/(8xaxfx*kdxtanh(e + f*x) + 8*xax
fxx4) + d**3xf**xdxx*k*4dxtanh(e + f*xx)/(8*axfx*4xtanh(e + fxx) + 8Skaxf*x*x4) +
dA*x*k3kf*kkdxxk*k4d/ (8*ka*xf*xxdxtanh(e + £*xx) + 8xaxfx*x4) — 2kd*x3kxf**x3*kxx*x*3*xtanh (
e + fxx)/(8*axfxx4xtanh(e + f*x) + 8Skakxfx*x4) + kdx*3kf*x*x3kx*k*3/ (8kaxf**xd*t
anh(e + f*x) + 8xaxf**4) - 3xdrk3*f**x2xx*x*x2ktanh(e + f*x)/(8*xaxf*x*x4*xtanh(e
+ fxx) + 8xaxf*xx4d) + 3xdkk3kfx*kkx*k*2/(8kaxfx*4dxtanh(e + f*x) + 8Skaxfx*x4) -
3xd**x3*xfxx*tanh(e + f*x)/(8xaxf*xdxtanh(e + f*x) + 8xaxf*x4) + 3Ikd**x3*xf*x/
(8xaxf**x4+tanh(e + f*x) + 8xaxfxx4) + 3*d**3/(8*axfxkdxtanh(e + f*x) + 8*ax
fxxd4), Ne(f, 0)), ((ckx3%x + 3kckkxd*x**2/2 + cxd**2xx*x*x3 + dx*x3*xx**x4/4) /(
axcoth(e) + a), True))
Giac [A]
time = 0.43, size = 188, normalized size = 1.11

(2d° fiate429) 1 8 od? fiael@I++20) 4 12 dfia%e@I7+29) 4 4 fa® + 8.6 fael®I729) 4 12cd 322 + 122df%% + 6 P 20 + 4 f + 120 22 + 6 Pdf? + 6 & fa + 6 e f + Bd)el-2-29)
16af*

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)~3/(at+a*coth(f*x+e)),x, algorithm="giac")
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[Out] 1/16*%(2+%d"3*f"4*xx"4*e” (2xf*xx + 2%e) + 8kckd™2+xf 4*xx"3*e” (2*xf*x + 2%e) + 12x%
cT2xdxfT4*x"2xe” (2% f*x + 2xe) + 4*d"3*xf"3*%x"3 + 8xc”3*kf"4kx*e” (2xf*kx + 2%xe)

+ 12%ckxd™2*%f73*%x72 + 12*%c72*kd*xf"3*xx + 6%d"3*%f"2*x72 + 4*%xc”3*xf73 + 12*%xc*xd”2
*f72%x + 6%c”2kd*f"2 + 6xd"3xfxx + 6kckd"2*f + 3kd"3)*e” (-2xfxx - 2xe)/(axf

~4)

Mupad [B]

time = 1.45, size = 223, normalized size = 1.32

4 f o +6df e + 6 d fPr+ded 1o’ +6cd fa* +bed o+ d f1at + 28 o + 30 o2 +3d fr AC P +123dPr+6df +12cd fu? +12¢d o+ bed f+4d 2P +6d 0 +6d° fo+3d°
8aft 8af (coth (e + fz) +1)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c + d*x)~3/(a + a*coth(e + f*x)),x)

[Out] (3%d~3xfxx + 4*c™3*f 4*x + 3*d"3*f~2%xx"2 + 2%d"3*f"3*x"3 + d"3*f"4*xx"4 + 6%
cxd"2xf"3%x"2 + 6kcT2xd*fT4%x"2 + 4xcxd"2xf"4xx"3 + 6kckdT2xfT2%xx + 6%cT2%d
*f~3%x) /(8*axf~4) - (3*%d~3 + 4*c 3*%f~3 + 6%d"3*f*x + 6kc”2*%d*f~2 + 6%d"3*xf~

2%x72 + 4*%d"3*xf"3%x"3 + 6kckdT2*f + 12%ckdT2*fT3*kxT2 + 12%kckdT2*xfT2xx + 12x%
c"2*d*f"3*x) / (8*axf~4x(coth(e + f*x) + 1))
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c+dz)?
3.17 f a+a(coth(2+f z) dz

Optimal. Leaf size=122

d’z  (c+dz)* (c+dz)? d? d(c+ dz) (c+ dx)?
4af2+ 4af + 6ad  4f3(a+acoth(e + fz)) 2f2(a+ acoth(e + fz)) 2f(a+ acoth(e + fz))

[Out] 1/4xd~2*xx/a/f~2+1/4*(d*x+c) ~2/a/f+1/6x(d*x+c)~3/a/d-1/4*d"2/f"3/(a+axcoth(f
*x+e))-1/2*%d* (d*x+c) /f~2/ (ataxcoth (f*x+e) ) -1/2*% (d*x+c) ~2/f/ (ata*coth (f*x+e)
)

Rubi [A]
time = 0.09, antiderivative size = 122, normalized size of antiderivative = 1.00, number of

number of rules __
’ integrand size 0.150,

steps used = 4, number of rules used = 3, integrand size = 20
Rules used = {3804, 3560, 8}

d(c+ dz) (c+ dz)? (c+dz)? (c+dz)d d? d*z

"~ 2f%(acoth(e + fz) +a) 2f(acoth(e+ fz)+a) daf 6ad  4f3(acoth(e + fz) + a) + 4af?

Antiderivative was successfully verified.
[In] Int[(c + d*x)~2/(a + a*Coth[e + f*x]),x]

[Out] (d~2*x)/(4*a*xf~2) + (c + d*x)~2/(4xaxf) + (c + d*x)~3/(6%axd) - d~2/(4xf~3%
(a + axCoth[e + f*x])) - (d*(c + d*x))/(2*f~2x(a + axCothl[e + f*x])) - (c +
dxx) "2/ (2xf*x(a + a*Coth[e + f*xx]))

Rule 8
Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]

Rule 3560

Int[((a_) + (b_.)*tan[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[ax((a +
b*xTan[c + d#*x]) n/(2*%b*d*n)), x] + Dist[1/(2*a), Int[(a + b*Tan[c + d*x])~(
n+ 1), x], x] /; FreeQ[{a, b, c, d}, x] && EqQ[a"2 + b~2, 0] && LtQ[n, O]

Rule 3804

Int[((c_.) + (@_.)*(x))"(m_.)/((a_) + (b_.)*tan[(e_.) + (£f_.)*(x_)]), x_Sy
mbol] :> Simp[(c + d*x)~(m + 1)/(2*axd*(m + 1)), x] + (Dist[a*xd*(m/(2*b*f))
, Int[(c + d*x)"(m - 1)/(a + b*Tan[e + f*x]), x], x] - Simp[a*((c + d*x) m/
(2xbxf*(a + b*Tan[e + f*x]))), x]1) /; FreeQl[{a, b, c, d, e, f}, x] && EqQ[a
~2 + b2, 0] && GtQ[m, O]

Rubi steps
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/ (c+dz)? D — (c+ dx)? B (c+ dx)? df #ﬁ@m dx
a + acoth(e + fz) 6ad 2f(a+ acoth(e + fzx)) f
(c+dz)?>  (c+dz)d d(c+ dz) (c+ dx)?

"~ daf T 6ad 2f2(a+ acoth(e+ fz)) 2f(a+ acoth(e + fx)) +
_(c+dz)? | (c+dz)? d? d(c+ dz)
"~ daf T e 4f3(a+ acoth(e + fz)) 2f%(a+ acoth(e + fz)) |
&z (c+dx)®  (c+dz)® d? d(c+ dz)
 4af? + daf + 6ad  4f3(a+acoth(e+ fz)) 2f%(a+ acoth(e-

Mathematica [A]
time = 0.17, size = 169, normalized size = 1.39

esch(e + fa)(cosh(fz) + sinh(fz)) ((262f? + 2cdf (1 + 2fx) + d*(1 + 2f + 2f%2?)) cosh(2f) (cosh(e) — sinh(e)) + £ f2(3¢* + 3edx + d%a?) (cosh(e) + sinh(e)) + (2¢*f2 + 2edf (1 + 2fz) + (1 + 2fx + 2f%%)) (— cosh(e) + sinh(e)) sinh(2fz))
8af(1 + coth(e + J2))

Antiderivative was successfully verified.

[In] Integrate[(c + d*x)~2/(a + a*Coth[e + f*x]),x]

[Out] (Cschl[e + fxx]*(Cosh[f*x] + Sinh[f*x])*((2*%c™2*f"2 + 2kckd*f*x(1 + 2xf*xx) +
d"2%(1 + 2xf*xx + 2xf~2*%x"2))*Cosh[2*f*x]*(Cosh[e] - Sinh[e]) + (4*f~3*x*(3*

c™2 + 3*xckxdkx + d~2%x"2)*(Cosh[e] + Sinh[e]))/3 + (2%c™2*xf"2 + 2kcxd*f*x(1 +
2%f*x) + d72%x(1 + 2xfxx + 2%f~2%x"2))*(-Cosh[e] + Sinh[e])*Sinh[2*f*x]))/(
8*axf~3*(1 + Cothl[e + f*x]))

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 448 vs.
2(110) = 220.
time = 1.43, size = 449, normalized size = 3.68

method result
. d248 dex2 2z 3 (2d222 f2+4cd f2ax+2c2 24242 f.'zlc—f-2cdf—|—d2)e_2fz_2e
risch 6a + 2a + 2a + 6ad + 8a f3
—c2f2 (Sinh(f$+e)2005h(fm+€) _% _ %) +2cdef(Sinh(f$+€)2005h(fm+e) _%_ %) —2cdf < (fz+te) COSh(f-”E2+€) sinh(fzte) _ (
derivativedivides
—02f2 (sinh(f:c+e)2cosh(f:v+e) _%_%> +20def(sinh(f:c+e)2605h(f$+e) _%_ %> —2cdf < (fz+e) cosh(fw2+e) sinh(fz+e)  (
default

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x+c)~2/(at+a*coth(f*x+e)),x,method= RETURNVERBOSE)

[Out] 1/£f73/a*x(-c~2xf"2x(1/2*sinh(f*x+e)*cosh(f*x+e)-1/2*f*xx-1/2%e)+2*%c*d*e*xf*x(1/
2%sinh (fxx+e) *cosh(f*xx+e)-1/2xf*xx-1/2%e) -2xc*kd*xf* (1/2% (f*x+e) *cosh (f*x+e) *s
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inh(f*x+e)-1/4*x(f*x+e) "2-1/4*cosh(f*x+e) "2)-d"2*xe” 2% (1/2*sinh (f*x+e)*cosh(f
xx+e)—1/2+fxx-1/2%e) +2*xd"2xe* (1/2* (f*xx+e) *cosh (f*x+e) *sinh (f*x+e) -1/4* (fxx+
e)~2-1/4*xcosh(f*x+e) "2)-d"2x(1/2x (f*x+e) "2*xcosh (f*x+e) *sinh(f*x+e)-1/6* (f*x
+e) "3-1/2x(f*x+e)*cosh(f*x+e) “2+1/4*sinh (f*x+e) *cosh (f*xx+e)+1/4*f*x+1/4*e)+
1/2xc”2xf~2xcosh (f*x+e) ~“2-ckd*exfxcosh (fxx+e) ~2+2*ckd*f* (1/2*% (f*xx+e) *cosh (£
*x+e) "2-1/4*sinh (f*x+e)*cosh(f*x+e)-1/4xf*x-1/4%e)+1/2*d"2*%e"2*xcosh (f*x+e)”
2-2xd"2*e* (1/2* (fxx+e) *cosh (f*x+e) "2-1/4*xsinh (f*x+e) *cosh (f*x+e)-1/4*f*x-1/
4xe)+d~2x (1/2* (f*xx+e) "2*cosh (f*x+e) "2-1/2x (f*x+e) *cosh(f*x+e) *sinh (f*x+e)-1
/4% (fxx+e) "2+1/4xcosh(f*x+e)~2))

Maxima [A]
time = 0.31, size = 130, normalized size = 1.07

1 ,(2(fz+e) elT2f2729 N (2 f23%e29) + (2 fz + 1)e("2/D) cde(29) N (4 f22%e®9 + 3 (2 f222 + 2 fz + 1)e(2/9) g2e(-29)
1€ af + af 4af? 24 af?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)~2/(ata*coth(f*x+e)),x, algorithm="maxima")

[Out] 1/4xc™2x(2x(f*xx + e)/(axf) + e~ (-2xfxx — 2xe)/(a*f)) + 1/4*%x(2xf~2xx~2xe” (2%
e) + (2%fxx + 1)*xe” (-2xf*xx))*cxd*e™ (-2%e)/(a*xf~2) + 1/24x(4*f~3xx"3%xe” (2*e)
+ 3% (2%f"2%x"2 + 2%f*xx + 1)*e”(-2%f*xx))*xd~2*e” (-2*e)/(a*xf~3)

Fricas [A]
time = 0.40, size = 204, normalized size = 1.67

(A 323 + 6 A2 + G odf + 6 (2cdf® + d2f2)a® + 3 + 6 (22 f° + 2cdf? + d*f)x) cosh (fa + cosh (1) + sinh (1)) + (42 f%® — 6 Af? — Gedf + 6 (2cdf® — df2)a® — 3d + 6 (2Af* — 2cdf? — d*f)a) sinh (fz + cosh (1) + sinh (1))
24 (af3 cosh (f + cosh (1) + sinh (1)) + af* sinh (2 + cosh (1) + sinh (1))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)~2/(ata*coth(f*x+e)),x, algorithm="fricas")

[Out] 1/24*((4%d"2*xf"3*x"3 + 6*xc™2*f~2 + 6xckd*f + 6x(2xckd*f~3 + d™2*f72)*x"2 +
3*%d"2 + 6% (2xc”2%xf"3 + 2*c*kd*f~2 + d72%f)*x)*cosh(f*x + cosh(1l) + sinh(1))

+ (4%d"2*xf"3*%x"3 - 6*c”2*%f"2 - 6xckd*f + 6x(2kckd*f~3 - d72*f72)*x"2 - 3*d”

2 + 6x(2xc™2+%f"3 - 2kc*d*f~2 - d72*f)*x)*sinh(f*x + cosh(1) + sinh(1)))/(ax*
f~3*xcosh(f*x + cosh(1l) + sinh(1)) + a*f~3*sinh(f*x + cosh(l) + sinh(1)))

Sympy [B] Leaf count of result is larger than twice the leaf count of optimal. 522 vs.

2(95) = 190.
time = 0.65, size = 522, normalized size = 4.28

;

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)**2/(at+a*coth(f*x+e)),x)
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[Out] Piecewise((6xcx*2*xf**x3xx*xtanh(e + f*xx)/(12*a*xf**x3xtanh(e + f*xx) + 12%axf**3
) + 6kcHk*2xfxk3kx/ (12*xaxfx*k3*tanh(e + f*x) + 12%xa*xf**3) + 6Gxckk2*xf*x2/(12*a
xfxx3ktanh (e + f*xx) + 12xaxf**3) + 6xcxdxf**3*xx*x*x2xtanh(e + f*xx)/(12*axf**3
xtanh(e + f*x) + 12*%axf**3) + 6kxckd*f**3kx**2/(12%axf**x3xtanh(e + f*x) + 12
*a*xf**3) - Gkckdkfxx2xx*xtanh(e + f*x)/(12*%axf*k3xtanh(e + f*x) + 12*a*xf**3)
+ 6xcxdxfxk2+x/ (12*xaxf**3*tanh(e + f*x) + 12%a*xf**x3) + 6kckd*f/(12%a*xf**3*
tanh(e + f*x) + 12xaxf**3) + 2xd*x*k2*xf**3xx*x*x3*ktanh(e + f*x)/(12*xaxf**x3*tanh
(e + f*x) + 12%a*xf**3) + 2kxd**2*xf**x3xx**3/(12*%axf*x*x3kxtanh(e + f*xx) + 12xaxf
*%3) - Bkdkk2kFrk2xx*k*x2xtanh(e + f£*x)/(12*%a*f*k3xtanh(e + f*x) + 12%a*xf**3)
+ 3kdx*x2xfkk2kx*x2/ (12*a*f**x3xtanh(e + f*xx) + 12%a*xf*x*x3) - 33*d*x*x2xf*x*tanh
(e + f*x)/(12xaxf**3*tanh(e + f*x) + 12%a*xf**3) + Ikd**2*fxx/(12*%a*f**3xtan
h(e + f*x) + 12%a*f**3) + 3*kd**x2/(12xaxf*x*x3xtanh(e + f*x) + 12*%axf*x*x3), Ne(
f, 0)), ((cx*x2xx + cxd*x**2 + d**2%x**3/3)/(axcoth(e) + a), True))

Giac [A]
time = 0.42, size = 119, normalized size = 0.98

(42 f3z3e@fa+2) 4 12 cdf3z2e2fo+2€) 112 2 f32e/e+20) 1 6 2 f22% + 12 cdf?z + 6 2 f2 + 6 A2 fz + 6 cdf + 3d2)e(2/2=2¢)
24 af3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)~2/(at+a*coth(f*x+e)),x, algorithm="giac")

[Out] 1/24*(4%xd~2*f"3%x"3*%e”~ (2*%f*xx + 2%e) + 12kcxd*f " 3xx"2%e” (2*xf*x + 2%e) + 12%c
“2xf " 3xxke” (2kfxx + 2%e) + 6xdA72*fT2*%x"2 + 12%ckd*fT2*x + 6%xc”2*f"2 + 6%d"2
xfxx + 6kckd*f + 3%d"2)*e”~(-2%f*x - 2xe)/(a*xf~3)

Mupad [B]
time = 1.30, size = 186, normalized size = 1.52

o ~2e-2fa (3424342 2642/ @ ~2¢-212 (6cd+6d? z+6cde2c+2 S 26-2e-213 (624622 e+2F 1642 22 +12¢d
e—2¢ 2fz(12821922+2fx+4J2I3922+2fx+120d12929+2f:c) e ( o e )+fe (6c 241 cde’ )_‘_/e (6¢ 3824 2?+12cdax)

24a + af?

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c + d*x)~2/(a + a*coth(e + f*x)),x)

[Out] (exp(- 2%e - 2*f*x)*(12%c~2*kx*exp(2*e + 2*f*x) + 4xd"2*x"3*exp(2*e + 2xf*x)
+ 12kcxd*xx"2%exp(2xe + 2*f*xx)))/(24xa) + ((exp(- 2%xe - 2*f*x)*(3*%d"2 + 3xd
“2%exp(2*%e + 2xfxx)))/24 + (fxexp(- 2*%e - 2xf*x)*(6*cxd + 6%xd"2*x + Gxc*d*e
xp(2xe + 2%f*x))) /24 + (£f72%exp(- 2xe — 2xf*xx)*(6*%c™2 + 6%c”2*%exp(2xe + 2*f

*x) + 6%d"2%x72 + 12%c*d*x))/24)/(axf"3)
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c+dx
3.18 [t du

Optimal. Leaf size=74

dr  (c+dzx)? d c+dz
daf LEPY R 4f%(a+ acoth(e + fz))  2f(a+ acoth(e + fx))

[Out] 1/4xd*x/a/f+1/4*x(d*x+c)~2/a/d-1/4xd/f~2/(a+a*xcoth(f*x+e))+1/2%(-d*x-c)/f/(a
+axcoth(f*x+e))

Rubi [A]
time = 0.04, antiderivative size = 74, normalized size of antiderivative = 1.00, number of

number of rules _ 147
’ integrand size ’

steps used = 3, number of rules used = 3, integrand size = 18
Rules used = {3804, 3560, 8}

c+dzx (c+ dx)? d dz
2f(acoth(e + fz) + a) T hd T 4f%(acoth(e + fz) + a) * daf

Antiderivative was successfully verified.
[In] Int[(c + d*x)/(a + a*Coth[e + f*x]),x]

[Out] (d*x)/(4*xaxf) + (c + d*xx)~2/(4xa*d) - d/(4xf~2x(a + a*Coth[e + f*x])) - (c
+ d*x)/(2xfx(a + axCoth[e + f*x]))

Rule 8
Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQla, x]

Rule 3560

Int[((a_) + (b_.)*tan[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[ax((a +
b*xTan[c + d*x]) n/(2*%b*d*n)), x] + Dist[1/(2*a), Int[(a + b*Tan[c + d*x])~(
n+ 1), x], x] /; FreeQ[{a, b, c, d}, x] && EqQ[a"2 + b~2, 0] && LtQ[n, O]

Rule 3804

Int[((c_.) + (@_.)*(x))"(m_.)/((a_) + (b_.)*tan[(e_.) + (£f_.)*(x_)]1), x_Sy
mbol] :> Simp[(c + d*x)~(m + 1)/(2*axd*(m + 1)), x] + (Dist[a*xd*(m/(2*b*f))
, Int[(c + d*x)"(m - 1)/(a + b*Tan[e + f*x]), x], x] - Simp[ax((c + d*x)"m/
(2*b*fx(a + bxTan[e + f*x]))), x]) /; FreeQ[{a, b, c, d, e, £}, x] && EqQ[a
~2 + b2, 0] && GtQ[m, O]

Rubi steps
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/ c+dz da::<c+dw)2— c+dz +dfa—‘,-a+h(e—i-fa:)dx
a + acoth(e + fz) 4ad 2f(a+ acoth(e + fz)) 2f
_ (c+dx)? d c+dx d[1ldz
" 4ad  4f2(a+acoth(e+ fz)) 2f(a+ acoth(e + fz)) daf
dr  (c+dz)? d c+dz

- daf + dad  4f2(a+acoth(e+ fz)) 2f(a+ acoth(e + fz))

Mathematica [A]
time = 0.17, size = 81, normalized size = 1.09

2cf(=1+2fx) +d(—1—2fx + 2f222) + (2cf(1 + 2fz) + d(1 + 2fz + 2f?2?)) coth(e + fz)
8af?(1 + coth(e + fz))

Antiderivative was successfully verified.

[In] Integratel[(c + d*x)/(a + a*Coth[e + fxx]),x]

[Out] (2xcxf*x (-1 + 2xf*xx) + d*x(-1 — 2%f*xx + 2%xf"2%x72) + (2*c*kf*x(1 + 2*f*x) + dx*(
1 + 2+fxx + 2%f"2%x72))*Coth[e + f*x])/(8*xaxf~2*(1 + Cothl[e + f*x]))

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 164 vs.

2(69) = 138.
time = 1.36, size = 165, normalized size = 2.23

method result
. dz? cz (2dzf+2cf+d)e—2fz—2e
risch 4a + 2a + 8a f2
—cf < sinh(fm+e)2cosh(fa:+e) _ sz_%) +de(sinh(f:z:+e)2cosh(fa:+e) _%_%) —d< (fz+e) cosh(f12+e) sinh(fzte) (fg;l-e)2 _
derivativedivides a
—cf ( sinh(fz+e)2cosh(fx+e) _ me_%> _I_de(sinh(f:c+e)2cosh(f:c+e) _%_%) —d < (fzt+e) cosh(f:v;—e) sinh(fzte) (f:cl—e)2 _
default 72

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x+c)/(at+axcoth(f*x+e)),x,method=_RETURNVERBOSE)

[Out] 1/f"2/a*(-cxf*x(1/2*sinh(f*x+e)*cosh(f*x+e)-1/2xf*x-1/2%e)+d*e*x(1/2*sinh (f*x
+e) *cosh(f*xx+e)-1/2xf*xx-1/2%e)-d* (1/2* (f*x+e) *cosh (f*x+e) *sinh (f*x+e)-1/4%(
fxx+e) “2-1/4*cosh(f*x+e) ~2)+1/2*cxf*cosh(f*x+e) ~2-1/2xd*e*cosh (f*x+e) ~2+d*(

1/2* (f*x+e) *cosh (f*x+e) "2-1/4*sinh (f*x+e)*cosh(f*x+e)-1/4*xf*x-1/4%e))
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Maxima [A]
time = 0.29, size = 76, normalized size = 1.03

1 (2(fz+e) N e(~2fz=2€) N (2 222 + (2 fz + 1)e(~2/2)) de(-2¢)
4° af af 8af?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)/(ataxcoth(f*x+e)),x, algorithm="maxima")

[Out] 1/4xcx(2x(fxx + e)/(a*xf) + e~ (-2%fxx - 2%e)/(axf)) + 1/8%(2*xf~2xx"2%xe”~ (2%e)
+ (2%fxx + 1)*e~(-2%fx*xx))*d*xe~(-2%e)/(a*xf~2)

Fricas [A]

time = 0.40, size = 113, normalized size = 1.53

(2df?z* +2cf +2(2¢f% + df)z + d) cosh (fz + cosh (1) + sinh (1)) + (2df%z? — 2cf + 2 (2cf? — df)z — d) sinh (fz + cosh (1) + sinh (1))
8 (af? cosh (fz + cosh (1) + sinh (1)) + af?sinh (fz + cosh (1) + sinh (1)))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)/(a+axcoth(f*x+e)),x, algorithm="fricas")

[Out] 1/8%((2xd*f~2*x"2 + 2%c*xf + 2% (2xc*f~2 + d*f)*x + d)*cosh(f*x + cosh(l) + s
inh(1)) + (2*%d*f~2%x"2 - 2kc*f + 2% (2*%c*xf~2 - d*f)*x - d)*sinh(f*x + cosh(1l

) + sinh(1)))/(a*f"2*cosh(f*x + cosh(1l) + sinh(1)) + a*f~2*sinh(f*x + cosh(

1) + sinh(1)))

Sympy [B] Leaf count of result is larger than twice the leaf count of optimal. 250 vs.

2(58) = 116.

time = 0.53, size = 250, normalized size = 3.38

2¢f?z tanh (e+fz) 2cf?z 2cf df2a? tanh (e+fz) df?z? dfz tanh (e+fz) dfz d
{ 4af? tanh (e+fz)+4af? + 4af? tanh (e+fx)+4af? + 4af? tanh (e+fx)+4af? + 4af? tanh (e+fz)+4daf? + 4afZtanh (e+fz)+4af? ~ daf? tanh (e+fz)+daf? + 4af? tanh (e+fz)+4af? + 4af? tanh (e+fz)+4af? for f 7é 0

2
oo+ 42 :
acoth (e)+a otherwise

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)/(at+a*coth(f*x+e)),x)

[Out] Piecewise((2xc*fxx2*xxtanh(e + f*xx)/(4*xa*fx*2+xtanh(e + f*x) + 4xa*xfx*x2) + 2
xcxfxk2*xx/ (4*xaxfx*x2xtanh(e + f*x) + 4xaxf**2) + 2xcxf/(4*axf*xx2xtanh(e + fx*

X) + 4xaxf*x*x2) + dxfxx2kx**2xtanh(e + f*x)/(4d*xa*xf**2xtanh(e + f*x) + 4*a*xf*

*2) + dxf**2xxx*x2/ (4d*a*xf*xx2xtanh(e + fxx) + 4*axfxx2) - d*f*xxtanh(e + f*x)

/ (dxaxfxk2xtanh(e + f*xx) + 4*a*xf**2) + dxfxx/(4*xaxf**x2+xtanh(e + f*x) + 4x*ax

f**2) + d/(4*axf**2xtanh(e + f*xx) + 4xa*xf*x2), Ne(f, 0)), ((c*x + d*x**2/2)
/(axcoth(e) + a), True))

Giac [A]

time = 0.42, size = 62, normalized size = 0.84

(2df?z2e?f2+20) 4 4 cf2zef2+2¢) 4 2dfx + 2cf + d)el-2f7-2¢)
8af?
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)/(a+a*coth(f*x+e)),x, algorithm="giac")
[Out] 1/8%(2%d*xf~2%x"2%e”~ (2%xf*xx + 2%e) + 4dxc*xf " 2xx*e” (2xf*x + 2%e) + 2kxd*xf*xx + 2%
cxf + d)*e” (-2xf*xx - 2%e)/(axf"2)

Mupad [B]
time = 1.26, size = 76, normalized size = 1.03

djcf
dT“CQ+(§+if)x 4}‘22—x<g—§)+x(g+ﬁ>
a+ acoth(e+ fx)

a
Verification of antiderivative is not currently implemented for this CAS.

[In] int((c + d*x)/(a + a*coth(e + f*x)),x)
[Out] (x*x(c/2 + d/(4xf)) + (d*x"2)/4)/a - ((d/4 + (cx£f)/2)/f"2 - x*x(c/2 - d/(4xf)
) + xx(c/2 + d/(4xf)))/(a + a*coth(e + f*xx))
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1
3 . 19 f (c—l—dx) (a+a coth(6+f$)) dx

Optimal. Leaf size=157

_cosh (2e — 2¢/) Chi(% + 2fx) +log(c + dw)_l_Chi(% +2fz) sinh (2e — 24/ +cosh (2 — 2¢/) Shi (%L +
2ad 2ad 2ad 2ad

[Out] -1/2*Chi(2*c*f/d+2*f*x)*cosh(-2*e+2xc*f/d)/a/d+1/2*1n(d*x+c)/a/d+1/2*cosh(-
2xe+2xc*xf/d) *Shi (2%c*f/d+2xf*x) /a/d-1/2*%Chi (2*c*xf/d+2*f*x) *sinh (-2*e+2*c*xf/
d)/a/d+1/2*Shi (2*c*f/d+2*f*x)*sinh (-2%e+2xc*f/d) /a/d

Rubi [A]
time = 0.20, antiderivative size = 157, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.200,

steps used = 7, number of rules used = 4, integrand size = 20,
Rules used = {3807, 3384, 3379, 3382}

Chi(2zf + %) sinh (2¢ — %) Chi(2zf + %) cosh (2¢ — %)  sinh (2¢ — %) Shi(2zf + %) N cosh (2e — %) Shi(2z f + %) + log(c + dz)
2ad 2ad 2ad 2ad 2ad

Antiderivative was successfully verified.

[In] Int[1/((c + d*x)*(a + a*xCoth[e + f*x])),x]

[Out] -1/2%(Cosh[2*e - (2%cxf)/d]*CoshIntegral [(2xc*f)/d + 2xf*x])/(a*d) + Loglc
+ dxx]/(2*axd) + (CoshIntegral[(2xcxf)/d + 2*f*x]*Sinh[2%e - (2*cxf)/d])/(2
xaxd) + (Cosh[2*e - (2xcxf)/d]*SinhIntegral [(2xc*f)/d + 2*xf*x])/(2%axd) - (
Sinh[2xe - (2%c*f)/d]*SinhIntegral [(2*c*f)/d + 2*xf*x])/(2xaxd)

Rule 3379

Int[sin[(e_.) + (Complex[0, fz_1)*(f_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbo

1] :> Simp[I*(SinhIntegral [cxf*(fz/d) + fxfzxx]/d), x] /; FreeQl{c, d, e, £
, Tz}, x] && EqQ[d*e - cxf*fzxI, 0]

Rule 3382

Int[sin[(e_.) + (Complex[0, fz_1)*(f_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbo
1] :> Simp[CoshIntegral [cxf*(fz/d) + fxfzxx]/d, x] /; FreeQ[{c, d, e, f, fz
}, x] && EqQld*(e - Pi/2) - cxf*fzxI, 0]

Rule 3384

Int[sinl(e_.) + (£_.)*(x_)]1/((c_.) + (d_.)*(x_)), x_Symbol] :> Dist[Cos[(d*
e - cxf)/d], Int[Sin[cx(f/d) + f*x]/(c + d*xx), x], x] + Dist[Sin[(d*e - cx*f
)/d], Int[Cos[c*(f/d) + f*x]/(c + d*x), x], x] /; FreeQ[{c, d, e, f}, x] &&
NeQ[d*e - c*xf, 0]

Rule 3807
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Int[1/(((c_.) + (d_.)*(x_))*((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)])), x_Symb
0l] :> Simp[Logl[c + d*x]/(2*a*d), x] + (Dist[1/(2%a), Int[Cos[2*e + 2xf*x]/
(c + d*x), x], x] + Dist[1/(2%b), Int[Sin[2*e + 2xf*x]/(c + d*x), x], x]) /
; FreeQ[{a, b, c, 4, e, £}, x] && EqQ[a"2 + b~2, 0]

Rubi steps
.  sin(2(ie+%)+2ifz cos(2(ie+ T )+2ifx
1 x:log(c+dz)+zf ((c+1212: )dx_i_f ((c-l-czlaz Lz
(c+dz)(a+ acoth(e+ fx)) 2ad 2a 2a

%f cosh(%—i—fo) % ‘
og(e+da) _cosh (20— %) [ EE . conh (20— %) |
2ad 2a 2
__cosh (2e — %) Chi (% + 2f7) N log(c + dz) N Chi(%f +2fz) s
2ad 2ad 2ac¢

Mathematica [A]
time = 0.20, size = 122, normalized size = 0.78

csch(e + fz)(cosh(fz) + sinh(fz)) (log(f(c + dz))(cosh(e) + sinh(e)) + Chi(@) (—cosh (e — 2¢) + sinh (e — Zf)) + (cosh (e — %) —sinh (e — 2¥)) Shi(Lﬂm))
2ad(1 + coth(e + fz))

Antiderivative was successfully verified.

[In] Integrate[1/((c + d*x)*(a + a*Coth[e + f*x])),x]

[Out] (Csch[e + f*x]*(Cosh[f*x] + Sinh[fx*x])*(Log[f*(c + d*x)]*(Cosh[e] + Sinh[el
) + CoshIntegral [(2xf*(c + d#*x))/d]l*(-Cosh[e - (2*cxf)/d] + Sinh[e - (2%cxf
)/d]) + (Cosh[e - (2*c*f)/d] - Sinh[e - (2%c*f)/d])*SinhIntegral [(2xf*(c +
d*x))/d]))/(2%axd*(1 + Coth[e + f*x]))

Maple [A]
time = 10.85, size = 61, normalized size = 0.39

method | result size
2cf—2de 2cf—2de
X 1 e d explntegral ( 1,2 fz+2e+ ==L ==25
risch n(dete) | ( ) 61
2ad 2ad

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(d*x+c)/(at+a*coth(f*x+e)),x,method=_RETURNVERBOSE)
[Out] 1/2*1n(d*x+c)/a/d+1/2/a/d*exp(2*(cxf-dxe)/d)*Ei(1,2*f*x+2%e+2* (cxf-d*e)/d)
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Maxima [A]
time = 0.40, size = 49, normalized size = 0.31

2¢f _ € T+C
e( T >E1<W> N log (dx + ¢)
2ad 2ad

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c)/(ata*coth(f*x+e)),x, algorithm="maxima")
[Out] 1/2*%e~(2xcxf/d - 2*e)*exp_integral_e(1l, 2*(d*x + c)*f/d)/(axd) + 1/2%log(d*
x + c)/(a*xd)

Fricas [A]
time = 0.34, size = 88, normalized size = 0.56

Ei(_Z(df:;+cf)> cosh (_2(cf—dcoshg.)—dsinh(l))) _ Ei(_Q(dfn(cj+cf)> sinh (_2(cf—dcosh(dl)—dsinh(1))> _ lOg (de —|—C)
B 2ad

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c)/(ata*coth(f*x+e)),x, algorithm="fricas")

[Out] -1/2%(Ei(-2*(d*f*xx + c*f)/d)*cosh(-2x(c*f - d*cosh(1l) - d*sinh(1))/d) - Ei(
-2x(d*f*x + c*f)/d)*sinh(-2*(c*f - d*cosh(1) - d*sinh(1))/d) - log(d*x + c)

)/ (axd)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

dz

1
f ccoth (e+fx)+c+dz coth (e+ fz)+dz
a

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(1/(d*x+c)/(ata*coth(f*x+e)),x)
[Out] Integral(1l/(c*coth(e + f*x) + c + d*x*coth(e + f*x) + d*x), x)/a

Giac [A]
time = 0.42, size = 48, normalized size = 0.31

(E:l(_w) e<2;f> — 6(26) ]_og (dx + C)) e(_ze)

2ad

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c)/(at+a*coth(f*x+e)),x, algorithm="giac")
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[Out] -1/2%(Ei(-2*(d*f*x + cxf)/d)*e” (2*c*xf/d) - e~ (2*xe)*log(d*x + c))*e~(-2*e)/(
axd)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

1
d
/ (a+acoth(e+ fz) (c+dz)
Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/((a + a*coth(e + f*xx))*(c + d*x)),x)
[Out] int(1/((a + a*coth(e + f*x))*(c + d*x)), x)
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1
3.20 f (c+dz)?(a+a coth(e+fx)) dx
Optimal. Leaf size=159
f cosh (26 — Q%f) Chi(% + 2fx) 1 fChi(% + Qfx) sinh (26 — Q%f) f cos
ad? ~d(c+dz)(a+ acoth(e + fz)) ad? B

[Out] f*Chi (2%cxf/d+2*xf*x)*cosh(-2xe+2*c*xf/d)/a/d~2-1/d/ (d*x+c)/(a+a*xcoth(f*x+e))
—fxcosh(-2xe+2*xcxf/d) *Shi (2xcxf/d+2xf*x) /a/d~2+f*Chi (2xc*f/d+2*f*x) *sinh (-2
xe+2xcxf/d) /a/d"2-f*Shi (2xc*f/d+2*f*x) *sinh (-2*e+2xc*xf/d) /a/d"2

Rubi [A]
time = 0.17, antiderivative size = 159, normalized size of antiderivative = 1.00, number of

number of rules __
integrand size 0.200,

steps used = 7, number of rules used = 4, integrand size = 20,
Rules used = {3805, 3384, 3379, 3382}

fChi(2zf + %) sinh (2e — %) N fChi(2zf + %f) cosh (2e — 2F) N fsinh (2¢ — %) Shi(2zf + %) fcosh (2¢ — Zf) Shi(2zf + Zf) 1
ad? ad? ad? ad? d(c+ dz)(acoth(e + fz) +a)

Antiderivative was successfully verified.
[In] Int[1/((c + d*x)~2x(a + a*xCoth[e + f*x])),x]

[Out] (fxCosh[2*e - (2%c*f)/d]*CoshIntegral [(2*c*xf)/d + 2xf*x])/(a*d"2) - 1/(d*(c
+ dxx)*(a + axCoth[e + f*x])) - (f*CoshIntegral[(2*cxf)/d + 2*f*x]*Sinh[2%

e - (2xcxf)/d])/(axd”2) - (f*Cosh[2*e - (2xcxf)/d]*SinhIntegral [(2*cx*f)/d +
2+f*x])/(axd”2) + (£*Sinh[2*e - (2%c*f)/d]*SinhIntegral [(2xc*xf)/d + 2*f*x]

)/ (axd~2)

Rule 3379

Int[sin[(e_.) + (Complex[0, fz_1)*(f_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbo
1] :> Simp[I*(SinhIntegral [cxf*(fz/d) + fxfzxx]/d), x] /; FreeQl{c, d, e, £
, Tz}, x] && EqQ[d*e - cxf*xfzxI, 0]

Rule 3382

Int[sin[(e_.) + (Complex[0, fz_1)*(f_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbo
1] :> Simp[CoshIntegral [cxf*(fz/d) + fxfzxx]/d, x] /; FreeQl{c, d, e, f, fz
}, x] && EqQld*(e - Pi/2) - cxf*fzxI, 0]

Rule 3384

Int[sin[(e_.) + (£_.)*(x_)]1/((c_.) + (d_.)*(x_)), x_Symbol] :> Dist[Cos[(d*
e - cxf)/d], Int[Sin[c*(f/d) + f*x]/(c + d*x), x], x] + Dist[Sin[(d*e - c*f
)/d], Int[Cos[cx(f/d) + fxx]/(c + d*x), x], x] /; FreeQl{c, d, e, f}, x] &&
NeQ[d*e - cxf, 0]
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Rule 3805

Int[1/(((c_.) + (d_.)*(x_))"2x((a_) + (b_.)*tan[(e_.) + (f_.)*x(x_)]1)), x_Sy
mbol] :> -Simp[(d*(c + d*x)*(a + b*Tan[e + f*x]))~(-1), x] + (-Dist[£f/(axd)
, Int[Sin[2%e + 2%fxx]/(c + d*x), x], x] + Dist[f/(bxd), Int[Cos[2%e + 2xfx*
x]/(c + d*x), x], x]) /; FreeQ[{a, b, c, d, e, £}, x] && EqQ[a~2 + b~2, 0]

Rubi steps
1 e 1 (i) J e gy g
(c+dz)*(a+ acoth(e + fz)) d(c+ dz)(a + acoth(e + fz)) ad

c cosh % 2f

B : (ot (26— 2)) =0

d(c+ dz)(a + acoth(e + fz)) ad
_ fcosh (26 — 2—?) Chi(z—zt + 2fac) 1
B ad? ~ d(c+ dz)(a+ acoth(e + fz))

Mathematica [A]
time = 0.55, size = 206, normalized size = 1.30

csch(e + fz) (cosh (%) + sinh () (d(cosh (e + £(=5 +)) = cosh (e + £(5 +)) +sinh (e + F(=5 +3)) +sinh (e + /(5 +))) +2(c + do)Chi 521 (= cosh (e — £542) 4 sinh (& = L=522)) 27 (c + da) (cosh (e — L) — sinh (& — L)) gpi (e ) )
2ad?(c + dz)(1 + coth(e + [2))

Antiderivative was successfully verified.

[In] Integrate[1/((c + d*x)~2*(a + a*Coth[e + f*x])),x]

[Out] -1/2%(Cschle + f*x]*(Cosh[(c*f)/d] + Sinh[(c*f)/d])*(d*(Cosh[e + fx(-(c/d)
+ x)] - Cosh[e + fx(c/d + x)] + Sinh[e + fx(-(c/d) + x)] + Sinh[e + f*(c/d

+ x)]) + 2%f*(c + d*x)*CoshIntegral [(2xf*(c + d*x))/d]l*(-Cosh[e - (fx(c + d
*x))/d] + Sinh[e - (fx(c + d*x))/d]) + 2xf*x(c + d*x)*(Cosh[e - (fx(c + d*x)

)/d] - Sinh[e - (f*(c + d*x))/d])*SinhIntegral [(2xf*(c + d*x))/d]))/(axd~2*

(c + d*x)*(1 + Coth[e + f*x]))

Maple [A]
time = 10.34, size = 91, normalized size = 0.57

method | result size

2cf—2de B
fe—2fz—2e fe d eprntegral(l,fo+2e+$d2de)

. 1
risch " 2d(dz+c)a + 2ad(dzftcf) ad®

91

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(d*x+c)~2/(at+a*coth(f*x+e)),x,method=_RETURNVERBOSE)
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[Out] -1/2/d/(d*x+c)/a+1/2xf/axexp(-2*f*x—2xe)/d/ (d*f*x+c*f)-f/a/d"2*exp (2% (cxf-d
*xe) /d) *Ei (1, 2%f*xx+2*%e+2*x (cxf-d*e) /d)

Maxima [A]
time = 0.50, size = 57, normalized size = 0.36

e<22f_2e>E2(2(da:d~l—c)f>
) + 2(dz + c)ad

1
 2(ad?z + acd

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c)~2/(a+a*coth(f*x+e)),x, algorithm="maxima")

[Out] -1/2/(axd"2*x + axc*d) + 1/2%e”(2*c*f/d - 2%e)*exp_integral e(2, 2x(d*x + c
)x£/d) /((d*x + c)*ax*d)

Fricas [A]

time = 0.36, size = 247, normalized size = 1.55

(@ + cf)Bi(~245220) cosh (£ + cosh (1) + sinh (1)) cosh (— 2el=bemb=Adsbl ) . ((gfiz 4 f) i~ 25521 cosh (— 2o/l )
(o + ac) cosh (2 + cosh (1) + sinh (1))

1) — d) sinh (£ + cosh (1) + sinh (1)) — ((dfr + cfm(f-"*"d“”) cosh (f + cosh (1) + sinh (1)) + (dfe + cf)Ei (7Lf”) sinh (fz + cosh (1) + sinh u)\,) sinh (7 Lol ]
+ (ad® + acd?) sinh (fz + cosh (1) + sinh (1))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c)~2/(ata*coth(f*x+e)),x, algorithm="fricas")

[Out] ((d*f*x + cxf)*Ei(-2*(d*f*x + c*f)/d)*cosh(f*x + cosh(1l) + sinh(1))*cosh(-2
*(c*f - d*cosh(1l) - d*sinh(1))/d) + ((d*fxx + c*xf)*Ei(-2*(d*f*x + cxf)/d)*c
osh(-2x(c*f - d*cosh(1) - d*sinh(1))/d) - d)*sinh(f*x + cosh(1l) + sinh(1))

- ((dxf*x + c*f)*Ei(-2*(d*f*x + c*f)/d)*cosh(f*x + cosh(1) + sinh(1)) + (d*

f*x + c*xf)*Ei(-2x(d*f*x + cxf)/d)*sinh(f*x + cosh(1l) + sinh(1)))x*sinh(-2*(c

*f — d*cosh(1l) - d*sinh(1))/d))/((a*d~3*x + a*c*d~2)*cosh(f*x + cosh(l) + s
inh(1)) + (a*xd™3*x + a*c*d”~2)*sinh(f*x + cosh(1) + sinh(1)))

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

dx

1
f c? coth (e+ fz)+c2+42cdz coth (e+ fx)+2cdz+d2 2 coth (e+ fx)+d2 z2
a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c)**2/(ata*xcoth(f*x+e)),x)

[Out] Integral(1l/(c**2*coth(e + f*x) + c**2 + 2*ckd*x*xcoth(e + f*x) + 2kcxd*x + d
*xkkxkk2kcoth(e + f*x) + dkx2kx**2), x)/a

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 321 vs. 2(159) =

318.
time = 0.44, size = 321, normalized size = 2.02

. . 2o (gt +1)
(2 (o4 0) (2 — 2 4 f) ,%,M) o(-25) _ zdefE(,M) o(-2552) HUE(,M) o(-2552) M,ze( selbe)) ,dfz) @

Fr=>

2 ((do + c)ad' (72 — 724 + f) — adPe + acd'f)

Tre
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c)~2/(ata*coth(f*x+e)),x, algorithm="giac")

[Out] 1/2*(2*%(d*x + c)*(d*e/(d*x + c) - cxf/(d*x + c) + £)*f"2+Ei(-2*x((d*x + c)*(
dxe/(d*x + c) - c*xf/(d*x + c) + f) - dxe + cxf)/d)*e”(-2*%(d*e - c*f)/d) - 2
*dxexf~2+Ei (-2*x((d*x + c)*(d*e/(d*x + c) - c*f/(d*x + c) + f) - d*xe + cxf)/

d)*xe” (-2x(d*xe - c*f)/d) + 2*c*f~3*Ei(-2x((d*x + c)*(d*e/(d*x + c) - cxf/(dx*

X + c) + f) - d¥e + c*xf)/d)*e” (-2x(d*e - cxf)/d) + d*xf~2*xe” (-2*x(d*x + c)*(d
xe/(d*x + ¢c) - cxf/(d*x + c) + f)/d) - d*xf~2)*d"2/(((d*x + c)*a*xd~4*(d*e/(d

*x + ¢c) - cxf/(d*x + c) + f) - a*d"5xe + akxc*d 4xf)x*f)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01
1

/(a—l—acoth(e—l—fx)) (c+dx)? d

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/((a + a*coth(e + f*x))*(c + d*x)~2),x)
[Out] int(1/((a + a*coth(e + f*x))*(c + d*x)~2), x)
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1
3.21 f (c+dz)?(a+a coth(e+fx)) dx
Optimal. Leaf size=211
f f? cosh (2e — %) Chi (%, + 2fx) 1 f
 2ad?(c +dz) ad? ~ 2d(c + dz)2(a + acoth(e + fz)) +d2(c + dx)(a + a cot

[Out] -1/2xf/a/d~2/(d*x+c)-f~2*%Chi (2*c*f/d+2*f*x)*cosh(-2*e+2xcxf/d) /a/d"3-1/2/4/
(d*x+c) "2/ (ata*coth(f*x+e))+f/d~2/ (d*x+c)/ (ata*coth(f*x+e) ) +f~2xcosh (-2*e+2
*xcxf/d) *Shi (2xcxf/d+2*f*x) /a/d"3-f"2*Chi (2*c*f/d+2xf*x) *sinh (-2xe+2*c*f/d) /
a/d"3+f~"2*Shi (2*xc*f/d+2*f*x) *sinh (-2*e+2*c*xf/d) /a/d"~3

Rubi [A]
time = 0.22, antiderivative size = 211, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.250,

steps used = 8, number of rules used = 5, integrand size = 20,
Rules used = {3806, 3805, 3384, 3379, 3382}

f2Chi(2¢f + %) sinh (2e — %) f2Chi(2¢f + %) cosh (2¢ — %)  f?sinh (2¢ — %) Shi(2zf + %) . f? cosh (2¢ — 24) Shi(2zf + 2f) N f B f B 1
ad® ad® ad® ad® d*(c+ dz)(acoth(e + fz) +a)  2ad*(c+dz) 2d(c+ dz)?*(acoth(e + fz) +a)

Antiderivative was successfully verified.
[In] Int[1/((c + d*x)~3*(a + a*Coth[e + f*x])),x]

[Out] -1/2%f/(axd"2*(c + d*x)) - (£"2*%Cosh[2xe - (2*c*f)/d]*CoshIntegral [(2*cx*f)/
d + 2xf*xx])/(a*d~3) - 1/(2*d*(c + d*x)~2x(a + a*Coth[e + f*x])) + £/(d"2*(c

+ dxx)*(a + axCoth[e + f*x])) + (£"2xCoshIntegral[(2xc*f)/d + 2*f*x]*Sinh[

2xe - (2xcxf)/d])/(axd~3) + (£72xCosh[2%e - (2*c*f)/d]*SinhIntegral [(2*c*f)

/d + 2xfxx])/(axd~3) - (£72xSinh[2%e - (2%c*f)/d]*SinhIntegral [(2*c*f)/d +
2xf*x])/(a*d"3)

Rule 3379

Int[sin[(e_.) + (Complex[0, fz 1)*(f_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbo
1] :> Simp[I*(SinhIntegral [cxf*(fz/d) + fxfzxx]/d), x] /; FreeQl{c, d, e, £
, £z}, x] && EqQ[d*e - c*fxfzxI, 0]

Rule 3382

Int[sin[(e_.) + (Complex[0, fz_1)*(f_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbo
1] :> Simp[CoshIntegral [cxf*(fz/d) + f*fzxx]/d, x] /; FreeQ[{c, d, e, f, fz
}, x] && EqQ[dx(e - Pi/2) - c*fxfzxI, 0]

Rule 3384

Int[sin[(e_.) + (£_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Dist[Cos[(d*
e — cxf)/d], Int[Sin[cx(f/d) + f*x]/(c + d*x), x], x] + Dist[Sin[(d*e - cx*f
)/d], Int[Cos[cx(f/d) + f*x]/(c + d*x), x], x] /; FreeQl{c, d, e, f}, x] &&
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NeQ[d*e - cxf, 0]

Rule 3805

Int[1/(((c_.) + (d_.)*(x_))"2x((a_) + (b_.)*tan[(e_.) + (f_.)*(x_)]1)), x_Sy
mbol] :> -Simp[(d*(c + d*x)*(a + bxTan[e + f*x]))~(-1), x] + (-Dist[f/(a*xd)
, Int[Sin[2*%e + 2%fxx]/(c + d*x), x], x] + Dist[f/(bxd), Int[Cos[2%e + 2xfx*
x]/(c + d*x), x], x]) /; FreeQ[{a, b, c, 4, e, f}, x] && EqQ[a"2 + b~2, 0]

Rule 3806

Int[((c_.) + (d_.)*(x_))"(m_)/((a_) + (b_.)*tan[(e_.) + (f_.)*(x_)]), x_Sym
bol] :> Simp[f*((c + d*x)"(m + 2)/(b*d™2*(m + 1)*(m + 2))), x] + (Dist[2xbx*
(f/(axd*(m + 1))), Int[(c + d*x)"(m + 1)/(a + b*Tan[e + f*x]), x], x] + Sim
pl(c + d*x)"(m + 1)/(d*(m + 1)*(a + bxTan[e + f*x])), x]) /; FreeQ[{a, b, c
, d, e, f}, x] && EqQ[a"2 + b~2, 0] &% LtQ[m, -1] && NeQ[m, -2]

Rubi steps
1 PR S L ) Gares
(c+ dz)3(a+ acoth(e + fx)) 2ad?(c+dz) 2d(c+ dx)?(a + acoth(e + fz)) a
Y 1 N
~ 2ad?(c+dx) 2d(c+dz)?(a+ acoth(e + fz))  d2(c+dz)(a-
Y 1 N
~ 2ad?(c+dz) 2d(c+dx)%(a+acoth(e+ fx)) = d2(c+dz)(a-
B f f? cosh (2e — 2¢L) Chi(%L + 2fz)
~ 2ad?(c+ dx) ad3 2d(c + dz)?

Mathematica [A]
time = 0.76, size = 265, normalized size = 1.26

) (cosh () + sinh () (d(dcosh (e + (=5 + 2)) + (=d+ 2ef +2dfa) cosh (e + £ (5 +)) + dsinb (e + f(—5 +)) +dsin (e+ /(5 +1)) = 2cf sinh (e + £ (5+ 2)) = 2dfzsinh (e + (5 + 7)) + 4/c + dr)Chi( 2521 (cosh (e = 452) — sinh (e — 4520} 442 (c+ do)? (—cosh (e = L52) + sk (o — L2 ) ) i (222 )

Antiderivative was successfully verified.

[In] Integratel[1/((c + d*x)~3x(a + a*Coth[e + f*x])),x]

[Out] -1/4%(Cschle + f*x]*(Cosh[(c*f)/d] + Sinh[(c*f)/d])*(d*(d*Cosh[e + fx(-(c/d
) + x)] + (-d + 2%c*f + 2xd*f*x)*Cosh[e + f*(c/d + x)] + d*Sinh[e + fx(-(c/
d) + x)] + dxSinh[e + fx(c/d + x)] - 2xc*f*Sinh[e + fx(c/d + x)] - 2*d*xf*xx*
Sinh[e + fx(c/d + x)]) + 4*f~2x(c + dx*x) " 2xCoshIntegral [(2xf*(c + d*x))/d]*
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(Cosh[e - (fx(c + d*x))/d] - Sinh[e - (f*x(c + d*x))/d]) + 4xf~2x(c + d*x)~2
*x(-Cosh[e - (fx(c + d*x))/d] + Sinh[e - (fx(c + d*x))/d])*SinhIntegral [(2xf

*(c + d*x))/d]))/(axd~3x(c + d*x)"2*%(1 + Coth[e + f*xx]))

Maple [A]
time = 10.43, size = 210, normalized size = 1.00
method | result
9 2cf—2de
sch 1 f3e—2fa—2¢y _ f3e—2fr—2¢, I 2—2fz—2e n ffe d
IS¢ T Zed(dato)? | 2ad(d2a’f212cd [Patc3f?) | 2ad2(dPa2f72cd [2o 42 f?) | dad(dZa? f242cd ot et f2)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(d*x+c)~3/(at+ta*coth(f*x+e)),x,method=_ RETURNVERBOSE)

[Out] -1/4/a/d/(d*x+c) ~2-1/2xf~3/a*exp (-2*xf*x-2%e) /d/ (A" 2%~ 2%x"2+2xc*d*f ~2*x+Cc~2
*x£72) xx-1/2%f"3/axexp (—2*f*x-2%e) /d~2/ (d"2*%£ " 2*x"2+2*kcxd*f ~2*x+c"2%xf"2) xc+1
/4*£72/axexp (—2xf*xx-2%e) /d/ (A" 2*%f " 2%x"2+2*ckd*f " 2*x+c"2*x£"2) +£72/a/d"3*exp (

2% (cxf-d*xe) /d) *Ei (1,2%f*xx+2%e+2% (cxf-d*xe) /d)

Maxima [A]
time = 0.65, size = 69, normalized size = 0.33

) e(2§f—26)E3<2(dx;-0)f)

4 (ad?z? + 2 acd?z + ac*d) * 2 (dz + ¢)’ad

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c)~3/(ataxcoth(f*x+e)),x, algorithm="maxima")
[Out] -1/4/(a*d"3*x"2 + 2*akxckd™2*%x + axc™2*%d) + 1/2xe~(2*c*f/d - 2%e)*exp_integr
al e(3, 2x(dxx + c)*£f/d)/((d*x + c) 2xa*xd)

Fricas [A]
time = 0.35, size = 380, normalized size = 1.80

i oz + )i - 2
e

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c)~3/(ata*coth(f*x+e)),x, algorithm="fricas")

[Out] -1/2%(2%(d"2*f~2*%x"2 + 2xckxd*f~2*x + c~2*f"2)*Ei (-2*(d*f*x + c*f)/d)*cosh(f
*x + cosh(1) + sinh(1))x*cosh(-2x(c*f - d*cosh(1l) - d*sinh(1))/d) + (d"2xf*x

+ cxd*f)*cosh(f*x + cosh(1) + sinh(1)) - (d~2*fxx + cxd*f - 2% (d"2*f72*x"2

+ 2kckd*xf~2xx + c”2*%f72)*Ei (2% (d*f*x + c*xf)/d)*cosh(-2*(c*f - d*cosh(1l) -
d*sinh(1))/d) - d"2)*sinh(f*x + cosh(1l) + sinh(1)) - 2%((d"2*f"2*x"2 + 2x*c
*d*xf~2%x + ¢ 2xf"2)*Ei (-2x (d*f*x + c*xf)/d)*cosh(f*x + cosh(l) + sinh(1)) +
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(d™2*%f72%x72 + 2kc*d*f~2xx + c”2*%f"2)*Ei (-2* (d*f*x + c*f)/d)*sinh(f*x + cos
h(1) + sinh(1)))*sinh(-2*(c*f - d*cosh(1l) - d*sinh(1))/d))/((axd~5xx~2 + 2%
axcxd~4*xx + a*c”2xd"3)*cosh(f*x + cosh(1l) + sinh(1)) + (a*d"5*x"2 + 2*a*c*d
“4xx + axc”2xd"3)*sinh(f*x + cosh(l) + sinh(1)))

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

dz

1
f c3 coth (e+fz)+c3+3c2dx coth (e+ fz)+3c2dz+3cd?z? coth (e+ fz)+3cd?z2+d3z3 coth (e+ fz)+d3z3
a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c)**3/(ataxcoth(f*x+e)),x)

[Out] Integral(1l/(c**3*coth(e + f*x) + c**3 + 3*c*kx2*d*x*kcoth(e + f*x) + 3*c*k*2%d
*X + 3kxckdxx2*xx*kk2xcoth(e + f*xx) + 3kckd**x2xx**2 + d**3*kx**3*coth(e + f*x)

+ d**3*x**3), x)/a

Giac [A]
time = 0.45, size = 175, normalized size = 0.83

4d2f2x2Ei(_2(deZ+cf)) e(%) + Scdein(_Z(dfa;-Fcf)) 8(¥) + 402f2Ei(_2(ded+cf)> 8(%) ) dexe(—Zfz) ) Cdfe(—Zfz) — d2e(-212) 4 2¢(2€)
a 4 (adbz%e(®) + 2 acdize®e) + ac?d3e(29))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c) 3/ (at+a*coth(f*x+e)),x, algorithm="giac")

[Out] -1/4%(4%d"2%f"2%x"2*Ei (-2% (d*f*xx + c*f)/d)*e” (2%cxf/d) + 8kxcxd*xf 2*xx*Ei (-2%
(dxf*xx + c*xf)/d)*e~(2*xcxf/d) + 4xc™2xf~2xEi(-2x(dxf*xx + c*xf)/d)*xe~ (2*c*xf/d)

+ 2%d"2kfxx*ke” (—2%f*xx) + 2kcxdxfxe”(-2%f*xx) - d"2xe” (-2xf*x) + d~2%e”(2*e)

)/ (a*xd~5*x"2xe~ (2%e) + 2kaxckd~4dxx*xe” (2%xe) + axc”2*xd"3*e” (2*xe))

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/ ! dx
(a +acoth(e+ fz)) (c+dz)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/((a + a*coth(e + f*xx))*(c + d*x)~3),x)
[Out] int(1/((a + a*coth(e + f*x))*(c + d*x)~3), x)
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(c+dz)3
3.22 f (a+a coth(e+fx))? dx

Optimal. Leaf size=230

B 3d3e—de—4f N 3d3e2e—2f= B 3d?e 4% (c + dx) 3d%e2¢72/%(c + dx) B 3de e 4% (c + dx)? 3de2¢2f%(
512a2 f4 16a2 f4 128a2 f3 8a2 f3 64a? f? 8a? f

[Out] -3/512%d~3*exp(-4*f*x-4*e)/a~2/f~4+3/16*d"3*exp(-2*f*x-2%e) /a~2/f~4-3/128*d
~2xexp (—4*f*x-4*e)* (d*x+c) /a~2/£73+3/8%d"2*xexp (-2xf*x-2%e) * (d*x+c) /a~2/£"3-
3/64xdxexp (-4*f*x-4*e) *x (d*x+c) “2/a~2/f72+3/8*d*exp (-2*f*xx-2xe) * (d*xx+c) ~2/a"
2/£72-1/16xexp (—4*f*x-4*e) * (d*x+c) ~3/a"2/f+1/4*exp (-2*%f*x-2%e) * (d*x+c)~3/a”
2/f+1/16x(d*x+c)~4/a"2/d

Rubi [A]

time = 0.19, antiderivative size = 230, normalized size of antiderivative = 1.00, number of

number of rules _ 15
integrand size ’

steps used = 10, number of rules used = 3, integrand size = 20,
Rules used = {3810, 2207, 2225}

3d%(c+dz)e 4 3d%(c+ dw)e 2 _ 3d(c+ dz)2e~t=4*  3d(c+dx)?e727T (c+dz)letT (c+dz)le T (c+da)t  3dleteifT 3Pe22e

128a2 3 * 8a2f3 64a2 f2 + 8a2f? 16a2f + 4a?f + 16a2d  512a%f4 * 16a2 f*

Antiderivative was successfully verified.
[In] Int[(c + d*x)~3/(a + a*Cothl[e + f*x])~2,x]

[Out] (-3*d~3*E~(-4%e - 4%f*x))/(512%a~2%f~4) + (3*%d~3*E~(-2%e - 2%fxx))/(16%a”~2%
£74) - (3*d"2+E~(-4*e - 4xfxx)*(c + d*x))/(128%a~2xf~3) + (3*d"2*E~(-2%e -
2+%fxx)*x(c + d*x))/(8*%a"2+%f~3) - (3*d*E~(-4*e - 4xfxx)*(c + d*x)~2)/(64*a~2x*

£72) + (3*d*E~(-2xe - 2*f*x)*(c + d*x)"2)/(8*a"2+%f~2) - (E~(-4*e - 4x*xf*x)*(

c + d*x)~3)/(16%a~2%f) + (E~(-2%e - 2xfxx)*(c + d*x)~3)/(4*a~2*xf) + (c + dx*

x) "4/ (16xa~2x%d)

Rule 2207

Int [((b_.)*(F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)*((c_.) + (d_.)*(x_)) " (m
_.), x_Symbol] :> Simp[(c + d*x) m*((b*F~(gx(e + £*x))) n/(f*gxn*xLog[F]l)),
x] - Dist[d*(m/(f*g*n*Log[F])), Int[(c + d*x)"(m - 1)*(b*F~(gx(e + £*x))) n
, x1, x]1 /; FreeQ[{F, b, c, d, e, f, g, n}, x] && GtQ[m, 0] && IntegerQ[2+*m
] & !TrueQ[$UseGamma]

Rule 2225

Int[((FL)~((c_)*((a_.) + (b_.)*(x_))))"(n_.), x_Symbol] :> Simp[(F~(cx(a +
b*x))) “n/(b*c*n*xLog[F]), x] /; FreeQ[{F, a, b, c, n}, x]

Rule 3810

Int[((c_.) + (d_)*(x_))"(m_)*((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)])"(n ),
x_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (1/(2*a) + E~(2*(a/b)*(e + fx
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x))/(2*%a))~(-n), x], x] /; FreeQ[{a, b, c, d, e, f, m}, x] && EqQ[a”2 + b™2
, 0] && ILtQ[n, 0]

Rubi steps
(c+dz)? _ / ((c +dz)3 N e (c+dx)® e (e + dx)3> "
(a + acoth(e + fx))?2 4a? 4a? 2a?
_(e+dz)t  [et e (ct+dr)Pde [e 2 H(c+dx)da
~ 16a2d 4a? B 2a?
et 4o (c+ dx)? e (et dx)®  (c+dr)t  (3d) [e e (c+
T 16a2f 4a2f 16a2d 16a2f
3de—4e—4fx(c + de‘)2 3de—26—2fx(c + dw)Q e—4e—4fx(c + d$)3 6—26—2‘
B 64a2 f2 8a? f2 B 16a2f
3d’e~te=42(c +dz) 3d%e727*(c+dx) 3de ¢ U(c+dx)? 3de
B 128a2 f3 8a2f3 B 64a2 f2 +
_ 3d3e—4e—4f9: 3d3e—2e—2fz 3d2€—4e—4f9: (C + dl’) 3d2e—2e—2fz (C + d.’E)
T 512a%f4 T 62 2 12842 f3 8a2 f3

Mathematica [A]
time = 0.52, size = 420, normalized size = 1.83

Antiderivative was successfully verified.

[In] Integrate[(c + d*x)~3/(a + axCoth[e + f*x])~2,x]

[Out] (Cschle + f*x]~“2*(Cosh[f*x] + Sinh[f*x]) 2% ((4*xc~3*f"3 + 6xc~2xd*f "2x(1 + 2
*f*x) + 6kckd"2kFk (1 + 2xfxx + 2%f72%x72) + d"3*%(3 + 6xf*x + 6xf~2*%x"2 + 4%
£f~3*%x"3) ) *Cosh[2xf*x] + ((32%c™3*f~3 + 24xc™2xd*f 2+ (1 + 4*f*x) + 12%kc*xd™2x*

fx(1 + 4xf*x + 8xf~2%x72) + d"3*%(3 + 12xf*xx + 24*xf~2*xx"2 + 32xf~3*x"3))*Cos
h[4*xf*x]*(-Cosh[2*e] + Sinh[2%e]))/32 + f~4*x*x(4*c™3 + 6*c~2xd*x + 4xcxd”~2*

X"2 + d”3*x73)*(Cosh[2*e] + Sinh[2*e]) - (4*c™3*f~3 + 6xc”2*d*f 2% (1 + 2*fx*

X) + 6xcxd"2xfx (1 + 2%f*x + 2%f"2%x"2) + d"3%(3 + 6*f*x + 6%f"2%x"2 + 4*f~3
*x73) ) *Sinh [2*f*x] + ((32%c~3*%f~3 + 24*c™2*%d*f" 2% (1 + 4xfxx) + 12%c*kd™2*f*(

1 + 4xfxx + 8xf~2%x72) + d"3*%(3 + 12xf*xx + 24*xf~2%x"2 + 32*%f~3*x~3))*(Cosh[

2%e] - Sinh[2+*e])*Sinh[4*f*x])/32))/(16*a~2*xf"4%(1 + Coth[e + f*x])~2)

Maple [A]
time = 2.97, size = 273, normalized size = 1.19

’ method ‘ result
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. Bzt d2czd 3d 22 3z 4 (4d3w3f3+12c d? f3x2412c%d f3x4+6d3 f2x2+4c® f3+12¢ d? f2x+6c%d f2+6d3 fu-
risch 16a? T 202 T 82 T 42 T 162 T 16227

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x+c)~3/(ataxcoth(f*x+e)) 2,x,method=_RETURNVERBOSE)

[Out] 1/16/a"2%d"3*x"4+1/4/a"~2*d"2*c*x"3+3/8/a"2xd*c”~2*xx"2+1/4/a"2*c"3*x+1/16/a"2
/d*cT4+1/16% (4xd~3*f " 3*kx"3+12% kA" 2% f " 3*x"2+1 2% 2xd*f " 3*kx+6%d "3k T2kx " 2+4%
c”3*f73+12%cxd "2+ f " 2xx+6%Cc”2%d*f " 2+6%d "3k *xx+6%c*d"2xf+3*%d"3) /a~2/f "4*exp (-
2xfxx-2%e) -1/512% (32xd"3*f ~3*x"3+96*Cc*xd~2*f " 3*x"2+96xC"2*d*f " 3*kx+24*d"3*f "2
*X"2+32%Cc”3*%f "3+48%ckd "2k f " 2*x+24* " 2kd*f "2+12%xd "3k £ xx+12%cxd"2*xf+3*%d"3) /a”
2/f~4xexp (—4*f*x-4*e)

Maxima [A]
time = 0.56, size = 315, normalized size = 1.37

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)~3/(ata*coth(f*x+e))~2,x, algorithm="maxima")

[Out] 1/16*%c™3*(4x(fxx + e)/(a~2xf) + (4xe~(-2*xf*x - 2xe) - e~ (-4xfxx - 4%*e))/(a”
2%f)) + 3/64%(8xf~2xx"2%e” (4*xe) + 8% (2xfxx*ke” (2%e) + e~ (2%e))*e” (-2*f*x) -

(Axfxx + 1)*e” (—4xf*xx))*c 2xd*e” (-4*e)/(a~2+%f72) + 1/128*%(32*xf~3*xx"3*e” (4*e

) + 48x(2*f"2%x"2%e” (2%e) + 2xfxxxe~(2xe) + e~ (2%e))*e” (-2xf*xx) - 3*(8xf 2%

X2 + 4xfxx + 1)*e”(-4*xf*x))*cxd"2*xe” (-4*e)/(a"2*%f73) + 1/512%(32*xf~4*x"4*e
“(4xe) + 32%(4xf~3*x"3*e”(2xe) + 6+xf 2xx"2%e” (2*e) + 6kxf*x*xe”(2xe) + 3*e~(2

xg) ) ke” (—2%fxx) — (32+%f " 3%x"3 + 24*f~2%xx"2 + 12%f*xx + 3)*e” (-4*xfx*xx))*d " 3xe”
(-4xe) /(a~2xf~4)

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 595 vs.
2(212) = 424.
time = 0.38, size = 595, normalized size = 2.59

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)~3/(ata*coth(f*x+e))~2,x, algorithm="fricas")

[Out] 1/512%(128*%d"3*f~3*x"3 + 128*%c”~3*f~3 + 192%c™2*d*f~2 + 192*c*xd~2*xf + 96*d~3
+ 192%(2xcxd~2*%f~3 + d"3*f"2)*x"2 + (32%xd"3*xf~4*x"4 - 32%c"3%f"3 - 24*xc"2x%
d*xf~2 - 12xcxd"2*f + 32%(4dkckd"2*xf~4 - d"3*%f"3)*x"3 - 3*d"3 + 24*x(8*xc"2xd*f
4 - 4kckd"2*%f"3 - d73*f72)*x72 + 4% (32%c”3*%f"4 - 24xc”2xd*f"3 - 12%c*d"2*f
2 - 3*%d"3*f)*x)*cosh(f*x + cosh(1l) + sinh(1))"2 + 2x(32*xd~3*f~4*x~4 + 32%c
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“3*f73 + 24*xcT2xd*f"2 + 12%cxd”2*f + 32 (4dkckd"2xf"4 + d73*%f"3)*x"3 + 3*d"3
+ 24%(8xc”2*%d*f~4 + 4dxcxd"2+%f~3 + d73*%f72)*x"2 + 4% (32xc”3*f"4 + 24*xc”2*d*
£f°3 + 12%c*d"2*xf~2 + 3*%d"3*f)*x)*cosh(f*x + cosh(l) + sinh(1))*sinh(f*x + ¢
osh(1) + sinh(1)) + (32*%d"3*f"4*x"4 - 32%c™3*f"3 — 24*c™2*d*f"2 - 12*c*kd”~2x%
f + 32x(4*xc*d™2*xf~4 - d"3*%f"3)*x"3 - 3*%d"3 + 24*(8xc”2xd*f"4 - 4xcxd"2*f"3
- d73%f72)*x72 + 4*x(32%c73*%f"4 - 24%c72xd*f"3 - 12xckxd"2*%f72 - 3xd"3*f)*x)*
sinh(f*x + cosh(1) + sinh(1))72 + 192%(2*%c™2*d*f~3 + 2%c*d~2*xf~2 + d~3*f)*x
)/ (a~2xf~4*cosh(f*x + cosh(1l) + sinh(1))"2 + 2%a~2%f"4*cosh(f*x + cosh(1l) +
sinh(1))*sinh(f*x + cosh(1l) + sinh(1)) + a~2xf~4*sinh(f*x + cosh(l) + sinh
(1))°2)

Sympy [B] Leaf count of result is larger than twice the leaf count of optimal. 2193 vs.
2(236) = 472.
time = 1.18, size = 2193, normalized size = 9.53

Too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)**3/(a+a*coth(f*x+e))**2,x)

[Out] Piecewise((32xcx*3*f**x4xxxtanh(e + fxx)**2/(128*a*x*2*xf**x4xtanh(e + f*x)**2
+ 266*xaxx2xfxxdxtanh(e + f*x) + 128*ax*x2xfxx4) + 64*c*k*3*kf*rkdxx*xtanh(e + f*
x)/ (128*ax*x2xfxx4+xtanh (e + f*x)**2 + 256*%ax*x2xfxx4dxtanh(e + f*xx) + 128*%a*x*2
*fxx4) + 32kck*x3kf**x4*x/(128*%a**2*xf*xx4dxtanh(e + f*xx)**2 + 256*%a*x*2*f**x4xtan
h(e + f*x) + 128*a**2xf*x*x4) + 96xcx*x3*xf**3*xtanh(e + f*x)/(128*a**2xf*x*x4d*xtan
h(e + f*x)**2 + 256%axx2xf**4*xtanh(e + f*x) + 128*a**2xfx*x4) + 64*ckx*x3kf**3
/ (128*a*x*x2xfxxdxtanh (e + f*x)**2 + 256%ax*x2xfxxdxtanh(e + f*x) + 128*a*x*kx2*f
*%4) + 48kckkkdkfrxdxxkx2xtanh(e + f£*x)**2/(128*%ax*x2xfxxdxtanh(e + f*x)**2
+ 256xaxx2kxf**4xtanh(e + f*x) + 128*a**2xf*x*x4) + 96*ckx*x2kxd*f**4*xx*x*x2xtanh (
e + fxx)/(128*ax*x2xf**4*xtanh(e + f*x)**x2 + 256*a*x*x2xf*x*k4*tanh(e + f*x) + 12
8xaxx2xf*k*k4) + A8kckk2kd*f*x4dxx*x*k2/ (128*ax*x2xf**4*xtanh(e + f*x)**x2 + 256*a*
*2xf**k4*xtanh(e + f*xx) + 128xa*x*x2*xf**4) - 120*kck*k2kd*xf**x3xxkxtanh(e + f*x)**2
/ (128xax*2xf**x4xtanh(e + f*x)**2 + 256%axx2xf*x*x4*xtanh(e + f*x) + 128*ka**2xf
*%4) + 48kckk2kdkfx*x3xxkxtanh(e + f*x)/(128*a*x*2xfxxdxtanh(e + f*x)**2 + 256
ka*xx2kf*xkdktanh(e + £*x) + 128*ka*x*x2kf*xx4) + T22kck*kd*f*x*3%x/ (128*a*x*2*f**4
xtanh(e + f*x)**2 + 256%axx2xf*x*x4*xtanh(e + f*x) + 128*%a**2+xfxx4) + 120%c**2
*d*f**2*%tanh (e + f*xx)/(128*ax*2*xf**x4*tanh(e + f*x)**2 + 256*a*x*2*f**4*tanh (
e + f*x) + 128*ax*x2xf*xx4) + 96*ck*2kdA*f**2/(128*ax*x2xf+*x4+xtanh (e + f*x)**2
+ 266*xaxx2xfxxdxtanh(e + f£*x) + 128kax*x2xfxx4) + 32kckd**2*f**kdkx*k*k3*ktanh (e
+ f*x)**x2/(128*a*x*x2xf*x*4*xtanh(e + f*x)**2 + 256*a**2xfxx4d*xtanh(e + f*xx) +
128*a*x*x2xf*x*k4) + 64xckxdx*2*xf**x4dxxx*x3*xtanh(e + f*x)/(128*ax*2*xf**4xtanh(e +
fxx)*%x2 + 256%ax*2xfx*k4dxtanh(e + f*xx) + 128%a*x*2kxf*x*x4) + 32kckd**2kfkkdkxkk
3/ (128*a*x*2xfxx4dxtanh (e + f*x)**2 + 266%axx2xfxxdxtanh(e + f*x) + 128*a*x*x2x
fxk4) - 120*%ckd*x*x2xf**x3*xx**2*%tanh (e + f*xx)**x2/(128*a*x*2*xf**4*tanh(e + f*xx)x*
*2 + 266*a*x*x2xfxkdxtanh(e + f*x) + 128*a*x*k2*xf**x4) + 48*ckd**x2xf*x*k3*x**2xtan
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h(e + fx*x)/(128*a**2xfx*x4*xtanh(e + f*x)**2 + 256*a**2*xfxx4dxtanh(e + f*xx) +

128*a*x*x2xfx*k4) + T2xckdkk2*xf**x3xx*x*2/ (128*ax*x2xf**4*xtanh(e + f*x)**x2 + 256%
ax*x2xfxxdxtanh(e + f*xx) + 128*%a*x*2*xf*x4) — 108*ckd*x*x2xf**2*x*xtanh(e + f*x)x*
*2/ (128*a*x*2*xfxkdxtanh(e + fxx)**x2 + 256*a*x*2kfrkdxtanh(e + f*x) + 128*a**2
*f*%x4) + 24kckdrk2xfxx2xxxtanh(e + f£*x)/(128*%a*x*2xfxxdxtanh(e + f*x)**2 + 2
56*axx2xf*x*4*xtanh(e + f*x) + 128*a**2xfx*x4) + 84xckxdx*x2xf**2xx/ (128*a**2xfx*
*4xtanh (e + f*xx)**2 + 256xax*x2*xf**4xtanh(e + f*x) + 128*a**2xf*x*x4) + 108*cx*
d**2+xfxtanh(e + f*x)/(128*a**2xfx*x4d*xtanh(e + f*x)**2 + 256*a**2*xfxx4d*xtanh (e
+ f*x) + 128*ax*x2xf**x4) + 96kckd**2*xf/(128*ax*x2xf**x4xtanh(e + f*x)**2 + 25
6xaxk2kfrkdxtanh(e + fxx) + 128*a*x*2*kf**k4) + 8xdx*x3xfxxdxx**x4*xtanh(e + f*x)
*x2/ (128*a**2xfxx4*xtanh (e + f*x)**2 + 256*a**2*xfxx4dxtanh(e + f*xx) + 128xaxx*
2%fxx4) + 16*%d**x3xfrkd*x**x4xtanh(e + f*xx)/(128*a**x2xf*x*kx4*xtanh(e + f*x)**2 +
256xaxx2xf**x4xtanh(e + f*x) + 128*a**2xfx*x4) + 8kxdx*x3kxfrkd*xx**x4/(128*a**2*
fxkdxtanh(e + f*xx)**x2 + 256*a**2*xf**kdxtanh(e + f*xx) + 128*a**2*f**x4) - 40%d
**x3*xf4*3kxk*k3ktanh (e + F*xx)*x2/(128*a**2*xf**dxtanh(e + f*xx)**x2 + 256%a**2*f
**x4*xtanh(e + f*xx) + 128*ax*x2xf*x*x4) + 16*d**3kf*r*k3kx*k*x3xtanh(e + f*x)/(128*a
*x2xfrkdktanh (e + £*x)*x2 + 266*a*x*x2xfx*xdxtanh(e + f*xx) + 128*a*x*2*f*x4) +

24xdx*x 3k *k3xx**x3/ (128*a**2xfxxdxtanh (e + f*x)**2 + 256*a**2*xfxx4dxtanh(e +

f*x) + 128*%ax*x2xfxx4) — B4*xd**3*xf*x*x2kxkk2kxtanh (e + fxx)**x2/(128*a**2*kf*r*kdx*xt
anh(e + f*xx)**x2 + 256%a*x*x2*xf**4*tanh(e + f*xx) + 128ka*x*x2xf**4) + 12*kd*k*k3*kfx*
*2*x**2*%tanh (e + f*xx)/(128*ax*x2xf**x4*xtanh(e + £*x)**2 + 256%ax*x2xf**x4*xtanh (
e + fxx) + 128*ax*x2kf**4) + A2kd**3*xf**x2xx*k*2/ (128*ax*2xf**4xtanh(e + f*x)x*
*2 + 266*a*x*x2xfxkdxtanh(e + f*x) + 128*a*x*2*f**x4) — 51*xd**3xfxx*xtanh(e + fx*
x) *%2/ (128*%a*x*2*xfxx4dxtanh (e + f*xx)**2 + 2656*%a*x*x2*xf**x4dxtanh(e + fxx) + 128%*a
**%2*xf**4) + 6kdkk3kfrxxtanh(e + f*x)/(128*a**2*xfrkdxtanh(e + f*x)**2 + 256%
axk2xfrkdxtanh(e + fxx) + 128*a*x*2*xf**k4) + 45xd*x*x3xfxx/(128*a**2*f**xd*xtanh (
e + fxx)**2 + 256*xa*x*2*«f*x4xtanh(e + fxx) + 128*axx2xf**4) + 51xd**3*tanh(e
+ f*x)/(128*a**2xfxx4d*xtanh(e + f*xx)**2 + 256*xa*x*2*f*x4dxtanh(e + fxx) + 128
kaxk2kf**x4) + 48%xd**3/(128*ax*2*xf**x4xtanh(e + f*x)**x2 + 256%ax*x2xf**4*tanh (
e + f*x) + 128*axx2*xfxx4), Ne(f, 0)), ((c*x3*x + Ikcx*x2kd*x**2/2 + cxd**2*xx
*%3 + dx*k3xx*x4/4)/(axcoth(e) + a)**2, True))

Giac [A]
time = 0.42, size = 368, normalized size = 1.60

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)~3/(ata*coth(f*x+e))~2,x, algorithm="giac")

[Out] 1/512%(32*%d"3*f"4*x"4*e” (4*xf*x + 4xe) + 128*c*xd~2xf "4*x"3xe” (4*xf*x + 4xe) +
192%c™2*d*f~4*xx"2%e”~ (dxf*x + 4xe) + 128+%d"3*xf " 3*kx"3*e” (2xf*x + 2%e) - 32%d

“3*%f73*%x"3 + 128*%c”3*f"4dxxke” (4*xf*x + 4ke) + 384xcxd"2xf " 3xx"2xe” (2*f*kx + 2

xe) — 96%ckxd"2+f 3%x"2 + 384*xc 2xd*f " 3kx*e” (2%f*xx + 2%e) + 192%d"3*f " 2*x"2x

e~ (2xfxx + 2%e) — 96*c™2*d*xf " 3*xx — 24*d"3*f"2*x"2 + 128*%c”3*f " 3xe” (2*f*x +
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2%e) + 384*c*d"2xf"2kx*e” (2xf*xx + 2%e) - 32%xc”3*f73 - 48*c*kd"2xf"2xx + 192%
cT2xdxf"2%e” (2xfxx + 2%e) + 192*%d"3*fxx*xe” (2*%f*x + 2%e) — 24xc”2xd*f"2 - 12
*d"3xfkx + 192xckxd”"2*f*xe” (2xf*xx + 2%e) — 12%c*d™2xf + 96*%d"3xe” (2xf*x + 2*e
) - 3*%d"3)*e” (-4*f*x - 4x*e)/(a~2xf~4)

Mupad [B]
time = 1.33, size = 266, normalized size = 1.16

e2e2fz (463f3+6c2df7+6mff+3d3

3d1(2c‘f7+20df+ﬂ)+31111(d+2cf)>7974274”(32(’/3+24c7df1+12cd1f+3d3+ & +3dr(88/’+4cdf+d2)+34:Fz’(d+4cf)>+ca £t 3det  eda
16a2 1 .

z
— =+
8@ B z

51242 /1 a2 f 1282 3 61a2 /2 i@ %a T T8 | da

+%+
Verification of antiderivative is not currently implemented for this CAS.

[In] int((c + d*x)~3/(a + axcoth(e + f*x))~2,x)

[Out] exp(- 2xe - 2kf*xx)*((3*%d"3 + 4*c™3*xf73 + 6%xc™2*d*f~2 + 6xc*d”~2*f)/(16%a~2xf
~4) + (d73%x73)/(4*a"2+f) + (3kd*x*(d"2 + 2*%c™2*%f~2 + 2kc*d*f))/(8*a"~2+f~3)

+ (3%d72%x72x(d + 2*c*f))/(8xa~2xf72)) - exp(- 4*xe - 4xfxx)*((3%d"3 + 32*c
“3%xf"3 + 24xc”2xd*f"2 + 12xckd"2+f)/(512*%a"2+%f~4) + (d"3*x"3)/(16*a"2xf) +
(Bxd*x*(d™2 + 8*c™2+f72 + 4kc*d*f))/(128*%a~2+%f~3) + (3*d"2*xx"2*(d + 4xcxf))
/(64xa~2*xf~2)) + (c"3*x)/(4*xa"2) + (d"3*x74)/(16*a~2) + (3*c™2xd*x"2)/(8*a”

2) + (c*xd"2%x~3)/(4*a"2)
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(c+dzx)?
3.23 f (a+a coth(e+fx))? dx

Optimal. Leaf size=170

d26—4e—4fm d26—2e—2fm de—4e—4fm(c+dx) de—2e—2fm(c+dx) e—4e—4fa:(c+ dx)Z e—26—2fz(c+ d.’L')2

128423 T8 f3 3242 f2 4a2 f2 16a2f 4a2f

[Out] -1/128%d"2%exp (-4*xf*x-4*e)/a~2/f"3+1/8+d"2xexp (-2*f*x-2%e) /a~2/£73-1/32*d*e
xp (—4*f*x-4*e) * (d*x+c) /a~2/f72+1/4*d*exp (-2*xf*x-2%e) * (d*x+c) /a~2/f"2-1/16%e

xp (—4xf*x-4xe) * (d*x+c) ~2/a"2/f+1/4*exp (-2xf*x-2%e) * (d*x+c) ~2/a~2/f+1/12x (d*
x+c)~3/a"2/d

Rubi [A]

time = 0.14, antiderivative size = 170, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.150,

steps used = 8, number of rules used = 3, integrand size = 20,
Rules used = {3810, 2207, 2225}

d(C+ dm)6—4e—4fz d(C+ dw)6—26—2fz (C+ dm)26—4e—4fz (C+ dw)26—2e—2fz (C+ d.’,E)3 d26—4e—4fz d26—2e—2fz
32a? f2 402 f? 16a2 f 4a?f 12a2d 128a2 f3 8a? f3

Antiderivative was successfully verified.
[In] Int[(c + d*x)~2/(a + a*Coth[e + f*x])~2,x]

[Out] -1/128*(d"2*E~(-4*e - 4*f*x))/(a"2*f~3) + (d"2*E~(-2%e - 2*fx*x))/(8%a~2xf"~3
) — (d*E~(-4*xe - 4xfxx)*(c + d*x))/(32*a"2+%f"2) + (d*E~(-2xe - 2*f*x)*(c +
d*x))/(4xa~2xf"2) - (E~(-4*e - 4xf*xx)*(c + d*x)~2)/(16*xa"~2*xf) + (E~(-2*e -
2%f*xx)*k(c + d*x)~2)/(4*a~2*f) + (c + d*xx)~3/(12*xa~2x*d)

Rule 2207

Int [((b_.)*(F_)~((g_.)*((e_.) + (£_.)*(x_)))) " (n_.)*((c_.) + (d_.)*(x_))"(m
_.), x_Symbol] :> Simp[(c + d*x) m*x((b*F~(gx(e + f*x))) n/(f*gxn*xLog[Fl)),
x] - Dist[d*(m/(f*g*n*Log[F])), Int[(c + d*x)"(m - 1)*(b*F~(gx(e + £*x))) n
, x]1, x] /; FreeQ[{F, b, ¢, d, e, f, g, n}, x] && GtQ[m, 0] && IntegerQ[2+*m
1 && !TrueQ[$UseGamma]

Rule 2225

Int [((F_)~((c_.)*((a_.) + (b_.)*(x_))))"(n_.), x_Symbol] :> Simp[(F~(cx(a +
b*x))) "n/(bxcxn*Log[Fl), x] /; FreeQ[{F, a, b, c, n}, x]

Rule 3810

Int[((c_.) + (d_)*(x_))"(m_)*((a_) + (b_.)*tan[(e_.) + (f_.)*(x_)])"(n ),
x_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (1/(2*%a) + E~(2*(a/b)*(e + fx
x))/(2%a))~(-n), x]1, x] /; FreeQ[{a, b, ¢, d, e, f, m}, x] && EqQ[a"2 + b~2

(
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, 0] && ILtQ[n, O]

Rubi steps
(c+ dz)? do — / ((c + dz)? N e (c+dx)® e (e + dx)2> s
(a + acoth(e + fx))? 4a? 4a? 2a2
_ (c+dz)? [e e (c+dz)?dx [ e 272 (c+ dx)*dx
~ 12a2d 4a? B 2a2
et 4 (c+ dx)? e (et dx)?  (c+dx)®  dfeteHT(c+dx
T 16a2f 4a?f 12a%d 8aZf
de™ =42 (c+dx) de 2 22(c+dx) e (c+dr)? e 2HT(c
a 3242 f2 4a2 f2 B 16a2f 402
_ d2e—4e—4fx d2e—26—2fx de—4e—4fx(c + dCL’) de—26—2fx(c + dCL') 6—46
 128a2f3 TR B 32a2f? 4a2 f? B

Mathematica [A]
time = 0.59, size = 207, normalized size = 1.22

csch(e + fz) (48(2¢* 2 + 2edf(1 + 2fz) + (1 + 2f + 2£22%)) + (24 (=1 + 4fx) + 12edf (=1 — 4fc + 8f20%) + d*(=3 — 12fx — 24f%2° + 32£%%)) cosh(2(e + fa)) + (4F2(1 + 4fz) + 120df (1 + 4fz + 8f22%) + d(3 + 12fx + 24f°a* + 32£%")) sinh(2(e + f2))
38402 5(1 + coth(e + fa))?

Antiderivative was successfully verified.

[In] Integrate[(c + d*x)~2/(a + a*xCoth[e + f*x])~2,x]

[Out] (Cschle + fxx] 2%(48*(2%c™2*%f~2 + 2xckxdxfx(1 + 2*f*x) + d"2%(1 + 2xf*xx + 2%
£72xx72)) + (24xc™2%xf"2% (-1 + 4*xf*x) + 12xckd*f* (-1 — 4*xf*x + 8xf~2%x"2) +
d"2% (-3 - 12*f*x - 24*xf~2%x"2 + 32*f~3*x73))*Cosh[2*(e + f*x)] + (24*xc™2*f~
2% (1 + 4*xf*xx) + 12xckd*f*(1 + 4*f*x + 8*xFf~2%x72) + d™2%(3 + 12*f*x + 24*f~2
*x"2 + 32%f~3%x73))*Sinh[2*x(e + f*x)]))/(384*a~2*f~3*(1 + Cothl[e + f*x])~2)

Maple [A]
time = 2.94, size = 163, normalized size = 0.96

method | result

risch d223 de 2 + 2 + 3 + (2d2x2f2-|—4cdfzac—i—2<:2f2+2d2fx+2cclf-|—d2)e_2f””_2e _ (8d2x2f2+160df2x+802f2+4d:
12a2 4a? 4a? 12a2d 8a2 f3 128a2 f3

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x+c)~2/(at+a*coth(f*x+e)) 2,x,method=_RETURNVERBOSE)

[Out] 1/12/a"2*%d"2xx"3+1/4/a~2*d*c*x"2+1/4/a"~2*c"2xx+1/12/a~2/d*c"3+1/8% (2%d~2*f~
2%x"2+4kckd*kE T 2xx+2% T 2% T2+2%d " 2% Exx+2*kckd*f+d72) /a”2/f " 3*kexp (-2*f*xx-2%e) -
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1/128* (8*d~2*f ~2%x"2+16*%ckd*f ~2xx+8*%c 2% f ~2+4*xd " 2*f xx+4*cxd*f+d"2) /a~2/f " 3*
exp (-4*xf*xx-4xe)

Maxima [A]

time = 0.46, size = 203, normalized size = 1.19

1 <4 (Ja+e)  4c-2=20 - eH/He)> o (B39 +8 (2 fne) + 69l 219 — (4 o 4 )4 e 1)

16 a2f a2f

(32/‘31‘36(4&) +48 (2 f)z,ﬂﬂ()o:) + Zfz,e(Qi) + 6(22))8(7211) _ 3(8f2.7)2 +4f‘7; + 1)6(74]x)>d26(74=:)
Raf + 381423

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)~2/(ata*coth(f*x+e))~2,x, algorithm="maxima")

[Out] 1/16%c™2x(4*(f*x + e)/(a~2*f) + (4xe”(-2xfxx - 2%e) - e  (-4xfxx - 4xe))/(a”
2%f)) + 1/32%(8*xf~2xx"2xe”~ (4*e) + 8% (2*xf*x*ke”(2xe) + e~ (2xe))*e” (-2%f*x) -
(Axf*xx + 1)*xe” (—4x*xf*x))*cxdxe” (-4xe)/(a"2*%f"2) + 1/384%(32*xf 3*x"3*e” (4*e)

+ 48% (2xf~2xx"2%e” (2xe) + 2*fxx*xe” (2%e) + e~ (2*e))*e” (—-2xf*x) - 3*(8*xf~2*x~

2 + 4xf*xx + 1)*e” (-4xfxx))*d"2%e” (-4x*e)/(a~2*f~3)

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 383 vs.
2(156) = 312.
time = 0.37, size = 383, normalized size = 2.25

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)~2/(ata*coth(f*x+e))~2,x, algorithm="fricas")

[Out] 1/384%(96*%d~2*xf"2*x"2 + 96*%c”2*f~2 + 96*c*d*f + (32*d"2*f 3*x"3 - 24*c™2xf~
2 - 12xckd*f + 24x(dxckd*f~3 - d72%f72)*x"2 - 3*%d"2 + 12%(8%c™2xf~3 - 4*cxd

*f72 - d72*f)*x)*cosh(f*x + cosh(l) + sinh(1))~2 + 2*(32*xd"2*xf~3*x"3 + 24x*c
“2%f72 + 12kckdxf + 24x(4dxcxd*f"3 + dT2*%f72)*x"2 + 3%d"2 + 12%(8*%c"2*%f"3 +
dxcxd*f~2 + d72xf)*x)*cosh(f*x + cosh(1l) + sinh(1))x*sinh(f*x + cosh(l) + si
nh(1)) + (32xd"2*f73%x"3 — 24*c™2*xf"2 — 12%c*xd*f + 24*(4*cxd*xf~3 - d~2*xf~2)

*x72 — 3*%d72 + 12%(8%c”2*%f"3 - 4*c*xd*f~2 - d72*f)*x)*sinh(f*x + cosh(l) + s
inh(1))72 + 48%d"2 + 96 (2xc*d*f~2 + d~2*f)*x)/(a~2*f " 3*cosh(f*x + cosh(1)

+ sinh(1))"2 + 2*xa~2xf~3*cosh(f*x + cosh(1l) + sinh(1))*sinh(f*x + cosh(1) +
sinh(1)) + a~2*%f"3xsinh(f*x + cosh(1l) + sinh(1))~2)

Sympy [B] Leaf count of result is larger than twice the leaf count of optimal. 1353 vs.
2(165) = 330.
time = 0.98, size = 1353, normalized size = 7.96

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)**2/(a+a*coth(f*x+e))**2,x)
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[Out] Piecewise((24*xcx*2*f**x3xx*xtanh(e + f*xx)**2/(96*ax*x2xf**3xtanh(e + f*x)**2 +

192*a**2xfxx3xtanh (e + f*xx) + 96*ax*x2kf**3) + 48 c*k*2*xf**x3xx*tanh(e + f*xx)
/ (96xax*x2xf**x3xtanh(e + f*x)**x2 + 192*ax*x2xf*x*3*tanh(e + f*x) + 96*kax*2*f*x
3) + 24xck*x2xFx*x3xx/ (96*a*x*x2*xf**3*xtanh(e + f*xx)**2 + 192*a**x2*xf**3*tanh(e +
f*x) + 96*%a*x*2*xf*xx3) + T2kck*x2xfx*k2xtanh(e + f*x)/(96*ax*x2xf**3xtanh(e + f
*x)*k*%2 + 192%a*x*2*xf**3*xtanh(e + f£xx) + 96%ax*2*xf*x*3) + 48*kc*k*x2kxf**x2/(96*ka**
2+xf*xx3xtanh (e + f*xx)**2 + 192*a*x*2*xf**x3xtanh(e + f*x) + 96*a**2xf**x3) + 24x
cxdxfxk3*x**x2xtanh (e + fxx)**2/(96*axx2xf*x*3*xtanh(e + f*x)**x2 + 192*a**2xfx*
*3xtanh(e + f*xx) + 96*%a*x*2xf**3) + 48kxckd*xf*x*3xx*x*2xtanh(e + f*xx)/(96*a**2x
fxx3*xtanh(e + f*x)**2 + 192*a*x*2xf**3xtanh(e + f*x) + 96*ax*x2*xfx*x3) + 24*cx*
A*f**x3xx*x*x2/ (96*a*x*x2xfx*k3*xtanh (e + £*x)**2 + 192*a**2xf*x*x3*xtanh(e + f*xx) +
96*ax*x2xf**3) — 60xckd*f**2xx*xtanh(e + f*xx)**2/(96*ax*x2xf**3*xtanh(e + f*x)x*
*2 + 192%a*x*x2xfx*k3xtanh(e + f*x) + 96*axkx2xf**x3) + 24xc*d*f**x2xx*tanh(e + f
*x) / (96%a*x*x2xf*x3xtanh (e + f*x)**2 + 192%a*x*x2xfx*x3xtanh(e + f*x) + 96kax*2x
f*x3) + 36kckd*xfx*x2kx/ (96*ax*x2xf**3+tanh(e + f*x)**x2 + 192*axx2xf**3*tanh(e
+ f*x) + 96xaxx2xf*x*x3) + 60*ckd*frxtanh(e + fxx)/(96*a**2*xf**3*xtanh(e + f*xx
Y*k2 + 192xaxx2xf**3xtanh(e + f*x) + 96*ka**2*xf*x*x3) + 48*cxdxf/(96*a**2xf**3
*tanh(e + f*x)**2 + 192%axx2xf**3*xtanh(e + f*x) + 96ka*x*2*xf*xx3) + 8*kd**2xfx*
*3*x**3*%tanh (e + f*xx)**x2/(96*ax*x2*xf**x3*xtanh(e + f*x)**2 + 192xax*2*xf**3*tan
h(e + f*x) + 96*%a**2xf**x3) + 16xd**x2kf*x3*kx**x3ktanh(e + £*x)/(96*a*x*2+f**3*
tanh(e + fxx)**x2 + 192*a*x*2*xf**k3*tanh(e + f*x) + 96*a*x*2*xf**3) + Bkdx*x2xf*x*
3*xx*xx3/ (96*a**2xf*xx3kxtanh (e + f*xx)**2 + 192ka*x*2*xf*xx3xtanh(e + f*xx) + 96*ax
*2xfxk3) — 30kd*k2kf**2xxk*x2ktanh (e + f*xx)**2/(96*ax*2*xf**x3xtanh(e + f*x)*x*
2 + 192*%a*x*2+xf*xx3xtanh(e + fxx) + 96*ax*x2xf**3) + 12xd**2*f**x2xx*x*k2*xtanh (e
+ f*x)/(96*%a*x*2+xfxx3xtanh (e + f*xx)**2 + 192xa*x*2*xf*x3xtanh(e + fxx) + 96*ax
*2%xf*k*x3) + 18kd*x*2kf*x2xx**2/ (96*ax*2xf*x*3xtanh(e + f*x)*x*2 + 192%ka*x*2*xf**3
xtanh(e + f*x) + 96*a**2xf**3) — 27xd*x*x2xf*x*tanh(e + f*x)**x2/(96*a**2xf**3
*tanh(e + f*x)**2 + 192%axx2xf**3*xtanh(e + f*x) + 96ka**2*xf*xx3) + Gxd**2xfx*
x*tanh(e + f*x)/(96*ax*2*xf**3xtanh(e + f*x)**2 + 192%ax*x2xf**3*tanh(e + f*x
) + 96ka*x*x2kf*x3) + 21kd*x*x2xf*x/(96*a*x*2xf**3xtanh(e + f*xx)**x2 + 192ka**2f
*x3*xtanh(e + f*x) + 96ka**x2xf*x3) + 27*d**x2*tanh(e + f*x)/(96*a*x*2xf**3*xtan
h(e + f*x)**x2 + 192*ax*x2xf**3*tanh(e + f*x) + 96*ka*x*2*xf*xx3) + 24*d**x2/(96%*a
**x2*xf*x*3%tanh (e + f*xx)**x2 + 192%a**2*«f**3*xtanh(e + f*xx) + 96*xa*x*x2*xf**3), Ne
(f, 0)), ((c*x*x2%x + cxdxx**2 + d**x2xx**3/3)/(a*xcoth(e) + a)**2, True))

Giac [A]
time = 0.42, size = 217, normalized size = 1.28

(3242 f3ae = H49) 1 06 cdf*ae 1719 1 96 ¢ fizeld 1749 1 96 P 221729 — 24 P 20 + 192 cdf*we®I729) — 4B cdf e + 96 221729 1 96 P fre® 1729 — 2 22 — 12 fr + 96 cdf ® 72 — 12 cdf + A3 d%eI7H2) — 3 @2) el m10)
38127

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)~2/(ata*coth(f*x+e))~2,x, algorithm="giac")

[Out] 1/384%(32xd~2%f " 3*xx"3*%e”~ (4*f*xx + 4*e) + 96xckxd*xf~3xx"2%e~ (4xf*xx + 4*xe) + 96
*cT2xf"3kxke” (4xfxx + 4*e) + 96%d"2xf"2xx"2%e” (2%f*xx + 2%e) - 24xd"2*xf"2%xx”
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2 + 192%cxd*f~2xx*xe” (2xf*xx + 2%e) - 48*ckdxf~2%x + 96%c™2xf " 2%e” (2%f*xx + 2%
e) + 96%xd"2xfxxxe” (2%fxx + 2%e) — 24xc”2%xf"2 - 12%d"2%fxx + 96%ckdxfxe” (2*f
*X + 2%e) — 12%ckd*f + 48*%d"2%e”~ (2*f*xx + 2%e) - 3kd~2)*e”~ (-4xf*xx - 4x*xe)/(a”
2%£f~3)

Mupad [B]
time = 1.28, size = 164, normalized size = 0.96

2e-2fz 202f2+2cdf+d2+d2x2+dz(d+2cf) deago (8F P Hdcdf+d | e da(d+4cf) cr  d*z®  cda?
¢ ¢ 1 122 ' da?

8a2 f3 a2 f 4q? f2 128a2 f3 16a2 f 32a2 f2 4a?
Verification of antiderivative is not currently implemented for this CAS.

[In] int((c + d*x)~2/(a + a*coth(e + f*x))~2,x)

[Out] exp(- 2xe - 2xf*xx)*((d"2 + 2%c™2*xf72 + 2kcxdxf)/(8*a~2xf~3) + (d72%x"2) /(4%
a~2xf) + (dxxx(d + 2xcxf))/(4*a"2%x£72)) - exp(- 4*e - 4xfxx)*((d"2 + 8*c~2x

£72 + 4xckxd*xf)/(128*%a"2x£73) + (d"2*x"2)/(16%a~2*f) + (d*x*(d + 4*xcxf))/(32
*a"2+%£72)) + (c™2*x)/(4*a”2) + (d72*x"3)/(12%a~2) + (cxd*x"2)/(4*a"2)
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ctdz
3.24 f (a+acot-|l_1(e+fx))2 dx

Optimal. Leaf size=133

3dz _d_x2+x(c+dm)_ d B c+dz B 3d
16a2f 8a? 4a2 16f2(a + acoth(e + fx))?2 4f(a+ acoth(e + fz))? 16f2 (a? + a? coth(e + fa

[Out] 3/16*d*x/a~2/f-1/8*d*x"2/a~2+1/4*xx* (d*x+c)/a"~2-1/16*d/f"2/ (a+axcoth(f*x+e))
~2+1/4% (-d*x-c)/f/(ataxcoth(f*x+e))~2-3/16*d/£~2/(a~2+a"2*coth(f*x+e) ) +1/4x%
(-d*x-c)/f/(a"2+a"2*coth(f*x+e))

Rubi [A]

time = 0.10, antiderivative size = 133, normalized size of antiderivative = 1.00, number of

steps used = 7, number of rules used = 3, integrand size — 18, Bumber of rules _ 147

integrand size ’
Rules used = {3560, 8, 3811}

B c+dz +x(c+dx)_ 3d + 3dz  dz® c+dx B d
4f (a? coth(e + fz) + a?) 4a? 16f2 (a? coth(e + fr) +a?)  16a?f 8a? 4f(acoth(e+ fz)+a)? 16f2(acoth(e+ fz)+ a)?

Antiderivative was successfully verified.
[In] Int[(c + d*x)/(a + a*Coth[e + f*x])~2,x]

[Out] (3*xd*x)/(16*a~2xf) - (d*x~2)/(8*%a"2) + (x*x(c + d*x))/(4*a~2) - d/(16xf~2x(a
+ axCothl[e + f*x])~2) - (¢ + d*x)/(4xfx(a + ax*Cothl[e + fx*xx])~"2) - (3*xd)/(1
6xf~2%(a"2 + a~2xCoth[e + f*x])) - (c + d*x)/(4xfx(a~2 + a~2*Coth[e + fx*x])

)

Rule 8
Int[a_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

Rule 3560

Int[((a_) + (b_.)*tan[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[ax((a +
b*Tan[c + d*x]) "n/(2*bxd*n)), x] + Dist[1/(2*a), Int[(a + b*Tan[c + d*x])~(
n+ 1), x1, x] /; FreeQ[{a, b, c, d}, x] && EqQ[a~2 + b~2, 0] && LtQ[n, O]

Rule 3811

Int[((c_.) + (d_.)*(x_))"(m_.)*((a_) + (b_.)*tan[(e_.) + (f_.)*(x_)]1)"(n_),
x_Symbol] :> With[{u = IntHide[(a + bxTan[e + f*x])“n, x]}, Dist[(c + d*x)
“m, u, x] - Dist[d*m, Int[Dist[(c + d*x)~(m - 1), u, x], x], x]] /; FreeQ[{
a, b, c, d, e, f}, x] && EqQ[a~2 + b~2, 0] && ILtQ[n, -1] && GtQ[m, 0]

Rubi steps
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c+dx dzzac(c+dx)_ c+dx B c+dx _d/<_z
(a + acoth(e + fx))? 4a? 4f(a+ acoth(e + fx))2  4f (a® + a?coth(e + fx)) 4
__d_alcz+x(c+dx)_ c+dx B c+dx R
8a? 4a? 4f(a+ acoth(e+ fz))? 4f (a? + a?coth(e + fz))
_dz? | z(c+da) d c+dz
~ 8a? + 402 16f2(a+acoth(e + fz))2  4f(a+ acoth(e + fz))?
_dz  de® | x(c+dx) d c+dx
"~ 8a?f 8a? + 402 16f2(a+acoth(e + fz))2  4f(a+ acoth(e +
_ 3dz  di?  z(c+dx) d c+dz
" 16a2f  8a? + 402 16f2(a+acoth(e + fz))2  4f(a+ acoth(e +

Mathematica [A]
time = 0.33, size = 114, normalized size = 0.86

csch?(e + fz) (8(d + 2¢f + 2dfz) + (dcf (=1 + Afz) + d(—1 — Afz + 8f%32)) cosh(2(e + fz)) + (dcf (1 + 4fx) + d(1 + 4fx + 8f%2%)) sinh(2(e + fx)))
64a?f2(1 + coth(e + fz))?

Antiderivative was successfully verified.

[In] Integrate[(c + d*x)/(a + a*Coth[e + fx*x])~2,x]

[Out] (Cschle + fxx] 2%(8%(d + 2%c*f + 2kdxfxx) + (4*c*xf*(-1 + 4xf*xx) + d*x(-1 - 4
*fxx + 8%xf~2xx"2))*Cosh[2*(e + f*xx)] + (4xcxfx(1 + 4xfxx) + d*x(1 + 4*xfxx +
8xf~2%x~2))*Sinh[2*% (e + f*x)]))/(64*xa~2%f~2x(1 + Coth[e + f*x])~2)

Maple [A]
time = 2.93, size = 74, normalized size = 0.56

method | result size

i dz? | cx , (2dzf+2cf+d)e2fz—2¢  (4dxfidcf+d)e tfz—4e
risch 82 T 12 T 8aZ 72 G172 74

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x+c)/(a+axcoth(f*x+e)) ~2,x,method=_RETURNVERBOSE)

[Out] 1/8%d*x~2/a"2+1/4/a~2*c*x+1/8*(2xd*f*x+2*xcxf+d)/a~2/f 2%exp(-2*f*x-2%e)-1/6
4x (4xdxfxx+4*xcxf+d) /a~2/f " 2%exp (-4*f*xx—4%e)

Maxima [A]
time = 0.38, size = 114, normalized size = 0.86

1 4 (f.’l} + 6) 46(—2fw—2e) _ e(—4fz—4e) N (8 f21.26(4e) +8 (2 fme(Ze) + e(2e))e(72fx) _ (4 fac + 1)6(74fz))de(74e)
6\ 2f af 64422
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)/(a+a*coth(f*x+e))~2,x, algorithm="maxima")

[Out] 1/16xcx(4x(f*xx + e)/(a"2%f) + (4xe~(-2xfxx - 2xe) - e~ (-4xf*xx - 4xe))/(a~2%

f)) + 1/64%(8xf~2%x"2%e”~ (4*xe) + 8x(2xfxx*xe” (2x%e) + e~ (2%e))xe” (-2*xfxx) - (4
*f*xx + 1)*e” (-4*xf*xx))*xdxe~ (-4x*e)/(a~2%f~2)

Fricas [A]
time = 0.37, size = 214, normalized size = 1.61

16dfe + (8df?a® — dcf +4(4cf? - df) — d) cosh (fz + cosh (1) + sinh (1))* + 2 (8df?a? + dcf + 4 (4cf? + df)x + d) cosh (fz + cosh (1) + sinh (1)) sinh (fz + cosh (1) + sinh (1) + (8df? — 4cf + 4 (4cf? — df)z — d) sinh (fz + cosh (1) + sinh (1))° + 16¢f + 8d
64 (a2/2 cosh (f + cosh (1) + sink (1))° + 242/ cosh (fz + cosh (1) + sinh (1)) sinh (fz + cosh (1) + sinh (1)) + a2 /2 sinh (fz + cosh (1) + sinh (1)))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)/(a+a*coth(f*x+e))~2,x, algorithm="fricas")

[Out] 1/64*(16%d*xf*xx + (8*d*xf~2%x"2 — 4xcxf + 4x(4xcxf~2 - dxf)*x - d)*cosh(f*x +

cosh(1) + sinh(1))72 + 2% (8*d*f~2*x"2 + 4xc*xf + 4*x(4dxc*f~2 + dxf)*x + d)*c
osh(f*x + cosh(1) + sinh(1))*sinh(f*x + cosh(1l) + sinh(1)) + (8*d*f~2*x"2 -
dxcxf + 4x(4*c*xf~2 - d*f)*x - d)*sinh(f*x + cosh(l) + sinh(1))7"2 + 16%c*f
+ 8*%d)/(a~2xf~2xcosh(f*x + cosh(1l) + sinh(1))"2 + 2*a~2*f~2*cosh(f*x + cosh
(1) + sinh(1))*sinh(f*x + cosh(1) + sinh(1)) + a~2*f"2*sinh(f*x + cosh(1l) +

sinh(1))"2)

Sympy [B] Leaf count of result is larger than twice the leaf count of optimal. 700 vs.
2(122) = 244.
time = 0.86, size = 700, normalized size = 5.26

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)/(ata*xcoth(f*x+e))**2,x)

[Out] Piecewise((4xcxf**2+x*tanh(e + f*x)**x2/(16*a*x*x2xf*x*x2xtanh(e + f*x)**2
ax*x2xfxx2xtanh(e + f*x) + 16*ax*x2*xf**x2) + 8kckf**x2xx*xtanh(e + f*xx)/(16*ax*2
xfxx2ktanh (e + f*xx)**2 + 32xa*x*2*xf**x2xtanh(e + fxx) + 16*a*x*x2xf**2) + 4xcxf
*%2%x/ (16*%a*x*x2kfxx2xtanh (e + f*x)**2 + 32*a*xk2kfx*x2xtanh(e + f*x) + 16*a**2
*f*x2) + 12kcxfxtanh(e + fxx)/(16*a**x2*xf*x*2xtanh(e + f*x)**2 + 32%a*x*xkfx*2
xtanh(e + f*x) + 16*%axx2xfxx2) + 8kxc*f/(16*a*x*x2xf*xx2xtanh(e + f*x)**2 + 32%
ax*x2xfxx2xtanh (e + f*x) + 16*axx2kf**2) + kd*f**+2*xx*x*x2xtanh(e + f*xx)**2/(1
6xaxx2xfxk2xtanh(e + f*x)**x2 + 32*ka**2xfxx2ktanh(e + f*xx) + 16*axx2xf**2) +
dxdxfxx2xxx*x2xtanh (e + f£*x)/(16*%a*xk2xfxx2xtanh(e + f*x)**2 + 32ka*xkkf*k*x2x
tanh(e + f*xx) + 16%a**2*xf**x2) + 2kdxf**x2xx**x2/(16*a**2*xf**x2kxtanh(e + f*xx)**
2 + 32kaxk2xfxx2xtanh(e + f*x) + 16*%a*xk2xf*x*x2) — Bxdxfxxxtanh(e + f*xx)**2/(
16*%a*x*2xfxx2xtanh (e + f*xx)**2 + 32xa*x*2*xf*x2xtanh(e + fxx) + 16*a*x*x2xf*x*2)
+ 2+dxfxx*xtanh(e + f*xx)/(16*ax*x2xf**2*xtanh(e + f*x)**2 + 32*a**x2xf*x*x2xtanh (

+ 32%
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e + fxx) + 16%ax*x2xf**2) + 3xd*xf*x/(16*xax*x2xf**2xtanh(e + f*x)**2 + 32*ax*2

*fxx2ktanh (e + f*xx) + 16*ax*x2xf**2) + Sxdxtanh(e + f*x)/(16*ax*x2*xf**2*tanh (

e + Fxx)*x*2 + 32%ax*2*xfx*2kxtanh(e + f£xx) + 16%ax*2xf*x*2) + 4*d/ (16ka*x*x2*xf*xx*

2*%tanh(e + f*xx)**2 + 32%a*x*x2*xf**2*%tanh(e + f*x) + 16xaxx2xf*x*x2), Ne(f, 0)),
((cxx + d*x*%2/2)/(a*coth(e) + a)**2, True))

Giac [A]
time = 0.42, size = 103, normalized size = 0.77

(Sd 2x26(4fz+4e) +16 cf2x6(4fz+4e) +16 dfxe(2f1+25) _ 4dffl,' +16 cfe(zfz+2e) _ 4Cf + 8de(2fz+25) _ d)e(—4fz—4e)
64 a2 f?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)/(ata*coth(f*x+e))~2,x, algorithm="giac")

[Out] 1/64*(8xd*xf~2%xx"2%e” (4xf*xx + 4*xe) + 16%ckxf~2xx*xe” (4*f*xx + 4%e) + 16kd*xf*x*e
“(2xfxx + 2%e) - 4*xdxfxx + 16%cxfxe” (2xf*xx + 2%e) - 4xcxf + 8xdxe” (2*xfx*xx +

2%e) — d)*e” (-4xfxx - 4xe)/(a~2xf~2)

Mupad [B]

time = 1.22, size = 88, normalized size = 0.66

e—2e—2fx d+2c.f+ dz _e_4e_4fm d+4cf+ dz dl’2+ cT
8a2 f2  4a’f 64a? f2  16a2f 8a2 4a?

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c + d*x)/(a + a*coth(e + f*x))~2,x)

[Out] exp(- 2%e - 2xf*xx)*((d + 2xc*xf)/(8*a~2xf72) + (d*x)/(4*a~2*f)) - exp(- 4xe
- 4xfxx)*k((d + 4xcxf)/(64*a~2+%f"2) + (d*x)/(16*xa~2xf)) + (d*x~2)/(8*%a"2) +
(c*xx)/(4*%a~2)
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1
3.25 f (c+dz)(a+a coth(e+fx))? dx

Optimal. Leaf size=297

_ cosh (2¢ — %) Chi(%] + 2fx)  cosh (4e — %) Chi(* + 4fz)  log(c + dz) _ Chi(* + 4fx) sinh (4e
2a2d 4a2d 4a2d 4a2d

[Out] 1/4*Chi(4xcxf/d+4xf*x)*cosh(-4xe+d*xcxf/d)/a~2/d-1/2*%Chi (2xc*f/d+2*f*x)*cosh
(-2xe+2xc*f/d) /a~2/d+1/4x1n(d*x+c) /a~2/d+1/2*cosh (-2*xe+2xc*xf/d) *Shi (2*xc*f/d
+2%f*x) /a~2/d-1/4*cosh(-4*e+4xcxf/d) *Shi (dxcxf/d+4*f*x) /a~2/d+1/4*Chi (4d*c*f
/d+4xfxx) *sinh (-4*xe+4d*xc*f/d) /a~2/d-1/4*Shi (dxc*f/d+4xf*xx) *sinh (-4*xe+4*xc*f/d
)/a~2/d-1/2%Chi (2%c*f/d+2*f*x) *sinh (-2*xe+2*c*f/d) /a~2/d+1/2*Shi (2*xc*f /d+2*f

*x)*sinh (-2*e+2*xcxf/d) /a~2/d

Rubi [A]
time = 0.52, antiderivative size = 297, normalized size of antiderivative = 1.00, number of
steps used = 21, number of rules used = 5, integrand size = 20, number of rules _ () o5,

integrand size ’
Rules used = {3809, 3384, 3379, 3382, 3393}

Chi(22f + %) sinh (2e — 2f)  Chi(dof + %) sinh (de — %)  Chi(2ef + %f) cosh (2e— %f)  Chi(def + %) cosh (4e — %)  sinh (2 — %) Shi(20f + 2f) , sinb (4e — 28) Shi(4of + %) , cosh (2~ 1) Shi(2ef + %) cosh (4e — %) Shi(def + %f) 4 log(c+do)
22%d 4a%d 20%d 4a%d 2%d 4a%d 20%d 40%d 4a%d

Antiderivative was successfully verified.
[In] Int[1/((c + d*x)*(a + a*Coth[e + f*x])~2),x]

[Out] -1/2%(Cosh[2xe - (2%c*f)/d]*CoshIntegral [(2*c*f)/d + 2xf*x])/(a"2*d) + (Cos
h[4xe - (4*c*f)/d]*CoshIntegral [(4*c*f)/d + 4*xf*x])/(4*xa~2xd) + Loglc + d*x
1/(4*a~2xd) - (CoshIntegral[(4*cxf)/d + 4*f*x]*Sinh[4*e - (4*c*f)/d])/(4*a”

2*%d) + (CoshIntegral[(2*cxf)/d + 2*f*x]*Sinh[2%e - (2xcxf)/d])/(2xa~2*d) +
(Cosh[2xe - (2xc*f)/d]*SinhIntegral [(2*c*f)/d + 2xfxx])/(2*¥a"2*d) - (Sinh[2

xe — (2xcxf)/d]*SinhIntegral [(2*c*f)/d + 2xfxx])/(2*¥a"2*d) - (Cosh[4*e - (4

xcxf) /d] *SinhIntegral [(4xc*f)/d + 4*xf*xx])/(4*xa~2+d) + (Sinh[4xe - (4xcx*f)/d
1*SinhIntegral [(4*c*f)/d + 4xf*xx])/(4*a~2%d)

Rule 3379

Int[sin[(e_.) + (Complex[0, fz_1)*(f_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbo
1] :> Simp[I*(SinhIntegral[cxf*(fz/d) + fxfz*x]/d), x] /; FreeQl{c, d, e, f
, £z}, x] && EqQ[d*e - cxf*xfzxI, 0]

Rule 3382

Int[sin[(e_.) + (Complex[0, fz 1)*(f_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbo
1] :> Simp[CoshIntegral [cxf*(fz/d) + fxfzxx]/d, x] /; FreeQ[{c, d, e, f, fz
}, x] && EqQld*(e - Pi/2) - cxf*fzxI, 0]

Rule 3384
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Int[sinl(e_.) + (f_.)*(x_)]1/((c_.) + (d_.)*(x_)), x_Symbol] :> Dist[Cos[(d*
e - cxf)/d], Int[Sin[cx(£f/d) + f*x]/(c + d*x), x], x] + Dist[Sin[(d*e - cx*f
)/d], Int[Cos[c*(f/d) + f*x]/(c + d*x), x], x] /; FreeQ[{c, d, e, f}, x] &&
NeQ[d*e - cxf, 0]

Rule 3393

Int[((c_.) + (d_.)*(x_))"(m_)*sin[(e_.) + (£_.)*(x_)]1"(n_), x_Symbol] :> In
t [ExpandTrigReduce[(c + d*x)"m, Sin[e + f*x]°n, x], x] /; FreeQ[{c, d, e, £
, m}, x] && IGtQ[n, 1] && ( 'RationalQ[m] || (GeQ[m, -1] && LtQ[m, 1]))

Rule 3809

Int[((c_.) + (d_.)*(x))"(m_)*((a_) + (b_.)*tan[(e_.) + (f_.)*(x_)1)"(n ),
x_Symbol] :> Int[ExpandIntegrand[(c + d*x)“m, (1/(2%a) + Cos[2*e + 2xf*xx]/(
2%a) + Sin[2%e + 2xf*x]/(2%b))~(-n), x], x] /; FreeQ[{a, b, c, d, e, f}, x]
&% EqQ[a~2 + ™2, 0] && ILtQ[m, O] &% ILtQ[n, 0]

Rubi steps
1 dp — / 1 _ cosh(2e + 2fx) cosh®(2e + 2fz)  sinh(2e +:
(c+dz)(a+ acoth(e + fx))? 4a0?(c + dx) 2a%(c + dx) 4a0?(c + dx) 2a2(c+ a
2 inh?(2e T sinh(4e T
_ log(c + dx) [ b ized2)n) C(f';:zf 2 dg N [P hc(f_ “H217) o B i —hfi;ff ) d
4a%d 4a? 402 402

1 cosh(4e+4fx) 1 cosh(4e+4f3

_ log(c+ dzx) B J <2(c+dw) T T 2(ctdr) ) dz [ <2(c+dx) + 3(crdn)

 4a2d 4a? 402

_ _cosh (2e — 2—‘}) Chi(z—zt + 2fx) N log(c+dzx) Chi(4—§i +4fz) s
2a%d 4a?d 4a’c
__cosh (2 — 2L) Chi(%L + 2fx) N log(c+dzx) Chi(% + 4fz) s
2a2d 4a%d 4a’c

_ cosh (2¢ — %) Chi(%f + 2f) | log(c+dz) _ Chi(*f + 4fz) si
2a2d 4a02d 4a2a

Mathematica [A]
time = 0.35, size = 199, normalized size = 0.67

(cosh (26 — 1) — sinh (2 — 2£)) (—2Chi(25H2) + cosh (2¢ — ) log(f (e + diz)) + Chi (L1252 ) (cash (2¢ — %) — sinh (2 — %£)) + log(f (c + do))sinh (2 — 2£) + 25hi(21522) — cosh (2 — ) Shi 252 ) 1 sinh (2 — %) shi( 522}
id

Antiderivative was successfully verified.
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[In] Integrate[1/((c + d*x)*(a + a*Coth[e + f*x])~2),x]

[Out] ((Cosh[2*e - (2xcxf)/d] - Sinh[2*e - (2xc*f)/d])*(-2*CoshIntegral [(2*f*(c +
d*x))/d] + Cosh[2*e - (2*c*f)/d]*Logl[f*(c + d*x)] + CoshIntegral[(4xfx*(c +
d*x))/d]*(Cosh[2*e - (2*cxf)/d] - Sinh[2*e - (2xcx*f)/d]) + Loglf*(c + d*x)
1*Sinh[2*e - (2xc*f)/d] + 2*SinhIntegral [(2xf*(c + d*x))/d] - Cosh[2*e - (2
xcxf)/d] *SinhIntegral [(4*xf*(c + d*x))/d] + Sinh[2xe - (2%c*f)/d]*SinhIntegr
al[(4xfx(c + d*x))/d]))/(4*a~2*d)

Maple [A]
time = 10.40, size = 106, normalized size = 0.36

method | result size
4cf—4de 2cf—2de
isch In(dz+-c) e d eprntegral(l,4fx+4e+%;4‘k) e d eprntegral(1,2fx+Ze+%>
TiSC 4a2d 4a2d + 2a2d 106

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(d*x+c)/(at+a*coth(f*x+e)) 2,x,method=_ RETURNVERBOSE)

[Out] 1/4*1n(d*x+c)/a~2/d-1/4/a"2/d*exp(4*(c*f-d*e)/d)*Ei(1,4*f*x+4xe+d* (cxf-d*e)
/d)+1/2/a~2/d*exp (2% (cxf-d*e) /d) *Ei (1,2*f*x+2xe+2* (cxf-d*e) /d)

Maxima [A]
time = 0.74, size = 83, normalized size = 0.28

dcf_4ge 4 (dz+c)f 2 2e 2 (dz+o)f
_e( d >E1<T) N 3( ! )E1<T) N log (dz + ¢)

4 a%d 2a2d 4 a%d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c)/(ata*coth(f*x+e))~2,x, algorithm="maxima")

[Out] -1/4%e”(4*c*f/d - 4xe)*exp_integral_e(1l, 4x(d*x + c)*f/d)/(a"2*xd) + 1/2xe"(
2xc*f/d - 2%e)*exp_integral e(1l, 2x(d*x + c)*f/d)/(a"2*d) + 1/4xlog(d*x + c

)/ (a™2xd)

Fricas [A]

time = 0.36, size = 160, normalized size = 0.54

2Ei( 2(4/:+c;)) cosh( 2(¢f7dcnsh(yl|)—dsmh(|))) _ Ei( A(df;ﬂ/)) cosh( 4(:ffdwsh([l])fdsmh(”)) _ 2Ei< ‘Z(dff‘+rf)) siuh( 2(,»/7.1wsh&1)7,¢s.nh(|))) + Ei( A(d[:+c/)) sinh( 4(”74(-0,}\(’;)7.1»“»1(\))) — log (dz +¢)
4ad

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c)/(ata*coth(f*x+e))~2,x, algorithm="fricas")

[Out] -1/4%(2*Ei(-2*(d*f*x + c*f)/d)*cosh(-2*x(c*f - d*cosh(l) - d*sinh(1))/d) - E
i(-4x(d*xf*x + c*f)/d)*cosh(-4*(cxf - dxcosh(l) - d*sinh(1))/d) - 2xEi(-2x(d
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*f*xx + c*f)/d)*sinh(-2x(cxf - d*cosh(1l) - d*sinh(1))/d) + Ei(-4*(d*f*x + c*
f)/d)*sinh(-4*(c*f - d*cosh(1) - d*sinh(1))/d) - log(d*x + c))/(a"2*d)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00
1
f ccoth? (e+fz)42c coth (e+fx)+c+dx coth? (e+fx)+2dzx coth (e+ fx)+dx dx
a2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c)/(at+a*coth(f*x+e))**2,x)

[Out] Integral(1l/(c*coth(e + fx*x)*x2 + 2xcxcoth(e + f*x) + c + d*x*coth(e + f*x)x*
*2 + 2xdxx*xcoth(e + f*x) + d*x), x)/a*x*x2

Giac [A]

time = 0.43, size = 77, normalized size = 0.26

4cf

(2 Ei(-%) (o2 _ Ei(—w) e(*5") _ 49 log (dz + C)>e<—4e>

B 4 a2d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c)/(at+a*coth(f*x+e))~2,x, algorithm="giac")

[Out] -1/4%(2+Ei(-2*%(d*f*x + c*f)/d)*e”(2xe + 2xc*f/d) - Ei(-4*(d*f*x + cxf)/d)*e
“(4xcxf/d) - e~ (4xe)*log(d*x + c))*e”(-4*e)/(a~2%d)
Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

1

(a+acoth(e+ fx))? (c+dx) d

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/((a + a*xcoth(e + f*x))~2%(c + d*x)),x)
[Out] int(1/((a + a*coth(e + f*x))~2x(c + d*x)), x)
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1
3.26 f (c+dz)?%(a+a coth(e+fx))? dx
Optimal. Leaf size=420

B 1 cosh(2e + 2fz) _cosh2(2e +2fx) fcosh(2e— %) Chi(% +2fz) fcosh (4e — %) |
4a?d(c+ dz)  2a%d(c+ dx) 4a%d(c + dx) a?d? a’d

[Out] -1/4/a"2/d/(d*x+c)-f*Chi (4dxc*xf/d+4*f*x)*cosh(-4*e+d*xc*xf/d)/a~2/d"2+f*Chi (2%
c*xf/d+2*f*x) *cosh(-2xe+2xcxf/d) /a~2/d"2+1/2*cosh (2xf*x+2*e) /a~2/d/ (d*x+c) -1
/4*cosh (2*xf*x+2xe) ~2/a"2/d/ (d*x+c) -f*cosh(-2*e+2*cxf/d) *Shi (2xcxf/d+2*f*x) /
a~2/d"2+f*cosh(-4xe+dxcxf/d) *Shi (d*xc*xf/d+4*xf*xx) /a~2/d"2-f*Chi (4d*c*f/d+4*xf*x
)*sinh (-4xe+4xc*xf/d) /a~2/d"2+f*Shi (dxc*xf/d+4*f*x)*sinh (-4*e+d*xc*xf/d) /a~2/d"
2+f*Chi (2%c*f/d+2xf*x) *sinh (-2*e+2*c*f/d) /a~2/d"2-f*Shi (2*%c*f/d+2*f*x) *sinh
(—2xe+2*c*f/d) /a~2/d"2-1/2*xsinh (2*xf*x+2%*e) /a~2/d/ (d*x+c) -1/4*sinh (2*xf *x+2*e
)~2/a~2/d/ (d*x+c)+1/4*xsinh (dxfxx+4*xe) /a~2/d/ (d*x+c)

Rubi [A]

time = 0.53, antiderivative size = 420, normalized size of antiderivative = 1.00, number of

number of rules _ 0.350,
integrand size

steps used = 24, number of rules used = 7, integrand size = 20,
Rules used = {3809, 3378, 3384, 3379, 3382, 3394, 12}

JCh(4af + &) sinh (te = &) _ [Chi(2ry + %) sinh (20— 3F) | [Chi2ry + 3H) conh (2e = 3F) _ fCi(8r] + SF)cos (e = ) foinh (= ) Si(2af + 3F) _ finh (4 5)Siar + &) _ foouh (= ) Si(aef + 3) | foosh (s~ &) Shidaf + 5) _ sini(2e +21s) _ sinb(2e +27) s +
3 + or o + AT 7 3

Antiderivative was successfully verified.
[In] Int[1/((c + d*x)~2*(a + a*Coth[e + f*x])~2),x]

[Out] -1/4%1/(a"2*d*(c + d*x)) + Cosh[2%e + 2%f*x]/(2*%a~2*d*(c + d*x)) - Cosh[2xe
+ 2xfxx] "2/ (4*a~2*d*(c + d*x)) + (fxCosh[2xe - (2%c*f)/d]*CoshIntegral [(2x
cxf)/d + 2xfxx])/(a"2+%d"2) - (f*Cosh([4*e - (4*cxf)/d]*CoshIntegral [(4*xcxf)/
d + 4xf*x])/(a"2*xd"2) + (f*CoshIntegral[(4*c*f)/d + 4*xf*xx]*Sinh[4*e - (4xcx
£)/d])/(a"2*d"2) - (f*CoshIntegral[(2xc*f)/d + 2*f*x]*Sinh[2*%e - (2%cxf)/d]
)/(a~2xd"2) - Sinh[2*e + 2xf*x]/(2¥a"2*d*(c + d*x)) - Sinh[2*e + 2xf*x]~2/(
4xa~2+d*(c + d*x)) + Sinh[4*e + 4xfxx]/(4*a"2xd*(c + d*x)) - (f*Cosh[2*e -
(2xcx*f) /d]*SinhIntegral [(2*c*f)/d + 2xfxx])/(a"2%d"2) + (f*Sinh[2%e - (2%cx*
f)/d]*SinhIntegral [(2*c*xf)/d + 2xfx*x])/(a"2*d"2) + (f*Cosh[4*e - (4*cxf)/d]
*SinhIntegral [(4xc*xf)/d + 4xfxx])/(a"2*d"2) - (f*Sinh[4xe - (4*c*f)/d]*Sinh
Integral [(4xc*f)/d + 4xf*x])/(a~2*d~2)

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQl[a, x] && !Match
QLu, (b_)*(v_) /; FreeQ[b, x]]

Rule 3378

Int[((c_.) + (d_.)*(x_)) " (m_)*sin[(e_.) + (f_.)*(x_)], x_Symbol] :> Simp[(c
+ d*x)"(m + 1)*(Sinf[e + f*x]/(d*(m + 1))), x] - Dist[f/(d*(m + 1)), Int[(c
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+ d*x)"(m + 1)*Cos[e + f*x], x], x] /; FreeQ[{c, d, e, £}, x] && LtQ[m, -1
]

Rule 3379

Int[sin[(e_.) + (Complex[0, fz_1)*(f_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbo
1] :> Simp[I*(SinhIntegral[cxf*(fz/d) + fxfz*x]/d), x] /; FreeQl{c, d, e, £
, £z}, x] && EqQ[d*e - cxf*xfzxI, 0]

Rule 3382

Int[sin[(e_.) + (Complex[0, fz 1)*(f_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbo
1] :> Simp[CoshIntegral [cxf*(fz/d) + fxfzxx]/d, x] /; FreeQl{c, d, e, £, fz
}, x] && EqQ[d*(e - Pi/2) - c*f*fz*xI, 0]

Rule 3384

Int[sinl(e_.) + (f_.)*(x_)]1/((c_.) + (d_.)*(x_)), x_Symbol] :> Dist[Cos[(d*
e - cxf)/d], Int[Sin[c*(f/d) + f*x]/(c + d*x), x], x] + Dist[Sin[(d*e - c*f
)/d], Int[Cos[cx(f/d) + f*xx]/(c + d*x), x], x] /; FreeQ[{c, d, e, f}, x] &&
NeQ[d*e - cxf, 0]

Rule 3394

Int[((c_.) + (d_.)*(x_))"(m_)*sin[(e_.) + (£_.)*(x_)]1"(n_), x_Symbol] :> Si
mp[(c + d*x)"(m + 1)*(Sin[e + f*x]"n/(d*(m + 1))), x] - Dist[f*(n/(d*(m + 1
))), Int[ExpandTrigReduce[(c + d*x)"(m + 1), Cos[e + f*x]*Sin[e + f*x]~(n -
1), x1, x], x] /; FreeQ[{c, d, e, f, m}, x] && IGtQ[n, 1] && GeQ[m, -2] &&
LtQ[m, -1]

Rule 3809

Int[((c_.) + (d_)*(x_))"(m_)*((a_) + (b_.)*tan[(e_.) + (f_.)*(x_)])"(n ),
x_Symbol] :> Int[ExpandIntegrand[(c + d*x)~"m, (1/(2*a) + Cos[2*e + 2xfxx]/(
2%a) + Sin[2*e + 2*fxx]/(2*b))~(-n), x], x] /; FreeQ[{a, b, c, d, e, f}, x]
&& EqQ[a”2 + b~2, 0] && ILtQ[m, 0] && ILtQ[n, O]

Rubi steps
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1 dp — / 1 _ cosh(2e +2fx) cosh?(2e +2fz)  sinh(2e
(c+dz)*(a+acoth(e + fz))2 4a?(c + dx)? 2a2(c + dx)? 4a?(c + dx)? 2a2(c-
cosh?(2e+2fz sinh?(2e+2fz sinh(4e
_ 1 f (c_(;_d;;?f ) dz f (csrd:cr)2f ) dx _ f (c(+d—;
~ 4a2d(c + dx) 4a? 4a? 4a
_ 1 cosh(Ze +2fz) cosh?(2e + 2f) _ sinh(2e +
4a’d(c+dz)  2a%d(c+ dz) 4a2d(c + dx) 2a%d(c +
. 1 cosh(2e +2fz) cosh®(2e + 2fx) _ sinh(2e +
~ 4a2d(c+dr)  2a2d(c+ dx) 4a2d(c + dx) 2a%d(c +
B 1 4 cosh(Ze +2fz) cosh?(2e + 2fx)  fcosh (2e
~ 4a2d(c+dr)  2a2d(c+ dx) 4a%d(c + dz)
_ 1 cosh(Ze +2fz) cosh®(2e + 2fx)  fcosh (2e
~ 4a2d(c+dr)  2a2d(c+ dx) 4a%d(c + dz)

Mathematica [A]
time = 0.99, size = 442, normalized size = 1.05

Antiderivative was successfully verified.

[In] Integrate[1/((c + d*x)~2*(a + axCoth[e + f*x])~2),x]

[Out] ((-Cosh[2*(e + fx(-(c/d) + x))] + Sinh[2*(e + f*(-(c/d) + x))])*(-2*d*Cosh[
(2%c*f)/d] + d*Cosh[2*(e + f*(-(c/d) + x))] + d*Cosh[2*(e + f*(c/d + x))] +
2xd*Sinh [(2*%c*f) /d] - 4*xfx(c + d*x)*CoshIntegral [(2*f*(c + d*x))/d]*(Cosh[
2xf*x] + Sinh[2*f*x]) + d*Sinh[2*(e + f*(-(c/d) + x))] - d*Sinh[2x(e + fx*(c
/d + x))] + 4xf*x(c + d*x)*CoshIntegral [(4*f*(c + d*x))/d]l*(Cosh[2%e - (2%fx*
(c + d*x))/d] - Sinh[2*e - (2xf*(c + d*x))/d]) + 4*cxf*Cosh[2*f*x]*SinhInte
gral [(2xf*x(c + d*x))/d] + 4*xd*f*x*Cosh[2*f*x]*SinhIntegral [(2*f*(c + d*x))/
d] + 4xcxf*Sinh[2*f*x]*SinhIntegral [(2xfx(c + d*x))/d] + 4*xd*fxx*Sinh [2*f*x
1*SinhIntegral [(2*f*(c + d*x))/d] - 4xc*f*Cosh[2*e - (2xf*(c + d*x))/d]*Sin
hIntegral [(4xfx(c + d*x))/d] - 4*d*xfxxxCosh[2*e - (2*f*(c + d*x))/d]*SinhIn
tegral [(4xf*(c + d*x))/d] + 4*cxf*Sinh[2*e - (2*f*(c + d*x))/d]*SinhIntegra
1[(4*f*x(c + d*x))/d] + 4xd*f*x*Sinh[2*e - (2%xfx(c + d*x))/d]*SinhIntegral [(
4xfx(c + d*x))/d]))/(4*a~2xd"2x(c + d*x))

Maple [A]
time = 9.35, size = 164, normalized size = 0.39
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method | result

4cf—4de 2cf—2de
fe—4fa—de fe d eprntegral<1,4fw+4e+$;4de) fe—2fz—2e fe d eprntegral(

. 1
risch T 1a2d(dzto)  daZd(dzftcf) + a2d? + 202d(dcf+cf) ad

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(d*x+c)~2/(at+a*coth(f*x+e))”~2,x,method=_RETURNVERBOSE)

[Out] -1/4/a"2/d/(d*x+c)-1/4xf/a"~2*xexp (-4xfxx-4*e)/d/ (A*xf*x+cxf)+f/a~2/d " 2*exp (4%
(cxf-d*e) /d)*Ei(1,4xf*x+4*e+dx (cxf-dxe) /d)+1/2xf/a"2%exp (-2xf*x-2%e) /d/ (d*f
xx+c*xf)-f/a"~2/d"2xexp (2% (c*f-d*e) /d) *Ei (1,2*f*x+2xe+2% (cxf-d*e) /d)

Maxima [A]
time = 1.25, size = 102, normalized size = 0.24

1 L o)y (suaspar) (2] (2taspar)

4 (a?dz + a2cd) 4 (dz + c)a?d + 2(dz + c)a’d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c)~2/(at+a*coth(f*x+e))~2,x, algorithm="maxima")

[Out] -1/4/(a"2%d"2*x + a~2%c*d) - 1/4xe”(4xcxf/d - 4*e)*exp_integral_e(2, 4*(d*x
+ c)*f/d)/((d*x + c)*a~2*d) + 1/2xe~(2xcxf/d - 2*e)*exp_integral_e(2, 2*(d

xx + c)*f/d)/((d*x + c)*a~2%d)

Fricas [A]

time = 0.35, size = 713, normalized size = 1.70

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c)~2/(ata*coth(f*x+e))~2,x, algorithm="fricas")

[Out] 1/2x(2x(d*xf*x + c*f)*Ei(-2%(d*f*x + c*xf)/d)*cosh(f*x + cosh(1l) + sinh(1))"2
xcosh(-2*(cxf - dxcosh(1l) - d*sinh(1))/d) - 2*(d*f*x + c*f)*Ei(-4*(dxf*x +
cxf)/d) *cosh(f*x + cosh(1l) + sinh(1)) 2*cosh(-4*(cxf - d*cosh(1l) - d*sinh(1
))/d) - dxcosh(f*x + cosh(1) + sinh(1))"2 + (2x(d*f*x + cxf)*Ei(-2*(d*xf*xx +
cxf)/d) *cosh(-2*(c*f - d*xcosh(1l) - d*sinh(1))/d) - 2*(d*f*x + c*f)*Ei(-4x*(
dxf*x + c*xf)/d)*cosh(-4*(c*f - d*cosh(l) - d*sinh(1))/d) - d)*sinh(f*x + co
sh(1) + sinh(1))"2 + 4% ((d*f*x + c*f)*Ei(-2*(d*f*x + c*f)/d)*cosh(f*x + cos
h(1) + sinh(1))*cosh(-2x(c*f - d*cosh(1) - d*sinh(1))/d) - (d*f*x + cxf)*Ei
(-4*x(d*f*x + c*xf)/d)*cosh(f*x + cosh(1l) + sinh(1))*cosh(-4*(cxf - d*cosh(1)
- d*sinh(1))/d))*sinh(f*x + cosh(1) + sinh(1)) - 2*x((d*f*x + cxf)*Ei(-2*(d
*fxx + c*f)/d)*cosh(f*x + cosh(1) + sinh(1))72 + 2x(d*f*x + c*xf)*Ei(-2*(d*f
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*x + c*f)/d)*cosh(f*x + cosh(1) + sinh(1))*sinh(f*x + cosh(1l) + sinh(1)) +

(d*xfxx + cxf)*Ei(-2*(d*f*x + c*f)/d)*sinh(f*x + cosh(1) + sinh(1))~2)*sinh(
-2x(c*f - d*cosh(1) - d*sinh(1))/d) + 2% ((d*f*x + c*f)*Ei(-4*(dxf*x + c*f)/
d) *cosh(f*x + cosh(1l) + sinh(1))~2 + 2% (d*f*x + c*f)*Ei(-4*x(d*f*x + c*xf)/d)
xcosh(f*x + cosh(1) + sinh(1))*sinh(f*x + cosh(l) + sinh(1)) + (d*xf*x + cxf
)*Ei (4% (d*f*x + c*f)/d)*sinh(f*x + cosh(1) + sinh(1))"2)*sinh(-4*(cxf - dx*
cosh(1) - d*sinh(1))/d) + d)/((a”2*%d"3*x + a~2*xc*xd”~2)*cosh(f*x + cosh(1l) +

sinh(1))"2 + 2x(a"2*%d"3*x + a"~2*c*d~2)*cosh(f*x + cosh(1) + sinh(1))*sinh(f
*x + cosh(1) + sinh(1)) + (a”2*%d"3*x + a~2*c*d"2)*sinh(f*x + cosh(l) + sinh

(1))72)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00
1
f 2 coth? (e+fx)+2¢2 coth (e+ fx)+c2+2cdx coth? (e+fz)+4cdx coth (e+ fx)+2cdz+d2x2 coth? (e+fx)+2d2x2 coth (e+ fz)+d2x2 dx
2
a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c)**2/(a+axcoth(f*x+e))**2,x)

[Out] Integral(1l/(c**2*coth(e + f*x)**2 + 2kxcx*2xcoth(e + f*x) + c**2 + 2kckd*x*c
oth(e + f*x)**2 + 4*cxd*x*coth(e + f*x) + 2xckdxx + dx*2*x*x*2*coth(e + f*x)

*%2 + 2kdkk2kxkk2kcoth(e + fxx) + d**2%x**2), x)/a*x*x2

Giac [A]

time = 0.44, size = 585, normalized size = 1.39

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c)~2/(ata*coth(f*x+e))~2,x, algorithm="giac")

[Out] 1/4*(4x(d*x + c)*(d*e/(d*x + c) - c*f/(d*x + c) + £)*f"2+Ei(-2*x((d*x + c)*(
dxe/(d*x + ¢) - c*xf/(d*x + c) + f) - dxe + c*f)/d)*e”(-2x(d*e - cxf)/d) - 4
*dxexf"2+Ei (-2*x((d*x + c)*(d*e/(d*x + c) — c*f/(d*x + c) + f) - d*xe + cxf)/
d)*e” (-2x(d*e - cxf)/d) + 4*cxf~3*Ei(-2*%((d*x + c)*(d*xe/(d*x + c) - c*xf/(d*
X +c) + f) - dxe + c*f)/d)*e” (-2x(d*xe - c*xf)/d) - 4*(d*x + c)*(dxe/(d*x +
c) - cxf/(d*x + c) + f)*f"2%Ei(-4*((d*x + c)*(d*e/(d*x + c) - c*f/(d*x + c)
+ f) - dxe + cxf)/d)*e”(-4*%(d*e - c*f)/d) + 4xdxexf~2+Ei(-4*((d*x + c)x*(dx*
e/(d*x + ¢c) - cxf/(d*x + ¢c) + f) - d*xe + cxf)/d)*e”(-4*(d*e - c*f)/d) - 4xc
*f~3*%Ei (4% ((d*x + c)*(d*xe/(d*x + c) - cxf/(d*x + c) + f) - dxe + c*f)/d)*e
“(-4x(d*e - cxf)/d) + 2*xdxf~2*%e” (-2*x(d*x + c)*(d*xe/(d*x + c) - cxf/(d*x + ¢
) + £)/d) - d*f"2*%e” (-4*x(d*x + c)*(d*e/(d*x + c) - c*xf/(d*x + ¢c) + f)/d) -
d*£f~2)*d~2/(((d*x + c)*a~2*d~4*(d*xe/(d*x + c) - cxf/(d*x + c) + f) - a~2+d~
5xe + a”~2%c*d~4xf)x*f)
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Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

1
/ 5 5 dx
(a+acoth(e+ fz)) (c+dx)
Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/((a + a*coth(e + f*xx)) " 2x(c + d*x)~2),x)
[Out] int(1/((a + a*coth(e + f*xx)) " 2%(c + d*x)~2), x)
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(c+dz)3
3.27 f (a+acoth(e+fz))3 dx

Optimal. Leaf size=336

d3e—6e—6fac B 9d3e—4e—4fx N 9d3e—26—2fx N d26—66—6fx (C + dx) B 9d2e—4e—4fx (C + da:) 9d26—2e—2fz (C + dx) f
1728434 1024a3f* ' 64adf4 2883 f3 25643 f3 3203 f3

[Out] 1/1728%d"3*exp(-6xf*x-6%e)/a~3/f~4-9/1024*d"3*exp (-4*f*x-4*e) /a~3/£"4+9/64x%
d~3xexp (-2*f*x-2%e) /a~3/f~4+1/288*d"2*exp (-6*f*x—6%e) * (d*x+c) /a~3/£73-9/256
*xd~2%exp (—4*f*x-4*e)* (d*x+c) /a~3/£73+9/32*d"2*exp (-2*f*x-2%e) x (d*x+c) /a~3/f
~3+1/96*d*exp (-6*f*x—6%e) * (d*x+c) ~"2/a~3/£72-9/128*d*exp (—4*f*x—-4*e) * (d*x+c)
~2/a~3/£72+9/32*xd*exp (—2*f*x-2%e) * (d*x+c) “2/a"3/£72+1/48xexp (-6*f*x-6%e) * (d

*xx+c) ~3/a"3/£-3/32*%exp (-4*xf*xx-4*e) * (d*x+c) ~"3/a~3/£+3/16%exp (-2*f*x-2%e) * (d*
x+c)~3/a~3/f+1/32%(d*x+c)~4/a"3/d

Rubi [A]

time = 0.26, antiderivative size = 336, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.150,

steps used = 14, number of rules used = 3, integrand size = 20,
Rules used = {3810, 2207, 2225}

Ple+dn)e ™ 9P(c+dr)e YT 9d(c+dn)e T d(ctdr)?e T d(ct dn)’e T 9d(c+ da)?e I (et da)'e 0T B(ctdr)letHT | B(c du)te

28803 603 20 T - e 320372 +

B . . (c+da)* . debebfE  getemdis N 9dde—2e-2fe
48a°f 324°F 1603 f 32a°d | 1728a°f%  1024a3f* 64a’ /1

Antiderivative was successfully verified.
[In] Int[(c + d*x)~3/(a + a*Coth[e + fx*x])~3,x]

[Out] (d"3*%E~(-6xe - 6xf*xx))/(1728*%a~3*f~4) - (9*d~3*E~(-4*e - 4xfxx))/(1024*a~3x%
£f74) + (9%d"3*E~(-2xe - 2*f*x))/(64*a"~3*f~4) + (d"2*%E~(-6*e - 6*xf*x)*(c + d
*x))/(288*a~3*xf~3) - (9*%d"2*E~ (-4*e - 4xf*xx)*(c + d*x))/(256*xa~3*f~3) + (9%
d"2+E~ (-2xe - 2*fxx)*(c + d*x))/(32*a"3*%f~3) + (d*E~(-6*xe — 6*f*x)*(c + d*x
)"2)/(96%a”~3%f~2) - (9*d*E~(-4xe - 4xf*x)*(c + d*x)~2)/(128*a~3*f~2) + (9*d
*E~(-2*%e - 2xfxx)*(c + d*x)~2)/(32*%a~3*xf"2) + (E~(-6*e - 6xf*x)*(c + d*x)~3

)/ (48%a~3xf) - (3*E~(-4%e - 4xf*xx)*(c + d*x)~3)/(32*xa"3*f) + (3*E~(-2%e - 2
*fxx)*(c + d*x)~3)/(16*a~3*f) + (c + d*xx)~4/(32*xa~3*d)

Rule 2207

Int [((b_.)*(F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)*((c_.) + (d_.)*(x_))"(m
_.), x_Symbol] :> Simp[(c + d*x) m*((b*F~(gx(e + £*x))) n/(f*gxn*xLog[F]l)),
x] - Dist[d*(m/(f*g*n*Log[F])), Int[(c + d*x)"(m - 1)*(b*F~(gx(e + £*x))) n
, xJ, x] /; FreeQ[{F, b, ¢, d, e, f, g, n}, x] & GtQ[m, 0] && IntegerQ[2*m
] && !'TrueQ[$UseGammal

Rule 2225

Int [((F_)~((c_.)*((a_.) + (b_.)*(x_))))"(n_.), x_Symbol] :> Simp[(F~(c*x(a +
b*x))) "n/(bxcxn*Log[Fl), x] /; FreeQ[{F, a, b, c, n}, x]
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Rule 3810

Int[((c_.) + (d_)*(x_))"(m_)*((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(n ),
x_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (1/(2*a) + E~(2*(a/b)*(e + fx
x))/(2*a))~(-n), x1, x] /; FreeQ[{a, b, ¢, d, e, f, m}, x] && EqQ[a"2 + b~2
, 0] && ILtQ[n, O]

Rubi steps

(c+ dx)3 o — / ((c +dz)® e %8/2(c 4 dx)3 N 3e~4e4T(c +dx)® 3e 2 (c+dx
L de = _

(a + acoth(e + fx)) 8a? 8a? 8a? 8a?

_(c+dz)t  [e (et da)Pdx N 3[e* o (c+dx) dr 3 [e
32a3d 8a3 8a3 &

e 5 b/e(c +dx)3 3e e U*(c+dx)® 3e " %(c+dx)®  (c+dx)t
- 4843 f - 32a3f 16a3f 32a3d
de=68/%(c + dx)?  9de~*¢4(c+dx)? 9de 2 H%(c+dx)? e b b/®
- 9643 f2 - 12843 f2 3243 2 48,
_ dPe5b (et dx)  9dPe (e +dx) | 9d’e (¢ + dx) N de—6e=6f
28843 3 25643 3 3243 f3 9%
d3e—66—6fx 9d3e—4e—4fx 9d3e—2e—2fx d26—66—6fx(c + dx) 9d26—4e—4f1
T 1728¢3f%  1024a3f4 RYPE f4 + 28843 f3 B 2564

Mathematica [A]
time = 1.42, size = 615, normalized size = 1.83

Antiderivative was successfully verified.

[In] Integratel[(c + d*x)~3/(a + a*Coth[e + f*x])~3,x]

[Out] (Cschle + fxx] "3*%(81%(32%c™3*f~3 + 24xc~2xd*xf 2% (3 + 4*f*x) + 12kckxd™2xf* (7
+ 12xfxx + 8*%f72%x72) + d73%(45 + 84xf*x + 7T2*xf~2%x"2 + 32*%f~3*x~3))*Cosh[
e + fxx] + 16%(36*c™3*f 3% (1 + 6*%f*x) + 18%c™2*d*f 2% (1 + 6*fxx + 18*%f 2xx~
2) + 6xckd"2+f*x (1 + 6kf*x + 18*xf~2*x"2 + 36%f~3*%x73) + d"3*%(1 + 6xf*xx + 18%
£f72*%x"2 + 36%f"3%x"3 + 54*f~4%x"4))*Cosh[3*(e + f*x)] + 4131*%d"3*Sinh[e + f
xx] + 8748*cxd"2xf*Sinh[e + f*x] + 9720*c”2*d*f~2xSinh[e + fxx] + 7776%c~3x%
f~3xSinh[e + f*x] + 8748*d"3*f*x*Sinh[e + f*x] + 19440*c*d~2*f 2*x*Sinh[e +
f*x] + 23328%c”2xd*xf " 3*x*Sinh[e + f*x] + 9720%d"3*f 2*x"2*Sinh[e + f*xx] +
23328*cxd”2*f " 3*xx"2*Sinh[e + f*xx] + 7776xd"3*f"3*x~3*Sinh[e + f*x] - 16%d"~3
*Sinh[3*%(e + f*x)] - 96*c*xd~2*xf*Sinh[3*(e + f*x)] - 288*c~2*xd*f~2*Sinh[3*(e
+ f*x)] - 576%c”3*xf"3*Sinh[3*(e + f*x)] - 96*d"3*f*x*Sinh[3*(e + f*x)] - 5
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T6xcxd”2*f"2*x*Sinh [3* (e + f*xx)] - 1728*c”2*d*f " 3*x*Sinh[3*(e + f*x)] + 345
6*%c”3*xf"4*xx*Sinh[3*(e + f*x)] - 288*d~3*f " 2xx"2*Sinh[3*(e + f*x)] - 1728*c*
d"2+f"3xx"2*Sinh[3* (e + f*x)] + 5184*c™2xd*f 4*x~2+Sinh[3*(e + f*x)] - 576%
d~"3*f~3*xx"3*Sinh[3* (e + f*x)] + 3456*%c*xd~2*xf 4*x"3*Sinh[3*(e + f*x)] + 864x*
d~3*%f~4xx~4%Sinh[3*(e + f*x)]))/(27648%a~3*xf~4*x(1 + Coth[e + f*x])~3)

Maple [A]
time = 3.01, size = 379, normalized size = 1.13

method | result

. A3zt d2cx3 3d 222 Sz 4 3(4d32® f3+12cd? f3x2+12c%d f3x+6d3 f2w2+4c3 f3+12cd? f2x+6c%d f2+6d3
risch 3205 T 88 T "16a® T 82 T S2a%a T 64a3 77

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x+c)~3/(at+a*coth(f*x+e)) 3,x,method=_RETURNVERBOSE)

[Out] 1/32/a"3*d"3*x"4+1/8/a~3*%d"2*c*x"3+3/16/a"3*d*c"2xx~2+1/8/a~3*c"3*x+1/32/a"
3/d*c™4+3/64* (4*d~3*f "3*x"3+12%cxd"2*f "3*x"2+12%CcT2*d*f " 3*x+6%d " 3*f "2%xx"2+4
*xC73*f "3+12%ckd"2xf "2*x+6%CcT2xd*f "2+6%d " 3*f*x+6%c*xd"2*f+3*%d"3) /a~3/f "4*exp(
-2%fxx-2%e) —3/1024* (32*%d"3*f ~3*xx"3+96*C*d ™~ 2*f "3*x"2+96*Cc " 2*kd*f ~3*kx+24*d " 3*f
“2%x72+32%C73*f "3+48*ckd " 2xf T2xx+24% 7 2xd*f " 2+12+d " 3*fkx+12xc*d "2+ f+3*d"3) /

a~3/f 4xexp(-4*f*xx-4*xe)+1/1728* (36*d~3*f~"3*xx"3+108*c*xd~2*f ~3*x~2+108*c~2*d*

£ 3%x+18%d"3*f " 2%x"2+36%Cc " 3*f "3+36%Cckd 2% f " 2kx+18*Cc"2xd*f "2+6xd"3*f*xx+6*Ccxd
~2xf+d"~3) /a~3/f ~4*exp (-6*f*x-6*e)

Maxima [A]
time = 1.55, size = 434, normalized size = 1.29

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)~3/(ata*coth(f*x+e)) 3,x, algorithm="maxima")

[Out] 1/96%c™3*(12x(f*x + e)/(a"3*f) + (18xe” (-2*f*x — 2%e) - 9xe”~ (-4x*xf*x - 4xe)
+ 2%e” (-6xf*x - 6%e))/(a"3*f)) + 1/384*(72xf~2*x"2%e~(6*e) + 108 (2xf*x*e”(
dxe) + e~ (4xe))xe” (-2*f*x) - 27*(dxfxx*xe”(2%xe) + e~ (2*e))*e” (-4*xf*x) + 4*(6
*f*xx + 1)*e” (-6*xf*xx))*xc 2xd*xe” (-6%e) /(a~3*f~2) + 1/2304*(288*f~3*x"3*e~ (6*e
) + 648% (2xf~2xx"2%e” (4*xe) + 2*fxxxe” (4*e) + e~ (4*e))*e” (-2xf*x) - 81x(8*f~
2%x"2xe” (2%e) + Axfixxke” (2xe) + e~ (2%e))*e” (—4*f*x) + 8k (18+%f 2*xx"2 + 6*f*x
+ 1)*e” (-6*f*x))*cxd"2*%e” (-6%e) /(a"3*%f~3) + 1/27648*(864*xf " 4*xx"4xe” (6*%e) +
1296* (4*xf~3*%x"3*e” (4*e) + 6xf~2xx"2xe~(4*e) + 6*f*x*e” (4d*e) + 3*xe”~(4*xe))*e
T (-2%f%x) - 81k (32%f"3*xx"3xe”(2%e) + 24*f"2%x"2%e” (2%e) + 12xfxxxe”(2%e) +
3xe~(2*xe) ) ke~ (—4xf*xx) + 16%(36*f~3*x"3 + 18*f 2%x"2 + 6*xf*x + 1)*e” (—6*f*x)
)*xd"3*e” (-6xe)/(a"3*%f~4)



154

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 883 vs.
2(310) = 620.
time = 0.39, size = 883, normalized size = 2.63

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)~3/(ata*coth(f*x+e))~3,x, algorithm="fricas")

[Out] 1/27648% (16*(54*d"3*f~4*x"4 + 36%c~3*f~3 + 18*xc~2xd*f~2 + 6xcxd"2+f + 36*(6
xckd"2xf~4 + d"3*xf73)*x"3 + 473 + 18*(18*c”2*d*f"4 + 6*cxd"2xf"3 + d"3*xf"2)
*x72 + 6%(36*%c”3*f"4 + 18*%c”2xd*f"3 + 6*kc*kd"2*f"2 + d~3*f)*x)*cosh(f*x + co
sh(1) + sinh(1))73 + 48%(54*d"3*f~4*x~4 + 36%c~3*f~3 + 18*c™2xd*f~2 + 6*xc*d
~2%f + 36%(6%ckd"2*xf~4 + d~3*%f"3)*x"3 + 4”3 + 18%(18%c”2xd*f~4 + 6Gkc*kd"2%f"
3 + d73*%f"2)*x"2 + 6%(36*%c”3*%f"4 + 18*%c”2xd*f~3 + 6xc*kd"2*%f"2 + d73*f)*x)*C
osh(f*x + cosh(1) + sinh(1))x*sinh(f*x + cosh(1) + sinh(1))"2 + 16%(54*xd~3*f
“4xx"4 - 36%c”3*f"3 - 18*c”2xd*f"2 - 6xcxd"2*f + 36%(6kc*kd"2xf"4 - d"3*f73)
*x73 - d73 + 18%(18%c™2xd*f~4 - 6*c*d"2*f"3 - d"3*f"2)*x"2 + 6% (36*%c”3*f"4
- 18*c”2*d*f~3 - 6xckd"2+%f"2 - d"3*f)*x)*sinh(f*x + cosh(1) + sinh(1))"3 +
81%(32xd"3*f~3%x~3 + 32%c"3*f"3 + T2*xc"2xd*xf~2 + 84xckxd"2*f + 45%d"3 + 24x*(
dxcxd"2*xf"3 + 3%d"3*%f72)*x"2 + 12k (8*c”2xd*f"3 + 12%c*d"2*%f"2 + T*xd"3*f)*x)
*cosh(f*x + cosh(1) + sinh(1)) + 3%(2592*d"3*f~3*x"3 + 2592*c”~3*f~3 + 3240%
cT2%d*f"2 + 2916%ckd"2xf + 1377*%d"3 + 648*(12*%c*d"2*f~3 + 5xd~3*xf"2)*x"2 +
16% (54xd~3*%f~4*x"4 - 36%c”3*f"3 — 18%xc™2xd*f~2 - 6*c*d"2*f + 36*%(6xcxd~2xf~
4 - d73%xf"3)*x"3 - d"3 + 18%(18*c™2xd*xf~4 - 6xc*d"2*%f"3 - d"3*f"2)*x"2 + 6%
(36%c~3*%f~4 - 18%c~2*%d*f~3 - 6xcxd"2xf~2 - d73*f)*x)*cosh(f*x + cosh(l) + s
inh(1))72 + 324%(24*c™2%d*f~3 + 20*xc*xd~2*%f~2 + 9*d~3*f)*x)*sinh(f*x + cosh(
1) + sinh(1)))/(a~3*f"4*cosh(f*x + cosh(1l) + sinh(1))"3 + 3*a~3*f"4*xcosh(fx*
x + cosh(1l) + sinh(1)) 2*sinh(f*x + cosh(1l) + sinh(1)) + 3*a~3*f"4*xcosh(f*x
+ cosh(1) + sinh(1))*sinh(f*x + cosh(1l) + sinh(1))~2 + a~3*f 4xsinh(f*x +
cosh(1) + sinh(1))~3)

Sympy [B] Leaf count of result is larger than twice the leaf count of optimal. 3918 vs.
2(347) = 694.
time = 1.55, size = 3918, normalized size = 11.66

Too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)**3/(ata*coth(f*x+e))**3,x)

[Out] Piecewise((864*c**3*f**d*x*tanh(e + f*xx)**x3/(6912*a**3*f**d*xtanh(e + f*xx)*x*
3 + 20736*xaxx3xfxxdxtanh(e + f*x)**2 + 20736*ax*x3xfx*x4+xtanh(e + f*x) + 6912
xaxx3kf**4) + 2592kc*k*3xfxxdxx*ktanh(e + f*x)**2/(6912*%a**3*xfxx4d*xtanh(e + fx*
X)**%3 + 20736*a**3xfx*x4d*xtanh(e + f*xx)**2 + 20736*a**3xfxx4d*xtanh(e + f*xx) +
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6912xax*x3*xf**4) + 2592*c**3xfx*xdxx*tanh(e + f*x)/(6912%a**3*f*x4xtanh(e + f
*x)**3 + 20736*a*x*3*f**x4xtanh(e + fxx)**2 + 20736*a*x*3*f**x4xtanh(e + f*xx) +
6912xa*x*x3*xf**x4) + 864*c**x3xfxkd*xx/(6912*xa*x*3*f**x4xtanh(e + fxx)**x3 + 20736
*a*x*3*kfrkdktanh(e + f*xx)**x2 + 20736*a**3*f**dxtanh(e + f*xx) + 6912*a**3*f**
4) + 6048*xc**x3xf*x3xtanh(e + f*x)**x2/(6912*ax*3*fx*4*xtanh(e + f*x)**3 + 207
36*ax*x3xf*r*4*xtanh(e + f£*x)**x2 + 20736*ax*x3*xf**4*xtanh(e + f*x) + 6912*a**3xf
*x4) + T776xcxx3xf**3*xtanh(e + f*x)/(6912*a**3xfx*x4d*xtanh(e + f*x)**3 + 2073
6*xaxx3xfrkdxtanh(e + £*x)**x2 + 20736*a*x*x3xfrkd*tanh(e + f*x) + 6912ka*x*3*f*
*4) + 2880*c*k*3*f**x3/(6912*xax*3xf**x4*xtanh(e + f*x)**3 + 20736*a*x*3*xf**4*tan
h(e + f*x)**x2 + 20736*a*x*3*f**4*xtanh(e + f*x) + 6912*a**3xf*x*x4) + 1296*Cc**2
*dxfrkd*kx*+*x2xtanh (e + f*x)**x3/(6912*xax*x3*xf**4*xtanh(e + f*x)**x3 + 20736*a*x*3
xfxxdxtanh (e + f*xx)**2 + 20736*a**3xfx*x4*xtanh(e + f*xx) + 6912%a*x*3*f*x4) +
3888k cxk2kd*f*xdxxxk2xtanh (e + f*x)**2/(6912*%a**3xfx*xdxtanh(e + f*x)**3 + 2
0736*a*x*3*xfxxdxtanh(e + f*x)**2 + 20736*a*x*3xfxxdxtanh(e + f*x) + 6912%a**3
*f**4) + 3888*kck*x2kd*fr*k4*x*k*2+xtanh(e + f*xx)/(6912*ax*3*xf*x*4*xtanh(e + f*x)*
*3 + 20736*a*x*3*kfxxdxtanh(e + f*x)**2 + 20736*a*x*k3*xfxxdxtanh(e + f*x) + 691
2%axx3xfk*k4) + 1296kck*2xd*xfxxdxx**2/(6912%a**3*xf*xx4dxtanh(e + f*xx)**3 + 207
36*axx3xf*r*kd*xtanh(e + f*x)**x2 + 20736*a*x*x3xf*r*kd*tanh(e + f*x) + 6912%a**3*f
*%4) - 6264*ckk2kdxfx*x3xxxtanh(e + f£*x)**3/(6912%ax*x3xfxx4dxtanh(e + f*x)**3
+ 20736*a*x*3xf*x*4xtanh(e + f*xx)**2 + 20736*ax*3*f*x*4*xtanh(e + f*x) + 6912%
axk3kf*xkd) - 648kckx*x2xd*f**3*x*tanh(e + f*xx)**x2/(6912*xa*x*x3*xf**4*tanh(e + fx*
X)**%3 + 20736*a**3xfx*x4*xtanh(e + f*xx)**2 + 20736*a**3xf*x*x4d*xtanh(e + f*xx) +
6912xax*x3*xf**4) + 4536*c**2xdxf**3*x*tanh(e + f*x)/(6912*a**3xf*x*x4*xtanh(e +
f*x)*x3 + 20736*a*x*x3xf*x*kd*xtanh(e + £*x)**x2 + 20736*a*x*x3xf*x*4d*xtanh(e + f*x)
+ 6912*%ax*x3xfxx4) + 2376*c*k*2kd*f**k3*kx/ (6912*xa*x*x3xfx*x4+xtanh (e + f*x)**3 +
20736xax*x3xf**x4xtanh(e + f*x)**x2 + 20736*a*x*x3xf**4xtanh(e + f*x) + 6912*axx
3xfxx4) + 6264*cxx2xd*f**2xtanh(e + f*x)**x2/(6912*ax*x3xf*x*4*tanh(e + f*x)**
3 + 20736*a**3xfxxd*xtanh(e + f*xx)**2 + 20736*a**3xfx*x4d*xtanh(e + f*x) + 6912
*ak*3xfk*4) + 9720*ck*x2xd*xf*x*2+xtanh(e + fxx)/(6912*ax*3*xf*x*4*xtanh(e + f*x)*
*3 + 20736*a*x*3*kfxxdxtanh(e + f*x)**2 + 20736*a*x*3*xfxxdxtanh(e + f*x) + 691
2kaxk3kfkkd) + 4032kck*2*xd*f**2/(6912*%axk3xfxxdxtanh(e + f*x)**3 + 20736*ax
*3xfxkdktanh (e + £*x)**2 + 20736*a*x*x3xf*x*k4dxtanh(e + f*x) + 6912ka**3*xf**x4)
+ 864xcxdxkx2*xf**4xxx*x3xtanh (e + f*xx)**3/(6912xa**3*f*x4xtanh(e + f*xx)**3 +
20736*xax*3*xf**x4xtanh(e + f*x)**x2 + 20736*ax*3*xf**4xtanh(e + f*x) + 6912*a*x
3kf**kd) + 2592xckxd*x*x2xf**x4*x**3*%tanh(e + f*xx)**x2/(6912*xa*x*3*f**4*tanh(e + f
*x)**3 + 20736*xa*x*3*f**x4xtanh(e + f*xx)**2 + 20736*xa**3*f**x4xtanh(e + f*xx) +
6912xa*x*3*xf**4) + 2592*ckdx*x2xf*r*x4*x**x3xtanh(e + f*xx)/(6912*a*x*3*xf**4*tanh
(e + f*x)*x3 + 20736*a*x*x3xf*x*4d*xtanh(e + f*x)**x2 + 20736*a*x*x3xf**4*tanh(e +
f*x) + 6912%a*x*x3xf*x*k4) + 864xckd*x*2*f*x4dxx**3/(6912*xa*x*3*f**x4xtanh(e + f*x)
**%3 + 20736*a*x*k3kfxxdxtanh(e + f*x)**2 + 20736*a*x*x3xfxx4dxtanh(e + f*x) + 69
12%a**3xfx*x4) — 6264xcxd**2*xf**x3xx*x*k2xtanh(e + f*x)*+*3/(6912*%a**3*f**x4*xtanh
(e + f*x)**3 + 20736*a*x*x3xfxxdxtanh(e + f*x)**2 + 20736*ax*x3xfxx4xtanh(e +
f*x) + 6912%a**x3xf*x*x4) — 648kxckxd**2*xf**x3xx*k*k2*xtanh(e + f*x)**2/(6912*a**3xf
*x4dxtanh (e + f*xx)**3 + 20736*a**3*xf*xx4dxtanh(e + f*xx)**2 + 20736*a*x*3*f*x4dxt
anh(e + f*x) + 6912xa*x*x3*xf**4) + 4536*kckd*x*x2xf*x*x3xx*x*x2xtanh (e + f*x)/(6912x%
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a**x3xfxx4xtanh(e + f*x)**3 + 20736*a**3xfxxdxtanh(e + f*xx)**2 + 20736*a**3*
f*xxdxtanh(e + fxx) + 6912%a*x*x3xf**4) + 2376kckd**2*xF*x*x3kx*k*2/ (6912%a**3*f**
4xtanh(e + f*x)**x3 + 20736*a*x*x3xfxkxd*xtanh(e + £*x)**x2 + 20736*a*x*x3xf*x*x4*xtan
h(e + f*x) + 6912*a**3*xf**k4) - 5004*ckd*x*2*xf**x2*x*tanh(e + f*x)**x3/(6912*ax*
*3kfxxdxtanh(e + £*x)**3 + 20736*a**3xf**x4dxtanh(e + f*x)**2 + 20736*a**3xfx*
*4xtanh (e + fxx) + 6912%ax*x3*xf**4) - 2484*xckd**2xf*xx2kxx*tanh(e + f*x)**2/(6
912xaxx3*xf**4*xtanh(e + f*x)**x3 + 20736*ax*x3*xf**4*xtanh(e + f*x)**x2 + 20736*a
*x3xfrkdktanh(e + £*x) + 6912%ka*x*3*xfxx4) + 4428*ckxdx*x2xf**2*xx*xtanh(e + f*x)
/(6912*%a*x*3xfxxdxtanh(e + f*x)**3 + 20736*a*x*x3xfxxdxtanh(e + f*x)**2 + 2073
6*xa*x*3xfrkdxtanh(e + fxx) + 6912*a**3*xf**k4d) + 3060*ckd*x*x2xf**2*x/(6912%a**3
xfxxdxtanh (e + f*xx)**3 + 20736*a**3xfx*x4*xtanh(e + f*x)**2 + 20736*a**3xf**x4
*tanh(e + f*x) + 6912%a*x*x3xf*x*4) + 5004*xckd**2*xfxtanh(e + f*xx)**2/(6912*axx*
3xfxxdxtanh(e + f*xx)**3 + 20736*a**3*f*x4dxtanh(e + f*xx)**2 + 20736k a*x*3*f**
4xtanh(e + f*x) + 6912%a**3*xfxx4) + 8748xcxdx*2*xf*tanh(e + f*x)/(6912%a**3*
f*x4xtanh(e + fxx)**3 + 20736*a*x*3*f**x4xtanh(e + f*x)**x2 + 20736*a*x*k3*f**4*
tanh(e + f*xx) + 6912%a**3*xf**x4) + 3936xckd*x*x2xf/(6912*a**3*xf*x*kdxtanh(e + f*
X)**%3 + 20736*a**3xfx*x4*xtanh(e + f*x)**2 + 20736*a**3xfx*x4d*xtanh(e + f*xx) +
6912xax*x3*xf**4) + 216*%d**3xfxxdxx*k*4*tanh(e + f...

Giac [A]

time = 0.42, size = 548, normalized size = 1.63

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)~3/(ata*coth(f*x+e))~3,x, algorithm="giac")

[Out] 1/27648*(864*d"3*f"4*x~4*e~ (6*f*x + 6xe) + 3456*ckd™2*xf"4*x"3*e”~ (6*%f*x + 6%
e) + 5184xc”2xdxf~4xx"2%e” (6*%f*x + 6%e) + 5184%d~3*xf " 3*xx"3*e” (4*f*x + 4x*e)
- 2592%d"3*f"3xx"3ke” (2*xf*x + 2%e) + 576%d"3*xf"3%xx"3 + 3456*c”3*f"4dxx*ke” (6%
f*x + 6%e) + 15552%xckd™2+f " 3xx"2%e” (4*xfxx + 4*e) - T776%c*d™2xf " 3*kx"2%e”™ (2%
fxx + 2%e) + 1728*cxd~2*%f"3*%x"2 + 15552*%c”2xd*f ~3xx*e” (4*xf*x + 4*e) + T776x%
d"3*f"2%x"2%e” (A*xfxx + 4xe) — TT76xc™2xd*f " 3xx*e” (2xf*x + 2%e) - 1944%d”3*f
T2%x"2%e” (2%fkx + 2%e) + 1728%c”2*d*f"3*kx + 288%d"3*f"2%xx"2 + 5184%c”3*%f 3%
e~ (4xfxx + 4%e) + 15552%c*xd~2xf " 2*x*e” (4xf*xx + 4xe) — 2592%c~3*f "3*ke” (2*f*x
+ 2%e) — 3888*ckd"2xf " 2*x*e” (2xf*x + 2%e) + 576%c”3*xf~3 + 576%cxd”2%f " 2*x
+ TT76xc™2xd*f"2%e”~ (4*xf*xx + 4xe) + T776%d"3xf*xx*ke” (4xfxx + 4%e) - 1944%c™ 2%
dxf~2%e” (2*f*xx + 2%e) - 972xd " 3*kfxxkxe” (2xf*xx + 2%e) + 288*c~2xd*f~2 + 96%d~
3kf*xx + T776xcxd"2xfxe” (4*f*x + 4*e) - 972xcxd " 2xfxe” (2*xf*x + 2%e) + 96%c*d
~2xf + 3888*d"3*xe” (4*f*x + 4*e) - 243xd"3*ke” (2*%fxx + 2%e) + 16*d"3)*e” (-6%f
*x - 6%e)/(a”~3*%xf~4)

Mupad [B]
time = 1.44, size = 374, normalized size = 1.11
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((c + d*x)~3/(a + a*coth(e + f*x))~3,x)

[Out] exp(- 2xe - 2kf*xx)*((9%d~3 + 12%c~3*f73 + 18xc~2*d*f~2 + 18xc*xd~2*f)/(64*a”
3xf~4) + (3*%d"3*x73)/(16%a~3*%f) + (9*d*xx*(d~2 + 2%xc™2*xf~2 + 2xcxd*f))/(32*a
“3%£73) + (9%d"2*x"2x(d + 2%cx*f))/(32%a"3*%f72)) - exp(- 4xe - 4xfxx)*((9*d”

3 + 96%c”3*%f"3 + T2*xc~2%d*f~2 + 36xc*d~2xf)/(1024*a"~3*xf~4) + (3*d~3*x~3)/(3
2%a~3*%f) + (9*d*x*x(d"2 + 8*c™2*xf"2 + 4xcxd*xf))/(256*a~3*f~3) + (9*xd~2*x"2*(

d + 4%c*f))/(128%a~3%f72)) + exp(- 6*%e - 6xf*x)*((d"3 + 36%c"3*xf~3 + 18%c~2
*d*f72 + 6xckd"2xf)/(1728*%a"~3*%f74) + (d"3*x73)/(48*a"~3*f) + (d*x*(d"2 + 18%
c"2xf"2 + 6kcxd*f))/(288*a~3*f73) + (d"2*xx"2*(d + 6*cxf))/(96*%a~3*xf"2)) + (
c~3*x)/(8%a~3) + (d"3%x74)/(32*a~3) + (3*c™2xd*x"2)/(16*a~3) + (c*d~2*x~3)/
(8*%a~3)
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(c+dzx)?
3.28 f (a+acoth(e+fz))3 dx

Optimal. Leaf size=246

d?e—be—6fz B 3d2e—de—4f= N 3d2e—2e—2f= N de=575/%(c 4 dx) B 3de~ 4% (c + dx) 3de 2¢"2/%(c+dz) e b
864a3 f3 25643 f3 32a3 f3 144a3 f? 64a3 f? 16a3 f2

[Out] 1/864*d~2%exp(-6*f*x—6*e)/a~3/f~3-3/256*d"2*exp(-4*f*x-4*e)/a~3/f~3+3/32*d"
2xexp (-2xfxx-2%e) /a~3/f"3+1/144*d*exp (-6*f*xx-6%e) * (d*x+c) /a~3/f"2-3/64*d*ex
p(—4*f*x-4%e)* (d*x+c) /a~3/f72+3/16*d*exp (-2*f*x—-2%e) x (d*x+c) /a~3/£72+1/48%*e

xp (—6*f*x-6%e) * (d*x+c) "2/a~3/f-3/32xexp (-4*f*x-4*e) * (d*x+c) "2/a~3/f+3/16%ex
p(—2xfxx-2%e) * (d*x+c) “2/a~3/f+1/24* (d*x+c) ~3/a~3/d

Rubi [A]

time = 0.18, antiderivative size = 246, normalized size of antiderivative = 1.00, number of

number of rules _ 15
integrand size ’

steps used = 11, number of rules used = 3, integrand size = 20,
Rules used = {3810, 2207, 2225}

d(c+dz)e%%*  3d(c+dr)e~"Y* 3d(c+dz)e ¥ (c+dx)?e 0T 3(c+dz)le T 3(c+dx)’e T (c+dr)®  dPe%OlT 3dle~ieUr  3Pem2e-2w

14443 f2 64a? f2 + 16a® f2 + 48a? f 32a® f + 16a3f + 24a*d + 864a3f3 256433 + 32a3 f3

Antiderivative was successfully verified.
[In] Int[(c + d*x)~2/(a + a*Coth[e + f*x])~3,x]

[Out] (d"2+E~(-6%e — 6%f*xx))/(864*a"~3+%f~3) - (3*d"2+E~(-4*e - 4xfx*xx))/(256%a"~3*f~
3) + (3*d"2+E~(-2*e - 2*fx*x))/(32*%a"3*%f~3) + (d*E~(-6*e - 6*f*x)*(c + d*x))
/(144xa~3*%f"2) - (3*d*E~(-4xe — 4*f*x)*x(c + d*x))/(64*a"3*f"2) + (3*d*E~(-2

xe — 2xf*x)*(c + d*x))/(16*xa"3*f"2) + (E~(-6%e - 6xf*x)*(c + d*x)~2)/(48*a~

3*xf) - (3*E~(-4xe - 4*f*x)*x(c + d*x)"2)/(32*a"3*f) + (3*E~(-2xe - 2*f*x)*(c

+ d*x)~2)/(16%a~3*f) + (c + d*x)~3/(24*a~3xd)

Rule 2207

Int [((b_.)*(F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)*((c_.) + (d_.)*(x_)) " (m
_.), x_Symbol] :> Simp[(c + d*x) m*((b*F~(gx(e + £*x))) n/(f*gxn*xLog[F]l)),
x] - Dist[d*(m/(f*g*n*Log[F])), Int[(c + d*x)"(m - 1)*(b*F~(gx(e + £*x))) n
, x1, x]1 /; FreeQ[{F, b, c, d, e, f, g, n}, x] && GtQ[m, 0] && IntegerQ[2+*m
] & !TrueQ[$UseGamma]

Rule 2225

Int[((FL)~((c_)*((a_.) + (b_.)*(x_))))"(n_.), x_Symbol] :> Simp[(F~(cx(a +
b*x))) “n/(b*c*n*xLog[F]), x] /; FreeQ[{F, a, b, c, n}, x]

Rule 3810

Int[((c_.) + (d_)*(x_))"(m_)*((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)])"(n ),
x_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (1/(2*a) + E~(2*(a/b)*(e + fx
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x))/(2*%a))~(-n), x], x] /; FreeQ[{a, b, c, d, e, f, m}, x] && EqQ[a”2 + b™2
, 0] && ILtQ[n, 0]

Rubi steps
(c+ dz)? do — / ((c +dz)? e % %%(c 4 dx)? N 3e~* o (c+dx)?  Be P H(c+d
(a + acoth(e + fz))3 8a? 8a? 8a? 8a?
_ (c+dx)®  [e % %%(c+dx)*dx N 3[e* i (c+dx)?dr 3 [e >
24a3d 8a3 843

e (e dp)? Bemte T (c+dx)? | 3e (¢4 dx)? | (c+dx)?
- 48a3 f B 32a3f 1643 f 24a3d
_ de”% %% (c+dx)  3de™**"**(c+ dx) N 3de=2¢72/2(c + dx) e %6/ (¢
144a3 f? 64a3 f2 16a3 f2 484
_ dZe—Ge—Gfm 3d2e—4e—4fm 3d2€—2e—2f:c de—ﬁe—wa (C + dl’) 3de—4e—4fz
= 8645 256a3 5 | 32435 | 1dddfr | 64dP

Mathematica [A]
time = 0.85, size = 371, normalized size = 1.51

Antiderivative was successfully verified.

[In] Integrate[(c + d*x)~2/(a + axCoth[e + f*x])~3,x]

[Out] (Cschle + f*x] 3*%(81%(8*xc™2*f~2 + 4xcxd*f*(3 + 4xf*xx) + d~2x(7 + 12+%fxx + 8
*f~2xx"2) )*Cosh[e + f*x] + 8% (18*c™2xf 2% (1 + 6xf*xx) + 6*cxd*xf*x(1 + 6xfxx +
18%f"2%x72) + d"2%(1 + 6*xf*x + 18*xf~2*%x"2 + 36*f~3*x"3))*Cosh[3*(e + f*x)]

+ 729%d"2*Sinh[e + f*x] + 1620*c*d*f*Sinh[e + f*x] + 1944*c~2*f"2*Sinh[e +

fxx] + 1620*%d"2xf*x*Sinh[e + f*xx] + 3888*cxd*f ~2*x*Sinh[e + f*x] + 1944xd~
2+%f~"2xx"2*Sinh[e + f*x] - 8*d~2*Sinh[3*(e + f*x)] - 48*c*d*f*Sinh[3*(e + fx*
x)] - 144xc”2*%f"2xSinh[3*(e + f*x)] - 48*d~2xf*x*Sinh[3*(e + f*x)] - 288*c*
d*f~2*xx*Sinh[3* (e + f*xx)] + 864*xc”~2*f " 3*x*Sinh[3*(e + f*xx)] - 144%d~2*xf 2*x
~2%Sinh[3*(e + f*x)] + 864*cxd*f~3*x"2*%Sinh[3*(e + f*xx)] + 288*d~2*f " 3*x"3*
Sinh[3*(e + f*x)]))/(6912%a~3*f~3*(1 + Coth[e + f*x])~3)

Maple [A]
time = 3.70, size = 223, normalized size = 0.91

method | result

risch d2z3 + de x2 + 2z + 3 + 3(2d2w2f2+4cd f2x+2c2f2—i—2d2f:c—i—2cdf—i—d2)e_2f””_26 . 3(8d2w2f2+160d f2x48c2 f2 4
24a3 8a3 8a3 24a3d 32a3 f3 256a3
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x+c)~2/(at+a*coth(f*x+e)) 3,x,method=_RETURNVERBOSE)

[Out] 1/24/a"3*%d"2*x"3+1/8/a~3*d*c*x~2+1/8/a"3*%c™2xx+1/24/a~3/d*c~3+3/32% (2xd~2xf
T2xx"2+4%ckd*f T 24 x+2% T 2% T2+2%d " 2x fxx+2%cxd*xf+d"2) /a~3/f " 3*exp (-2*f*x-2%e)
—3/256% (8*%d~2*f ~2%x"2+16*ckd*f " 2xx+8*c 2% f "2+4*d " 2xfxx+4*xckd*f+d"2) /a~3/f"3

xexp (—4xf*x-4*e)+1/864* (18%d~2*f " 2xx~2+36*c*d*f ~2%x+18*%Cc™2+f ~2+6%d " 2% f *x+6%
ckd*xf+d~2) /a~3/f " 3*exp (-6*f*x-6%*e)

Maxima [A]
time = 1.13, size = 272, normalized size = 1.11

(12 (fo+e) | 18el-2=20) _gel-dfzie) 4 9 (6ssbe !) (72 /2220 + 108 (2 frel*®) + e49) 29 — 27 (4 fzel®) + 29)el~41) 4 4(6 fz +1)el-9/)cdel 09 (288 f32%€0) + 648 (2 25261 +2 fmelde) + el4)) el-212) — 81 (8 [2u2e) + 4 fre?®) 4 2)e=4/) + 8 (18 f22 + 6 fx + 1)el =0/ dPel69)
9% 2 576a7f7 *+ G91247f"

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)~2/(ata*coth(f*x+e))~3,x, algorithm="maxima")

[Out] 1/96%c~2x(12x(f*x + e)/(a~3*f) + (18%e~(-2xf*xx - 2%e) - 9xe” (-4xf*xx - 4xe)

+ 2%e” (-6xf*xx — 6%e))/(a"3*f)) + 1/576%(72xf~2xx"2%e~ (6*e) + 108* (2xf*xx*e™ (

4xe) + e~ (4xe))*e” (-2xf*x) - 27x(4*xf*x*e”(2xe) + e~ (2xe))*e” (—4xfxx) + 4%(6

*fxx + 1)*e” (-6xf*x))*cxdxe” (-6*e)/(a”3*f"2) + 1/6912*(288*f 3*x"3*e” (6*e)

+ 648*% (2*xf"2xx"2xe” (4*e) + 2*f*x*ke” (4d*e) + e~ (4xe))*e” (-2%f*x) - 81*x(8xf~2x%

x"2%e” (2xe) + 4xfxx*e”(2%e) + e~ (2*e))*e” (-4xfxx) + 8% (18*%f~2*%x"2 + 6xf*xx +
1)*e”~ (-6xf*x))*d"2*e~ (-6*e) / (a~3*f~3)

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 571 vs.
2(226) = 452.
time = 0.39, size = 571, normalized size = 2.32

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)~2/(ata*coth(f*x+e))~3,x, algorithm="fricas")

[Out] 1/6912*(8*(36*%d~2*xf"3*x"3 + 18*%c”~2*f~2 + 6xcxd*xf + 18*(6*c*d*f~3 + d"2*xf~2)
*x72 + d72 + 6% (18%c”2*xf"3 + 6xckd*f~2 + d72*f)*x)*cosh(f*x + cosh(l) + sin

h(1))73 + 24%(36%d"2*f"3*%x"3 + 18%c™2*%f~2 + 6*ckd*f + 18%(6xcxd*xf~3 + d~2x*f
“2)*x72 + d72 + 6% (18%c”2xf"3 + 6*cxd*xf~2 + d72xf)*x)*cosh(f*x + cosh(1l) +
sinh(1))*sinh(f*x + cosh(l) + sinh(1))"2 + 8% (36*d~2*xf~3%x~3 - 18*c™2%f"2 -
6*ckd*f + 18%(6xcxd*f~3 - d™2*%f"2)*x"2 - 472 + 6% (18*%c"2*%f~3 - 6*c*d*f~2 -
d"2*xf)*x)*sinh(f*x + cosh(1l) + sinh(1))~3 + 81*(8*%d~2*xf~2*x"2 + 8*c~2*f~2

+ 12%ckdxf + 7xd"2 + 4x(4xcxd*f~2 + 3*d~2xf)*x)*cosh(f*x + cosh(1l) + sinh(1l

)) + 3%(648*d"2*f"2%x"2 + 648%c”2xf"2 + 540*ckxdxf + 8% (36*xd"2*f"3*%x~3 - 18%
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c"2*%f72 - Bxckd*xf + 18%(6*ckd*f~3 - d72*%£72)*x"2 - d72 + 6% (18*c”2*xf"3 - 6%
cxd*f~2 - d~2*f)*x)*cosh(f*x + cosh(l) + sinh(1))"2 + 243*d"2 + 108*(12*c*d
*f~2 + 5%d"2xf)*x)*sinh(f*x + cosh(1l) + sinh(1)))/(a"3*f " 3*cosh(f*x + cosh(
1) + sinh(1))~3 + 3*a~3*f"3*cosh(f*x + cosh(l) + sinh(1)) " 2*sinh(f*x + cosh
(1) + sinh(1)) + 3*a~3*f~3*cosh(f*x + cosh(1) + sinh(1))*sinh(f*x + cosh(1)
+ s8inh(1))"2 + a~3*f"3*sinh(f*x + cosh(1) + sinh(1))~3)

Sympy [B] Leaf count of result is larger than twice the leaf count of optimal. 2443 vs.
2(252) = 504.
time = 1.37, size = 2443, normalized size = 9.93

Too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)**2/(ata*coth(f*x+e))**3,x)

[Out] Piecewise((216*c**2*f**3*x*tanh(e + f*xx)**x3/(1728*a**3*f**3*tanh(e + f*xx)*x*
3 + 5184x*ax*3xfx*x3xtanh(e + f*x)**2 + 5184*xax*x3xfxx3xtanh(e + f*x) + 1728*a
*x3xfk*k3) + 648*xck*2*xf**x3xx*xtanh(e + f*xx)**2/(1728*a*x*3*f**x3xtanh(e + f*x)x*
*3 + 5184*a*xx3xf*x*k3*xtanh(e + f*x)**2 + 5184*a**3xf**x3*xtanh(e + f*xx) + 1728
a**x3xfx*x3) + 648kxcxk2xf**x3xxxtanh(e + fxx)/(1728*ax*x3xf**3*tanh(e + f*x)**3
+ 5184*xaxx3xfxx3xtanh(e + f*x)**2 + 5184*xax*x3xf**x3xtanh(e + f*x) + 1728*ax
*3xf**k3) + 216*Ckk2*xf**3xx/ (1728*a**x3xf*x*k3*xtanh(e + f*x)**3 + 5184*a**3xf*xx*
3*xtanh(e + f*x)**2 + 5184*axx3*xf**3*tanh(e + f*x) + 1728*a**3xf**x3) + 1512x%
cxx2xfxk2xtanh (e + f*x)*x2/(1728*a*x*x3xf*x*x3*xtanh(e + f*x)**3 + 5184*a**3*f*x*
3xtanh(e + f*x)**2 + 5184*axx3xf**3*tanh(e + f*x) + 1728*%a**3*xf*xx3) + 1944
ck*2*f**2%tanh (e + fxx)/(1728*a*x*x3*xf**3*tanh(e + f*xx)**3 + 5184*a*x*3*f**3*t
anh(e + f*x)**2 + 5184*a**x3xf*x*3*xtanh(e + f*x) + 1728*%a*x*3*f*x3) + 720*c**2
*fxx2/(1728*ax*x3xf**3*xtanh(e + f*x)**3 + 5184*axx3xf**3*tanh(e + f*x)**x2 +
5184xax*3*xf**3xtanh(e + f*x) + 1728*a*x*x3xf**3) + 216*ckd*f**3*xx*x*x2xtanh(e +
f*x)*x3/(1728*a*x*x3xf*x*x3*tanh(e + f*x)**3 + 5184*a**3xfx*x3xtanh(e + f*x)**2
+ 5184*xaxx3xfxx3xtanh(e + f*x) + 1728*%a*x*x3xf**x3) + 648*c*d*f**3*xx*k*2*xtanh (
e + fxx)**2/(1728*a*x*3*f**3xtanh(e + f*x)**3 + 5184*xax*3*f**3xtanh(e + f*x)
*%2 + 5184*a*x*k3xfxx3xtanh(e + f*x) + 1728*a*x*k3*f**3) + 648kckd*f**3*xx**2*ta
nh(e + f*x)/(1728*a**3xf*x*3*tanh(e + f*x)**3 + 5184*a**3*xf*x*x3*xtanh(e + f*x)
*x2 + 5184*axx3xf**k3*xtanh(e + f*x) + 1728*%a**3*xf*x*x3) + 216*ckdxf*r*x3*x**x2/ (1
728*a*x*3xf*x*x3xtanh(e + f*x)**3 + 5184*a*x*x3xf*x*x3xtanh(e + f*x)**2 + 5184*axx*
3*xfxx3xtanh(e + fxx) + 1728*ax*x3*xf**3) - 1044*c*d*f**x2xx*ktanh(e + f*xx)**3/(
1728*ax*x3xfx*x3xtanh (e + f*x)**3 + 5184*xax*x3xfxx3xtanh(e + f*x)**2 + 5184x*ax
*3xfxk3*ktanh(e + f*x) + 1728*%a**3*f*x3) — 108*ckdxf*x*x2*x*tanh(e + f*x)*x2/(
1728*a*x*x3xf**3*tanh(e + f*x)**x3 + 5184*a*x*x3xf*x*k3*xtanh(e + f*x)**2 + 5184*a*
*3xfxk3ktanh(e + f*xx) + 1728*%a*x*3*f*x3) + 756*ckdxfx*x2xx*tanh(e + f*x)/(172
8*axx3xf*k*3*xtanh(e + f*x)**3 + 5184*a**x3xf*x*3*xtanh(e + f*x)**2 + 5184*a**3*
fxx3*tanh(e + f*x) + 1728*ax*x3*fx*3) + 396xckxd*f**2*x/ (1728*a**3*xf**3xtanh (
e + fxx)**3 + 5184xa*x*3*f**x3xtanh(e + fxx)**2 + 5184*a*x*3*f**3xtanh(e + f*x
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) + 1728*axx3xf**3) + 1044*xc*d*fxtanh(e + f*x)**2/(1728*a*x*x3xf**3*tanh(e +
f*x)**x3 + 5184*axx3*xf**3*xtanh(e + f*x)**x2 + 5184*axx3xf**3*tanh(e + f*x) +
1728*a*x*x3xf**3) + 1620*ckd*f*xtanh(e + f*x)/(1728*a**3*xf**x3xtanh(e + f*xx)**3
+ 5184*xaxx3xfxx3xtanh(e + f*x)**2 + 5184*ax*x3xf**x3xtanh(e + f*x) + 1728*ax
*3xf*x*k3) + 672xckd*f/(1728*a*x*3*f**x3xtanh(e + f*x)**3 + 5184*a*x*3*f**3*tanh
(e + f*x)*x2 + 5184*a*xx3xf*x*3*xtanh(e + f*x) + 1728*%a**3*xf**x3) + 7T2kd**x2xf**
3*xx**x3xtanh (e + f*xx)**3/(1728*a*x*3*f**x3xtanh(e + f*x)**3 + 5184*axx3*kf**3*t
anh(e + f*x)**x2 + 5184*a**x3xfx*x3*xtanh(e + f*x) + 1728*%a*x*3*f*x3) + 216*d**2
*f*x*x3*x*k*3*ktanh (e + f*xx)**x2/(1728*a**3*f**3*xtanh(e + f*xx)**x3 + 5184*a**3*fx*
*3xtanh (e + f*xx)**2 + 5184*xa*x*3*f**x3xtanh(e + fxx) + 1728*a*x*x3xf**3) + 216x%
d**2+fxx3xx*k*3*%tanh (e + f£*x)/(1728*a**3*xf**x3xtanh(e + f*xx)**3 + 5184*a**3*f
*x3xtanh (e + f*xx)**2 + 5184*xa*x*3*f**x3xtanh(e + f*x) + 1728*a*x*x3xf**3) + 72
A*x*2+Fxx3kx*k*3/ (1728*a*x*3*f**x3xtanh (e + f*xx)**3 + 5184*a*x*3*f**3xtanh(e + f
*x)*%2 + 5184*a*xk3xfx*x3xtanh(e + f*x) + 1728*a*x*k3kf**3) — 522kd**2kf**kxk*
2xtanh(e + fxx)*x3/(1728*ax*3*f*xx3*tanh(e + f*x)**3 + 5184*a**3xf**3*xtanh (e
+ Fxx)**2 + 5184xa*x*x3*xf**3*xtanh(e + f*xx) + 1728ka*x*3*xf**3) — Bhkdkkkfr*x2x
x**2xtanh(e + f*x)**2/(1728*a*x*x3xf**3*tanh(e + f*x)**x3 + 5184*a*x*x3xf**3*tan
h(e + f*x)**2 + 5184xaxx3*xf**3*xtanh(e + f*x) + 1728*a**3xf**x3) + 378kxd*x*x2*f
**%2*x*%*%2%tanh (e + f*xx)/(1728*a*x*3*xf**3*tanh(e + f*x)**3 + 5184*a*x*3*f**3*ta
nh(e + f*x)**2 + 5184xax*3*xf**3xtanh(e + f*x) + 1728*a**3xf**3) + 198*d**2x*
Frk2kxkk2/ (1728*a*x*x3xfx*x3xtanh (e + f*x)**3 + 5184xa*x*x3*xf**3*xtanh(e + f*xx)*x*
2 + 5184x*a**3*xf*x*x3xtanh(e + f*xx) + 1728*ax*x3*xf**3) - 417*d**2xf*x*xtanh(e +
f*x)**x3/(1728*a*x*x3xf**3*tanh(e + f*x)**x3 + 5184*a*x*x3xf*x*k3*xtanh(e + f*x)**2
+ 5184xaxx3*xf**3xtanh(e + f*x) + 1728*a**3xf**3) - 207xd*x*2*xf*x*tanh(e + f*
x)**2/ (1728*a*x*x3xf**3*tanh (e + f*x)**3 + 5184*a**3*f**3*tanh(e + f*xx)**2 +
5184*axx3*xf*xx3*tanh(e + f*x) + 1728*ax*3*f**3) + 369xd**2xf*x*tanh(e + f*x)
/ (1728*a*x*3*f**x3xtanh (e + f*xx)**3 + 5184*xa*x*3*f**x3xtanh(e + fxx)**2 + 5184x*
a**x3xfxkx3*xtanh(e + f*x) + 1728*%a**3*f*x3) + 255xd*x*x2xf*x/ (1728*a*x*x3*f**3xta
nh(e + f*x)**3 + 5184*ax*3*xf**3xtanh(e + f*x)**2 + 5184*xax*x3*xf**3xtanh(e +
f*x) + 1728*%ax*x3xf*xx3) + 417+d**2*tanh(e + f*xx)**x2/(1728*a*x*3*f**3*tanh(e +
f*x)*x3 + 5184*axx3xf**3*xtanh(e + f*x)**2 + 5184*a**3xf**x3*xtanh(e + f*x) +
1728*a**3xf*x*3) + 729xd**2*xtanh(e + f*x)/(1728*a*x*3*f**3xtanh(e + f*x)**3
+ 5184xaxx3*xf**3xtanh(e + f*x)**2 + 5184*axx3*xf**3*xtanh(e + f*x) + 1728*a**
3xf*xx3) + 328*d**2/(1728*a*x*x3xf**3*tanh(e + f*x)**x3 + 5184*a*x*x3xf**x3*tanh(e
+ fxx)**x2 + 5184xaxx3xf**3xtanh(e + f*x) + 1728*a**x3xf**x3), Ne(f, 0)), ((c
*xk2xx + ckdkx**2 + dx*2xx*x3/3)/(axcoth(e) + a)**3, True))

Giac [A]
time = 0.41, size = 315, normalized size = 1.28

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)~2/(at+a*coth(f*x+e))~3,x, algorithm="giac")
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[Out] 1/6912%(288*d~2*f " 3*x"3*e” (6*f*x + 6*xe) + 864*cxd*xf " 3*x"2xe” (6*f*x + 6*xe) +
864*c™2xf"3*kx*e” (6xf*xx + 6%e) + 1296*%d"2xf " 2%xx"2%e” (4xf*xx + 4%e) — 648%d"2
*f72%x"2%e” (2xf*xx + 2%e) + 144%d"2*f72%x"2 + 2592%cxd*xf~2xx*e” (4*xf*x + 4xe)

- 1296*c*xd*f~2xx*xe” (2xf*x + 2%e) + 288*ckd*f~2xx + 1296%c~2*xf " 2*e” (4*xf*x +

4xe) + 1296xd"2xfxx*e” (4*f*x + 4d*e) - 648xc~2xf " 2xe” (2*f*x + 2%e) - 324*d”
2+fxxke” (2%f*x + 2%e) + 144xc™2*xf"2 + 48xd"2xf*x + 1296*ckd*f*e” (4xf*xx + 4%

e) - 324xckdxfxe” (2xf*x + 2xe) + 48*cxdxf + 648+d~2xe” (4*f*x + 4xe) - 81xd~

2%e~ (2xf*xx + 2%e) + 8*d"2)*e” (-6*xf*x - 6*xe)/(a"~3*f"3)

Mupad [B]
time = 1.34, size = 234, normalized size = 0.95

6e-cfc (182 +6cdf+d dLa®  dz(d+6cf) e o 6c2f2+ﬁcdf+3d2+3f1'2+3dz(d+2cf) gy 24czf2+120df+3d2+3d222+3dz(d+4cf) ca d213+cdz7
N 864a® f3 48a3 f 144 a® f? 32a3 f? 16a° f 16a° f2 256 a3 f3 32a® f 64a® f2 8a®  24a® 8a?

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c + d*x)~2/(a + a*coth(e + f*x))~3,x)

[Out] exp(- 6%e - 6xfxx)*((d"2 + 18%c™2*f~2 + 6xc*d*f)/(864*a~3*xf73) + (d~2*x"2)/
(48*%a~3xf) + (d*xx(d + 6xcxf))/(144*%a~3*£72)) + exp(- 2%e - 2xfxx)*((3*d"2
+ 6xc”2*%f72 + 6xckd*f)/(32%a"3*x£73) + (3xd"2*x72)/(16*%a~3xf) + (3xdxx*(d +
2xc*f))/(16*%a~3%f72)) - exp(- 4*e - 4*xf*x)*((3*d"2 + 24xc™2xf72 + 12%c*d*f)
/(256%a~3*%f~3) + (3*%d"2*x72)/(32*a”~3*f) + (3kd*x*(d + 4xcxf))/(64xa~3xf72))

+ (c"2%x)/(8*a~3) + (d"2*x"3)/(24%a~3) + (c*d*x~2)/(8%a"3)
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ctdz
3.29 f (a+a cot-il_l(e-l—fw))3 dx

Optimal. Leaf size=183

1ldz  da? +w(c+dx)_ d B c+dz B 5d
96a3f 16a? 8a? 36f2(a + acoth(e + fz))* 6f(a+ acoth(e + fz))® 96af?(a+ acoth(e + fz)

[Out] 11/96*d*x/a~3/f-1/16*%d*x"2/a"3+1/8*x*x(d*x+c)/a~3-1/36*d/f~2/ (a+a*coth(f*x+e
))"3+1/6%(-d*x-c) /f/(ataxcoth(f*x+e)) ~3-5/96*d/a/f"~2/(ataxcoth(f*x+e)) 2+1/

8% (-dxx-c) /a/f/(a+a*coth(f*x+e)) "2-11/96*d/f~2/(a~3+a"3*coth(f*x+e))+1/8* (-
d*x-c)/f/(a"3+a"3*coth(f*x+e))

Rubi [A]
time = 0.15, antiderivative size = 183, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.167,

steps used = 11, number of rules used = 3, integrand size = 18,
Rules used = {3560, 8, 3811}

c+dz +z(c+dz) _ 11d . lldz _ da® _ c+dz B c+dz _ 5d _ d
8f (a®coth(e + fz) + a®) 8a? 962 (a3 coth(e + fz) +a3) = 96a3f 16a® 8af(acoth(e+ fz)+a)? 6f(acoth(e+ fz)+a)® 96af2(acoth(e+ fz)+a)® 36f%(acoth(e+ fz)+a)?

Antiderivative was successfully verified.
[In] Int[(c + d*x)/(a + a*Coth[e + f*x])~3,x]

[Out] (11*d*x)/(96*a~3*f) - (d*x~2)/(16*a~3) + (x*(c + d*x))/(8*a~3) - d/(36xf~2x%
(a + a*Coth[e + f*x])73) - (c + d*x)/(6xf*(a + a*Coth[e + f*x])~3) - (5xd)/
(96xaxf~2*(a + a*Cothl[e + f*x])~2) - (c + d*x)/(8*axfx(a + a*xCoth[e + f*x])

~2) - (11%d)/(96*f"2%(a~3 + a~3*Cothl[e + f*x])) - (c + d*x)/(8*f*(a”3 + a~3
*xCoth[e + f*x]))

Rule 8
Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQla, x]

Rule 3560

Int[((a_) + (b_.)*tan[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[ax((a +
b*Tan[c + d*x]) n/(2*bxd*n)), x] + Dist[1/(2*a), Int[(a + b*Tan[c + d*x])~(
n+ 1), x], x] /; FreeQ[{a, b, c, d}, x] && EqQ[a~2 + b~2, 0] && LtQ[n, O]

Rule 3811

Int[((c_.) + (@_.)*(x))"(m_.)*((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(n_),
x_Symbol] :> With[{u = IntHide[(a + bxTan[e + f*x])"n, x]}, Dist[(c + d*x)
“m, u, x] - Dist[d*m, Int[Dist[(c + d*x)~(m - 1), u, x], x], x]] /; FreeQ[{
a, b, c, d, e, f}, x] && EqQ[a~2 + b~2, 0] && ILtQ[n, -1] && GtQ[m, O]

Rubi steps
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c+dx _ z(c+dx) c+dx c+dx
(a + acoth(e + fz))3 T T8 6f(a+acoth(e + fz))®  8af(a+ acoth(e+ fz))2  8f (a3
_dz? | z(c+dx) c+dx c+dx
~ 1643 8a>  6f(a+acoth(e+ fz))> 8af(a+ acoth(e+ fx))?
_dz? | z(c+dx) d c+dz
T L I 36f2(a + acoth(e + fx))*  6f(a + acoth(e + fx))
_dx dz?  z(c+ dx) d c+dz
" 16a3f 1643 T E T 36f2(a + acoth(e + fx))>  6f(a + acoth(e
_ 3dx d?  z(c+ dx) d c+dz
" 32a3f 1643 T E T 36f2(a + acoth(e + fx))>  6f(a + acoth(e
11dz  dz? xz(c+ dx) d c+dx
— — + - -
96a3f 16a3 8a3 36f%(a + acoth(e+ fz))®> 6f(a+ acoth(e

Mathematica [A]
time = 0.46, size = 185, normalized size = 1.01

esch®(e + /) (27(4cf +d(3 + 4fz)) cosh(e + fz) +4(6cf (1 +6/z) +d(1 + 6fz + 18/%?)) cosh(3(e + fz)) + 135dsinh(e + fz) + 324ef sinh(e + fz) + 324dfzsinh(e + fz) — 4dsinh(3(e + ) — 24cf sinh(3(e + fz)) — 24dfzsinh(3(e + f2)) + 144cf w sinh(3(e + fx)) + 7242 sinh(3(e + fz)))
11520 F2(1 + coth(e + f2))*

Antiderivative was successfully verified.

[In] Integrate[(c + d*x)/(a + a*Coth[e + f*x])~3,x]

[Out] (Cschle + fxx] " 3%(27*(4xcxf + d*(3 + 4*xf*x))*Coshl[e + f*x] + 4x(6*cxfx(1 +
6*%fxx) + d*(1 + 6xf*x + 18+%f~2*x"2))*Cosh[3*(e + fxx)] + 135*%d*Sinh[e + f*x

] + 324xcxf*Sinh[e + f*x] + 324*d*f*x*Sinh[e + f*x] - 4*d*Sinh[3*(e + f*x)]

- 24xcxf*Sinh[3*(e + f*x)] - 24*d*f*x*Sinh[3*(e + f*x)] + 144*cxf~2*x*Sinh
[B%(e + f*xx)] + 72xd*xf~2*x"2*Sinh[3*(e + f*x)]))/(1152*xa"3*f~2*(1 + Coth[e
+ £*xx])73)

Maple [A]
time = 3.55, size = 102, normalized size = 0.56

method | result size

dx + cr + 3(2d:l:f+2cf+d)ef2f172e _ 3(4dmf+4cf+d)ef4fm74e + (6da:f+60f+d)e*6fxfee 102
16a3 8a® 32a3 f2 128a3 f2 28843 f2

risch

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x+c)/(at+axcoth(f*x+e))~3,x,method=_RETURNVERBOSE)

[Out] 1/16%d*x~2/a~3+1/8/a"3*c*x+3/32* (2*d*f*x+2xc*xf+d)/a~3/f " 2*exp (-2*f*x-2%e) -3
/128% (4*d*f*xx+4xc*xf+d) /a~3/f"2xexp (—4*f*x-4*e)+1/288* (6xd*xf*xx+6*cxf+d)/a~3/
f~2xexp (-6*f*xx-6%e)



166

Maxima [A]
time = 0.68, size = 148, normalized size = 0.81

1 [12(fz+e) N 18 ¢(~27-26) _ g g(—4fz—4€) | 9 o(~6fa—6e) . (72 f222€59) + 108 (2 fre®) + 19)e(-212) _ 27 (4 f2e9) + e29)e-47) 4 4(6 f + 1)e(-0/9) de(~6)
96\ af @3f 1152432

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)/(a+a*coth(f*x+e))~3,x, algorithm="maxima")

[Out] 1/96*c*(12*x(fxx + e)/(a~3*xf) + (18xe”~ (-2*f*x - 2xe) - 9*e~ (-4x*xf*x - 4xe) +
2%e” (-6*xf*xx — 6*xe))/(a~3*f)) + 1/1152%(72*xf~2xx"2*xe”~ (6*e) + 108* (2*f*x*e” (4

xe) + e~ (4*e))*e” (-2xfxx) - 27x(4*f*x*e”(2%e) + e~ (2*xe))*e~ (-4xfxx) + 4% (6%

f*xx + 1)*e” (-6xf*xx))*d*e” (-6*xe)/(a"~3*%f~2)

Fricas [A]
time = 0.37, size = 325, normalized size = 1.78

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)/(a+a*coth(f*x+e))~3,x, algorithm="fricas")

[Out] 1/1152%(4*(18*d*f~2%x"2 + 6kc*f + 6x(6kxc*xf~2 + dxf)*x + d)*cosh(f*x + cosh(
1) + sinh(1))7"3 + 12%(18*%d*f~2*%x"2 + 6xc*xf + 6% (6*c*f~2 + d*xf)*x + d)*cosh(

f*xx + cosh(l) + sinh(1))*sinh(f*x + cosh(1l) + sinh(1))72 + 4*x(18*d*xf~2*x"2

- 6xcxf + 6%(6%cxf~2 — d*f)*x — d)*sinh(f*x + cosh(1l) + sinh(1))~3 + 27*(4x
d*f*x + 4xcxf + 3xd)*cosh(f*x + cosh(1) + sinh(1)) + 3*(108*d*f*x + 4*(18*d
*f2xx"2 - 6xcxf + 6% (6%cxf~2 - d*f)*x — d)*cosh(f*x + cosh(l) + sinh(1))"2

+ 108*c*f + 45%d)*sinh(f*x + cosh(1l) + sinh(1)))/(a"3*f 2*cosh(f*x + cosh(

1) + sinh(1))"3 + 3*a~3*f"2*cosh(f*x + cosh(l) + sinh(1)) " 2*sinh(f*x + cosh

(1) + sinh(1)) + 3*a~3*f~2xcosh(f*x + cosh(1l) + sinh(1))x*sinh(f*x + cosh(1)

+ sinh(1))"2 + a~3*%f"2*sinh(f*x + cosh(1) + sinh(1))~3)

Sympy [B] Leaf count of result is larger than twice the leaf count of optimal. 1287 vs.
2(170) = 340.
time = 1.26, size = 1287, normalized size = 7.03

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)/(ata*xcoth(f*x+e))**3,x)

[Out] Piecewise((36*xc*xf**2*xx*xtanh(e + f*x)**3/(288*ax*x3*f**2+tanh(e + f*x)**x3 + 8
64*axx3xf*x*2xtanh(e + f*x)**x2 + 864*axx3xf*x*2*xtanh(e + f*x) + 288*ka**3*f**2
) + 108*cxfx*x2kx*tanh(e + f*x)**2/(288*a**3*xf*x*x2xtanh(e + f*xx)**3 + 864*ax*
3xfxx2xtanh (e + f*xx)**2 + 864*xa*x*3*f*x2xtanh(e + fxx) + 288*ax*x3xf**2) + 10
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8xcxfxx2kx*tanh(e + f*x)/(288*a*x*3*f**x2xtanh(e + f*xx)**3 + 864*ax*kx3*xf**x2xta
nh(e + f*x)**2 + 864xax*x3*xf**2+xtanh(e + f*x) + 288*a**3xf**x2) + 36kckf*kk2*x
/ (288*ax*3*xf**x2xtanh(e + f*x)**3 + 864*axx3xf*x*2+xtanh(e + f*x)**x2 + 864*axx
3kf**k2ktanh(e + f*xx) + 288*a**3*f**2) + 262xcxfxtanh(e + f*x)**2/(288*a*x*x3x*
f*x2xtanh(e + f*x)**3 + 864xaxx3*xf**2+xtanh(e + f*x)**x2 + 864*axx3xf**x2*xtanh
(e + f*x) + 288*a**3*xf*xx2) + 324*cxfxtanh(e + fxx)/(288*a*x*x3xf**2*xtanh(e +

f*x)**x3 + 864*axx3xf**2*xtanh(e + f*x)**x2 + 864*a*x*x3xfx*x2xtanh(e + f*x) + 28
8xaxx3xf**x2) + 120*c*f/(288*ax*x3xf**2+xtanh(e + f*x)**3 + 864*a*x*x3xf**x2*xtanh
(e + f*x)**2 + 864*a*x*k3*xfxx2xtanh(e + f*x) + 288*a*x*3*kf*k*2) + 18kd*f**kx**
2xtanh(e + f*xx)**3/(288*a*x*3xf*x*x2+xtanh(e + f*x)**3 + 864*a*x*3*xf**x2xtanh(e +
f*x)*x2 + 864*a*x*x3xfx*k2xtanh(e + f*x) + 288*a*x*3*xf*x2) + S4xd*f**x2xx*k*2*ta
nh(e + f*x)**2/(288*ax*x3*xf**2+xtanh(e + f*x)**3 + 864*axx3xf**2*xtanh(e + f*x
Y**k2 + 864xaxx3kf**2xtanh(e + f*x) + 288*a**3xf**x2) + 54xdxf*x*x2*x**2xtanh (e
+ f*xx)/(288*ax*x3xf*x*x2*xtanh (e + f*x)**3 + 864*ax*x3xfx*x2xtanh(e + f*x)**2 +

864xaxx3xf**2+xtanh(e + f*x) + 288*a**3*xf*x*x2) + 18*d*xfx*xkx**2/ (288 a**3*f**
2*%tanh(e + f*xx)**3 + 864*a*x*3*xf**2*xtanh(e + f*xx)**2 + 864*a*x*3*f**2*xtanh (e

+ f*x) + 288*a**3xf*x*x2) - 87+dxfxx*tanh(e + f*xx)**3/(288*a*x*3*f**x2xtanh(e +
f*x)*x3 + 864*a*x*x3xfxk2xtanh(e + f*x)**2 + 864*a**3xfxx2xtanh(e + f*xx) + 2
88*ax*x*k3kf**x2) — 9xdxfxxktanh(e + f*x)**2/(288*ax*x3xf**x2*xtanh(e + f*x)**3 +

864*ax*3kfxx2xtanh(e + f*x)**2 + 864*a*xk3kxfxx2xtanh(e + f*x) + 288*a**k3kf*x*
2) + 63*xdxfxxxtanh(e + f*x)/(288*a*x*3*xf**x2xtanh(e + f*x)**3 + 864*a*x*k3*kf*x*x2
xtanh(e + f*x)**2 + 864xaxx3*xf**2+xtanh(e + f*x) + 288*a**3xf**x2) + 33*xd*f*x
/ (288*ax*3*xf**x2xtanh(e + f*x)**3 + 864*axx3xf**2+xtanh(e + f*x)**x2 + 864*ax*
3xfxx2xtanh (e + fxx) + 288*ax*x3*xf**2) + 87*xd*tanh(e + f*x)**2/(288*a**3*f*x*
2*%tanh(e + f*xx)**3 + 864*a*x*3*f**2*%tanh(e + f*xx)**2 + 864*a*x*3*f**2*tanh (e

+ f*x) + 288*a*x*3*f**2) + 135*dxtanh(e + f*xx)/(288*a*x*3xf*x2+tanh(e + f*xx)x*
*3 + 864*a*x*x3xfxk2xtanh(e + f*x)**2 + 864*a**3*xfxx2xtanh(e + f*xx) + 288xaxx*
3*xf*xx2) + 56+d/(288*a**3*xf*xx2xtanh(e + f*xx)**3 + 864*a*x*3*f**x2xtanh(e + f*x
)*%x2 + 864*ax*x3xf*x*x2xtanh(e + f*x) + 288kax*x3xf*x2), Ne(f, 0)), ((c*x + d*x
*%x2/2) /(a*coth(e) + a)**3, True))

Giac [A]
time = 0.41, size = 142, normalized size = 0.78

(72df?2%e©12+5¢) 4 144 cf22e6/>+09) + 216 dfze/=+40) — 108 dfze2/*+29) + 24 dfz + 216 cfe/=H4e) — 108 cfe(/7+2¢) 4 24 cf + 108 de/=4e) — 27 de(2/2+2¢) 4 4 d) (-0 2=0¢)
11520 f2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)/(ata*coth(f*x+e))~3,x, algorithm="giac")

[Out] 1/1152%(72xd*f~2*x"2%e”~ (6*f*x + 6%e) + 144*c*xf 2xx*xe” (6*%f*x + 6%e) + 216*dx*
frxxe™ (4*xf*x + 4xe) — 108*dxfxxkxe” (2*f*x + 2%e) + 24xdxf*xx + 216*cxf*e” (4*f

*x + 4*e) - 108xckf*xe” (2xfxx + 2%e) + 24*xc*xf + 108xd*xe” (4*xfxx + 4*e) - 27*d

xe” (2%f*x + 2%e) + 4xd)*e” (-6xf*x - 6%e)/(a"3*f"2)

Mupad [B]
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time = 1.26, size = 127, normalized size = 0.69

o-be-6fz d+6c¢cf dx 4e2e2fa 3d+60f+ 3dx _ ohe-tfa 3d+12cf+ 3dx dz? cx
288a3 f2 © 48ad f 32a3 f? 16a® f 128 a3 f2 32a3 f 16a® 8a3

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c + d*x)/(a + a*coth(e + f*x))~3,x)

[Out] exp(- 6xe - 6*xf*xx)*((d + 6%c*f)/(288%a~3*f72) + (d*x)/(48*a"3xf)) + exp(- 2
xe — 2%f*xx)*((3*d + 6*c*f)/(32*a"3*xf72) + (3xd*x)/(16*a~3*f)) - exp(- 4xe -
Axfxx)* ((3*d + 12%c*f)/(128%a~3*£72) + (3*d*x)/(32*a~3*f)) + (d*x"2)/(16*a

~3) + (c*x)/(8*a”3)
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1
f (c+dz)(a+acoth(e+fx))3 dx

Optimal. Leaf size=437

3.30

_ 3cosh (2¢ — %) Chi(%, +2fx)  3oosh (4e — %) Chi(* + 4fx) cosh (6e — %) Chi(% +6fz) L

8a3d 8a3d 8a3d

[Out] -1/8*Chi(6*cxf/d+6*f*x)*cosh(-6*e+6xcxf/d)/a~3/d+3/8*Chi (4*xcxf/d+4*f*x)*cos
h(-4*e+4xcxf/d)/a~3/d-3/8*Chi (2*xc*f/d+2*f*x)*cosh(-2*e+2*xc*xf/d) /a~3/d+1/8%1
n(d*x+c)/a~3/d+3/8*cosh(-2*e+2*c*f/d) *Shi (2*c*f/d+2*f*x) /a~3/d-3/8*cosh(-4*
e+dxcxf/d) *Shi (dxcxf/d+4*f*x) /a~3/d+1/8*cosh(-6xe+6xc*f/d) *Shi (6*xc*f/d+6*xfx*
x)/a~3/d-1/8*Chi (6*cxf/d+6*f*x)*sinh (-6*e+6xc*xf/d) /a~3/d+1/8*Shi (6xc*f/d+6*
f*x)*sinh (-6*e+6xcxf/d) /a~3/d+3/8*Chi (4*cxf/d+4*f*x)*sinh (-4*e+d*xc*xf/d)/a~3
/d-3/8%Shi (dxc*xf/d+4*f*x)*sinh (-4*e+4d*xc*xf/d) /a~3/d-3/8*Chi (2%c*f/d+2*f*x) *s

inh (-2*e+2*c*f/d) /a~3/d+3/8*Shi (2*xc*f/d+2*f*x) *sinh (-2*e+2xc*xf/d) /a~3/d

Rubi [A]
time = 1.25, antiderivative size = 437, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.350,

steps used = 53, number of rules used = 7, integrand size = 20,
Rules used = {3809, 3384, 3379, 3382, 3393, 5556, 5578}

hi(2sf + 2)sinh (26~ %) | Chi(6irf + 5%)sinh (6e— &) _ 3Chidaf + ) sinh (4e — &) _ 3CHi(207 + 5f) cosh (2e — ) _ IChi(4af + ) cosh (de— &F) _ Chi(Bf + 58) cosh (60 — ) _ Iuinh (2 — ) Shi(2f + B) _ Buinh (de — ) Shi(def + L) s (6o — S5 Shi(6zf + 5F) _ 3oosh (e — 2) Shi(2ef + 5) _ Joosh (te — ) Shi(daf + L) _ cosh (60 — 1) Sif6af + 52) _ g +de)

Antiderivative was successfully verified.
[In] Int[1/((c + d*x)*(a + a*Coth[e + f*x])~3),x]

[Out] (-3*Cosh[2*e - (2xcx*f)/d]*CoshIntegral [(2*c*f)/d + 2xfxx])/(8%¥a~3*d) + (3%C
osh[4xe - (4xc*f)/d]*CoshIntegral [(4*c*xf)/d + 4xf*x])/(8*a"3*d) - (Cosh[6*e
- (6%c*f)/d]*CoshIntegral [(6*%c*xf)/d + 6xf*x])/(8*a~3*d) + Loglc + d*x]/ (8%
a~3+d) + (CoshIntegral[(6xc*f)/d + 6*fxx]*Sinh[6xe - (6xc*f)/d])/(8*a~3xd)
- (3*CoshIntegral [(4xc*f)/d + 4xfxx]*Sinh[4xe - (4xc*f)/d])/(8*a~3xd) + (3%
CoshIntegral [(2xc*f)/d + 2*f*x]*Sinh[2*%e - (2*cxf)/d])/(8*a~3*d) + (3*Coshl[
2xe - (2xcxf)/d]*SinhIntegral [(2*c*f)/d + 2*xf*x])/(8*a~3*%d) - (3*Sinh[2%e -

(2xcxf) /d] *SinhIntegral [(2*c*f)/d + 2xfxx])/(8xa~3%d) - (3*Cosh[4*e - (4x*c
*xf) /d]*SinhIntegral [(4*c*f)/d + 4xf*x])/(8%a~3xd) + (3+Sinh[4*e - (4*c*f)/d
1*SinhIntegral [(4*c*f)/d + 4*fxx])/(8*a~3%d) + (Cosh[6%e - (6*cxf)/d]*SinhI
ntegral [(6*c*f)/d + 6xf*xx])/(8%a~3*d) - (Sinh[6%e - (6*cxf)/d]*SinhIntegral
[(6*cxf)/d + 6%fxx])/(8*a~3%d)

Rule 3379

Int[sin[(e_.) + (Complex[0, fz_1)*(f_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbo
1] :> Simp[I*(SinhIntegral [cxf*(fz/d) + fxfzxx]/d), x] /; FreeQl{c, d, e, £
, Tz}, x] && EqQ[d*e - cxf*xfzxI, 0]

Rule 3382
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Int[sin[(e_.) + (Complex[0, fz_1)*(f_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbo
1] :> Simp[CoshIntegral [cxf*(fz/d) + f*fzxx]/d, x] /; FreeQ[{c, d, e, f, fz
}, x] && EqQld*(e - Pi/2) - cxf*fzxI, 0]

Rule 3384

Int[sinf(e_.) + (£_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Dist[Cos[(d*
e - cxf)/d], Int[Sin[cx(f/d) + f*x]/(c + d*xx), x], x] + Dist[Sin[(d*e - cx*f
)/d], Int[Cos[cx(f/d) + f*xx]/(c + d*x), x], x] /; FreeQ[{c, d, e, f}, x] &&
NeQ[d*e - cxf, 0]

Rule 3393

Int[((c_.) + (d_.)*(x_)) " (m_)*sin[(e_.) + (f_.)*(x_)1"(n_), x_Symbol] :> In
t [ExpandTrigReduce[(c + d*x)~m, Sinl[e + f*x]~n, x], x] /; FreeQ[{c, 4, e, f
, m}, x] && IGtQ[n, 1] && ( 'RationalQ[m] || (GeQ[m, -1] && LtQ[m, 1]))

Rule 3809

Int[((c_.) + (d_.)*(x_))"(m_)*((a_) + (b_.)*tan[(e_.) + (f_.)*x(x_)1)"(n ),
x_Symbol] :> Int[ExpandIntegrand[(c + d*x)~"m, (1/(2*a) + Cos[2*e + 2xf*xx]/(
2%a) + Sin[2xe + 2xfxx]/(2xb))~(-n), x], x] /; FreeQ[{a, b, c, d, e, f}, x]
&% EqQ[a~2 + ™2, 0] && ILtQ[m, 0] &% ILtQ[n, 0]

Rule 5556

Int[Cosh[(a_.) + (b_.)*(x_ )1~ (p_.)*((c_.) + (d_.)*(x_))"(m_.)*Sinh[(a_.) +
(b_.)*(x_)]1"(n_.), x_Symbol] :> Int[ExpandTrigReduce[(c + d*x)"m, Sinh[a +
b*x] “n*Cosh[a + b*x]~p, x], x] /; FreeQ[{a, b, c, d, m}, x] && IGtQ[n, 0] &
& 1GtQ[p, O]

Rule 5578

Int[(Ce_.) + (£_.)*(x_))"(m_.)*Sinh[(a_.) + (b_.)*(x_)]1"(p_.)*Sinh[(c_.) +
(d_.)*(x_)]1"(q_.), x_Symbol] :> Int[ExpandTrigReduce[(e + f*x)“m, Sinh[a +
b*x] “p*Sinh[c + d*x]~q, x], x] /; FreeQ[{a, b, c, d, e, f}, x] && IGtQ[p, O
1 && IGtQ[q, O] && IntegerQ[m]

Rubi steps
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1 dp — / 1 _ 3cosh(2e +2fz) 3 cosh?(2e + 2f) B cosh?(
(c+dz)(a + acoth(e + fz))3 8a3(c + dzx) 8a?(c + dzx) 8a3(c + dx) 8a?|
B log(c+ di’) - f cosh3c(—i2_3—;2fz) dx s f sinhi(iz;—;&fx) dx - 3f sinh(26+2f:
- 8a3d 8a3 8a3 1
. 3isinh(2e+2fx) i sinh(6e+6fx) 3 cosh(2e+2
_ log(c+ dz) N if < A(ctdr) 4(ctdw) > dz B J < X(ctdz)
N 8add 8a3
__ 3cosh (2e — %) Chi(% +2fz) , log(c+da) _ 3Chi (%L + 4f
8a3d 8a3d ¢
_3cosh (2 — %) Chi (%L + 2f7) N log(c+dzx) 3Chi(% +4f
8a3d 8a3d ¢

_ 3cosh (2 — %) Chi(%L + 2fx) _ cosh (6e — ) Chi (% + 6
8a3d Radd

Mathematica [A]
time = 0.49, size = 312, normalized size = 0.71

coch(e-+ fz)(oosh(fz) +sinh(12))® (cosh(3e) og(f(c + dz)) + hog(f{c-+ dx) inh(3e) + (— cosh (e — L) + sinh (e — 4£)) (~3Chi (2421} + cosh (26 — ) O ) — Chi L5420 sinh (26 — ) + 3Chi(2UH1) (cosh (26 — 3) +sinh (26 — 1)) — 3oosh (2 — ) Shi 215322 ) — 3sinh (2e - 2) Shi(2LIH1) & 35hi(£5142) — cosh (22 — ) Shi( 51 + sinh (26 — 2) Shi( £552) )

Antiderivative was successfully verified.

[In] Integrate[1/((c + d*x)*(a + a*Coth[e + f*x])~3),x]

[Out] (Cschl[e + f*x]~3%(Cosh[f*x] + Sinh[f*x]) 3*(Cosh[3*e]*Log[f*(c + d*x)] + Lo
glf*(c + d*x)]*Sinh[3*e] + (-Cosh[e - (4xcx*f)/d] + Sinh[e - (4x*cx*f)/d])*(-3
*CoshIntegral [(4xf*(c + d*x))/d] + Cosh[2xe - (2%c*f)/d]*CoshIntegral [(6*f*

(c + d*x))/d] - CoshIntegral[(6xf*(c + d*x))/d]*Sinh[2*e - (2xcxf)/d] + 3*C
oshIntegral [(2xf*(c + d*x))/d]*(Cosh[2*e - (2%c*f)/d] + Sinh[2*e - (2xcxf)/

d]) - 3*Cosh[2*e - (2*c*f)/d]*SinhIntegral [(2xf*(c + d*x))/d] - 3*Sinh[2xe

- (2xcxf)/d]*SinhIntegral [(2xf*(c + d*x))/d] + 3*SinhIntegral [(4*f*(c + d*x

))/d] - Cosh[2xe - (2xc*f)/d]*SinhIntegral [(6*f*(c + d*x))/d] + Sinh[2xe -
(2xcx*f) /d]*SinhIntegral [(6*f*(c + d*x))/d])))/(8*a~3*d*x(1 + Coth[e + f*x])~

3)

Maple [A]
time = 3.31, size = 151, normalized size = 0.35

] method \ result
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6cf—6d 4cf—4de 2cf—2de
. In(dz+-c) e T eprntegral(l,Gfx+6€+%) 3e  d eprntegral(l,4fx+4e+$;4de) 3e  d explnteg
risch cd T 8add - 8a3d +

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(d*x+c)/(ataxcoth(f*x+e)) 3,x,method=_RETURNVERBOSE)
[Out] 1/8*1n(d*x+c)/a~3/d+1/8/a"~3/dxexp (6% (c*f-d*e)/d)*Ei(1,6*f*x+6xe+6*(cxf-d*e)
/d)-3/8/a"3/d*exp (4% (cxf-dxe) /d) *Ei (1,4*f*x+4*e+4* (cxf-d*e) /d)+3/8/a"~3/d*ex
p(2*(cxf-d*e) /d) *Ei (1, 2*f*x+2*e+2* (cxf-d*e) /d)
Maxima [A]
time = 2.11, size = 117, normalized size = 0.27

cf _ge r-C cf_ge z+c 2ef _2e T1cC
o5 -6 >E1<6(dd+ )f) gt )E1<4<dd+ )f) g2 )E1(2<dd+ )f> log (dz 4 <)
8aid - 8ad * 8ad T 8

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c)/(ata*coth(f*x+e))~3,x, algorithm="maxima")

[Out] 1/8*e”(6*c*f/d - 6+%e)*exp_integral_e(1l, 6%(d*x + c)*f/d)/(a"3*d) - 3/8*xe”~(4
xcxf/d - 4xe)*exp_integral_e(1l, 4*(d*x + c)*f/d)/(a~3*d) + 3/8%e”~(2*cxf/d -
2%e)*exp_integral_e(1, 2*(d*x + c)*f/d)/(a"3%d) + 1/8xlog(d*x + c)/(a~3*d)
Fricas [A]

time = 0.36, size = 232, normalized size = 0.53

) s (S48 g (g + )

) - i s

wrvep) rEa——
2220) sinh (- a

2) sl (- 2/t 3y (-

) cot (LSt _ gy () gy b)) .y St ) o (Sl ) g2z
8a¥d

320tz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c)/(ata*coth(f*x+e))~3,x, algorithm="fricas")

[Out] -1/8%(3*Ei(-2*%(d*f*x + c*f)/d)*cosh(-2x(c*f - d*cosh(1l) - d*sinh(1))/d) - 3
*Ei (4% (d*f*x + c*f)/d)*cosh(-4*(c*f - d*cosh(1l) - d*sinh(1))/d) + Ei(-6*(d

*fxx + c*f)/d)*cosh(-6*(cxf - d*cosh(1l) - d*sinh(1))/d) - 3*Ei(-2*%(d*f*x +
cxf)/d) *sinh (-2x(c*f - d*cosh(1) - d*sinh(1))/d) + 3*Ei(-4*(d*xf*x + c*f)/d)

*sinh (-4*(c*f - d*cosh(1l) - d*sinh(1))/d) - Ei(-6*x(dxf*x + c*f)/d)*sinh(-6%

(c*#f - dxcosh(1) - d*sinh(1))/d) - log(d*x + c))/(a"3*d)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00
1
f ccoth? (e+fz)+3ccoth? (e+fx)+3ccoth (e+fz)+c+dx coth® (e+fx)+3dx coth? (e+ fx)+3dx coth (e+fx)+dx dx
3
a

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(1/(d*x+c)/(at+a*coth(f*x+e))**3,x)

[Out] Integral(1l/(c*coth(e + f*x)**3 + 3xc*coth(e + f*x)**2 + 3*cxcoth(e + f*x) +
c + dxx*coth(e + f*x)**3 + 3*d*xx*coth(e + f*x)**2 + 3*d*x*coth(e + f*x) +

d*x), x)/a**3
Giac [A]
time = 0.42, size = 104, normalized size = 0.24
(3 Bi (20 ) o1e58) _ gy 4t0men)) o2 '5) oy~ 0W@een) () _ 09 1og (d + c))e(_Ge)

8a3d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c)/(ata*coth(f*x+e))~3,x, algorithm="giac")

[Out] -1/8%(3*Ei(-2*%(d*f*x + cxf)/d)*e”(4*e + 2%c*f/d) - 3*Ei(-4x(d*f*x + cx*f)/d)
xe~(2xe + 4*cxf/d) + Ei(-6*(dxf*x + cxf)/d)*e” (6*c*xf/d) - e~ (6%e)*log(d*x +

c))*xe” (-6*e)/(a~3*d)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

1
/ B dz
(a+acoth(e+ fz))” (c+dx)
Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/((a + axcoth(e + f*x))“3%(c + d*x)),x)
[Out] int(1/((a + a*coth(e + f*x))~3*%(c + d*x)), x)
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1
3.31 f (c+dz)?(a+a coth(e+fx))3 dx
Optimal. Leaf size=692

B 1 9cosh(2e +2fz) 3 cosh?(2e + 2fx) cosh®(2e +2fz) 3cosh(6e+ 6fx) 3fcosh (2e—
8ald(c+dzx)  32a3d(c+ dx) 8a3d(c + dz) 8a3d(c + dzx) 32a3d(c + dz)

[Out] -1/8/a"3/d/(d*x+c)+3/4xf*Chi (6*cxf/d+6xf*x)*cosh(-6*e+6xc*f/d)/a~3/d~2-3/2*
f*Chi (4d*xcxf/d+4xf*xx)*cosh(-4*e+d*c*xf/d) /a~3/d~2+3/4*f*Chi (2*c*f/d+2*f*x) *co
sh(-2*e+2%c*f/d) /a~3/d"2+9/32*cosh (2*%f*x+2%e) /a~3/d/ (d*xx+c)-3/8*cosh (2*f*x+
2xe)~2/a"3/d/ (d*x+c)+1/8*cosh(2xf*x+2*e) ~3/a"3/d/ (d*x+c)+3/32*cosh (6*f *x+6*
e)/a~3/d/ (dxx+c)-3/4xf*xcosh(-2*e+2*c*f/d) *Shi (2*xc*f/d+2*f*x) /a~3/d"2+3/2*xf*
cosh(-4*e+4dx*xc*xf/d) *Shi (dxcxf/d+4*f*x) /a~3/d"2-3/4*xf*cosh(-6xe+6*c*f/d)*Shi (
6*cxf/d+6*xf*x)/a~3/d"2+3/4*f*Chi (6*%c*f/d+6*f*x)*sinh (-6*e+6*cxf/d)/a~3/d"2-
3/4xf*Shi (6%c*f/d+6*f*x)*sinh (-6*e+6*cxf/d)/a~3/d"2-3/2*f*Chi (dxcxf/d+4*f*x
)*sinh (-4*e+4xc*xf/d) /a~3/d"2+3/2*%f*Shi (4*c*f/d+4*xf*x) *sinh (-4*xe+4*cxf/d)/a~
3/d"2+3/4*xf*Chi (2xc*xf/d+2*f*x) *sinh (-2*xe+2xc*f/d) /a~3/d"2-3/4*f*Shi (2xc*f/d
+2*xf*xx)*sinh (-2%e+2*c*f/d) /a~3/d"2-15/32*sinh (2*xf*x+2*e) /a~3/d/ (d*x+c)-3/8*
sinh (2*xf*x+2xe) ~2/a~3/d/ (d*x+c)-1/8*sinh (2xf*xx+2%e) ~3/a"~3/d/ (d*x+c)+3/8*sin
h(4xfxx+4xe)/a~3/d/ (d*x+c)-3/32xsinh (6*xf*x+6*e) /a~3/d/ (d*x+c)

Rubi [A]

time = 1.28, antiderivative size = 692, normalized size of antiderivative = 1.00, number of

number of rules __
integrand size 0.450,

steps used = 60, number of rules used = 9, integrand size = 20,
Rules used = {3809, 3378, 3384, 3379, 3382, 3394, 12, 5556, 5578}

Antiderivative was successfully verified.
[In] Int[1/((c + d*x)~2*(a + a*Cothl[e + f*x])~3),x]

[Out] -1/8%1/(a"3%d*x(c + d*x)) + (9*Cosh[2xe + 2xf*x])/(32*a~3xd*(c + d*x)) - (3%
Cosh[2*e + 2*xf*x]~2)/(8%a~3*d*(c + d*x)) + Cosh[2*e + 2*xf*x]~3/(8*a~3*d*(c
+ d*x)) + (3*%Cosh[6*e + 6xf*x])/(32*xa~3*d*(c + d*x)) + (3xfxCosh[2*e - (2*c
xf)/d] *CoshIntegral [(2xc*f)/d + 2*f*x])/(4*a~3+%d"2) - (3xf*Cosh[4*e - (4*cx*
f)/d]*CoshIntegral [(4*c*xf)/d + 4xf*x])/(2*%a~3*d"2) + (3*f*xCosh[6xe - (6xc*f
)/d]*CoshIntegral [(6*%c*f)/d + 6xf*x])/(4*a~3*xd"2) - (3xf*CoshIntegral [(6*c*
f)/d + 6xfxx]*Sinh[6%e - (6xc*f)/d])/(4*a~3*d"2) + (3*f*CoshIntegral[(4*c*f
)/d + 4xfxx]*Sinh[4xe - (4xcxf)/d])/(2*¥a~3*%d"2) - (3*f*CoshIntegral [(2xc*f)
/d + 2xfxx]*Sinh[2*e - (2xcx*f)/d])/(4*a~3*%d"2) - (15xSinh[2xe + 2*xfxx])/(32
*a~3*d*(c + d*x)) - (3*Sinh[2xe + 2xfxx]~2)/(8*%a”3*d*(c + d*x)) - Sinh[2%e
+ 2xf*xx]~3/(8*%a"3*d*(c + d*x)) + (3*Sinh[4xe + 4xfxx])/(8*a~3*d*(c + d*x))
- (3*Sinh[6*e + 6%f*x])/(32%a"3*d*x(c + d*x)) - (3*fxCosh[2xe - (2%c*f)/d]*S
inhIntegral [(2xc*f)/d + 2*f*x])/(4*a~3%d"2) + (3*f*Sinh[2*e - (2*cxf)/d]*Si
nhIntegral [(2%c*f)/d + 2xfxx])/(4*xa~3*%d"2) + (3*f*Cosh[4*e - (4xcxf)/d]*Sin
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hIntegral [(4*c*xf)/d + 4xf*x])/(2*a"3*d"2) - (3*fxSinh[4xe - (4*c*f)/d]*Sinh
Integral [(4*c*f)/d + 4xfxx])/(2%¥a~3*%d"2) - (3*f*Cosh[6*e - (6xcxf)/d]*SinhI
ntegral [(6*c*f)/d + 6xf*xx])/(4*a~3%d"2) + (3*f*Sinh[6%e - (6*cxf)/d]*SinhIn
tegral [(6*xcxf)/d + 6%f*x])/(4*a~3*d"2)

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 3378

Int[((c_.) + (d_.)*(x_))"(m_)*sin[(e_.) + (£_.)*(x_)], x_Symbol] :> Simp[(c
+ d*x)"(m + 1)*(Sinf[e + f*x]/(d*(m + 1))), x] - Dist[f/(d*(m + 1)), Int[(c
+ d*x)"(m + 1)*Cos[e + f*x], x], x] /; FreeQ[{c, 4, e, f}, x] && LtQ[m, -1
]

Rule 3379

Int[sin[(e_.) + (Complex[0, fz_1)*(f_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbo
1] :> Simp[I*(SinhIntegral[cxf*(fz/d) + fxfz*x]/d), x] /; FreeQl{c, d, e, £
, £z}, x] && EqQ[d*e - cxf*xfzxI, 0]

Rule 3382

Int[sin[(e_.) + (Complex[0, fz_1)*(f_.)*(x_)]1/((c_.) + (d_.)*(x_)), x_Symbo
1] :> Simp[CoshIntegral [cxf*(fz/d) + fxfzxx]/d, x] /; FreeQl{c, d, e, f, fz
}, x] && EqQld*(e - Pi/2) - cxf*fzxI, 0]

Rule 3384

Int[sinl(e_.) + (£_.)*(x_)]1/((c_.) + (d_.)*(x_)), x_Symbol] :> Dist[Cos[(d*
e - cxf)/d], Int[Sin[cx(f/d) + f*x]/(c + d*xx), x], x] + Dist[Sin[(d*e - cx*f
)/d], Int[Cos[c*(f/d) + f*x]/(c + d*x), x], x] /; FreeQ[{c, d, e, f}, x] &&
NeQ[d*e - cxf, 0]

Rule 3394

Int[((c_.) + (d_.)*(x_))"(m_)*sin[(e_.) + (£_.)*(x_)]1"(n_), x_Symbol] :> Si
mp[(c + d*x)"(m + 1)*(Sin[e + f*x]°n/(d*(m + 1))), x] - Dist[f*x(n/(d*(m + 1
))), Int[ExpandTrigReduce[(c + d*x)~(m + 1), Cos[e + f*x]*Sin[e + f*x]~(n -
1), x1, x1, x] /; FreeQ[{c, d, e, f, m}, x] && IGtQ[n, 1] && GeQ[m, -2] &&
LtQ[m, -1]

Rule 3809

Int[((c_.) + (d_)*(x_))"(m_)*((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)])"(n ),
x_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (1/(2*a) + Cos[2xe + 2xfxx]/(
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2%¥a) + Sin[2*e + 2xf*x]/(2%b))~(-n), x], x] /; FreeQ[{a, b, c, d, e, f}, x]
&% EqQ[a~2 + ™2, 0] && ILtQ[m, 0] &% ILtQ[n, 0]

Rule 5556

Int[Cosh[(a_.) + (b_.)*(x_)]1"(p_.)*((c_

(b_.)*(x_)]1"(n_.), x_Symbol]

D) o+ (d_D)*(x_))"(m_.)*Sinh[(a_.) +
:> Int[ExpandTrigReduce[(c + d*x)"m, Sinh[a +

b*x] “n*Cosh[a + b*x]"p, x], x] /; FreeQ[{a, b, c, d, m}, x] && IGtQ[n, 0] &

& IGtQ[p, O]
Rule 5578
Int[((e_.) + (f_

(d_.)*(x_)]1"(q_.), x_Symbol]
b*x] “p*Sinh[c + d*x]~q, x],
] && IGtQ[q, O] && IntegerQ[m]

Rubi steps

1 1
(¢ +dz)?(a + acoth(e + fx))3 do = / (8&3(

D*(x_))"(m_.)*Sinh[(a_.) + (b_.)*(x_)]1"(p_.)*Sinh[(c_

) o+

:> Int[ExpandTrigReduce[(e + f*x)“m, Sinh[a +

x] /; FreeQ[{a, b, c, d, e, £}, x] && IGtQ[p, O
_ 3cosh(2e +2fz) 3 cosh?(2e + 2f) B cosh?®
¢+ dz)? 8a3(c + dz)? 8a3(c + dz)? 8a3(
cosh®(2e4-2fx sinh®(2e+2fzx) sinh(2e

L0 e g )

8a?d(c + dx) 8a? 8a?
B 1 3cosh(2e +2fz) 3 cosh?(2e + 2fz)  cosh®(2e
8a?d(c + dx) 8ald(c + dzx) 8a?d(c + dx) 8a3d(c
3 1 3cosh(2e +2fz) 3 cosh?(2e + 2fz)  cosh®(2¢
8a3d(c + dx) 8a?d(c + dz) 8a?d(c + dx) 8a3d(c
B 1 9cosh(2e +2fz) 3 cosh?(2e + 2fz)  cosh®(2e
8a3d(c + dx) 32a3d(c + dz) 8a3d(c + dx) 8a3d(c
B 1 9cosh(2e +2fz) 3 cosh?(2e + 2fz)  cosh®(2e
8a3d(c + dx) 32a3d(c + dz) 8a3d(c + dx) 8a3d(c
B 1 9cosh(2e +2fz) 3 cosh?(2e + 2fz)  cosh®(2e
8a?d(c + dx) 32a3d(c + dzx) 8a?d(c + dx) 8a3d(c

Mathematica [A]

time = 2.30, size = 796, normalized size = 1.15
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Antiderivative was successfully verified.

[In] Integrate[1/((c + d*x)~2*(a + a*Coth[e + fx*x])~3),x]

[Out] (Cschl[e + f*x]~3*(Cosh[(3*c*f)/d] + Sinh[(3*c*f)/d])*(3*d*Cosh[e + fx((-3*c

)/d + x)] - d*Cosh[3*(e + fx(-(c/d) + x))] + d*Cosh[3*(e + fx(c/d + x))] -

3*d*Cosh[e + £x((3xc)/d + x)] + 6xcxf*Cosh[3*e - (3*fx(c + d*x))/d]*CoshInt
egral [(6xfx(c + d*x))/d] + 6*d*xfxx*Cosh[3*e - (3*f*x(c + d*x))/d]*CoshIntegr
al[(6xf*(c + d*x))/d] + 6xfx(c + d*x)*CoshIntegral [(2*f*(c + d*x))/d]*(Cosh
[e - (cxf)/d + 3*fxx] + Sinh[e - (c*f)/d + 3xf*x]) + 3xd*Sinh[e + f*((-3*c)
/d + x)] - d*Sinh[3*(e + fx(-(c/d) + x))] - d*Sinh[3*(e + f*x(c/d + x))] + 3
*d*xSinh[e + £f*((3%c)/d + x)] - 6*ckf*CoshIntegral [(6*f*(c + d*x))/d]*Sinh[3
xe - (3*f*(c + d*x))/d] - 6*d*fxx*CoshIntegral [(6xf*(c + d*x))/d]*Sinh[3*e

- (3*%f*x(c + d*x))/d] + 12xfx(c + d*x)*CoshIntegral [(4*xf*x(c + d*x))/d]*(-Cos
hle - (f*(c + 3*d*x))/d] + Sinh[e - (fx(c + 3%d*x))/d]) - 6*c*f*Cosh[e - (c
*f)/d + 3*f*x]*SinhIntegral [(2xf*(c + d*x))/d] - 6*d*f*x*Cosh[e - (c*f)/d +
3xf*xx]*SinhIntegral [(2*xf*(c + d*x))/d] - 6*cxf*Sinh[e - (c*f)/d + 3*f*x]*S
inhIntegral [(2*f*(c + d*x))/d] - 6*d*f*x*Sinh[e - (c*f)/d + 3*f*x]*SinhInte
gral [(2%f*x(c + d*x))/d] + 12xcxf*Cosh[e - (f*(c + 3*d*x))/d]*SinhIntegral[(
4xfx(c + d*x))/d] + 12*d*f*x*Cosh[e - (fx(c + 3*d+*x))/d]*SinhIntegral [(4*f*
(c + d*x))/d] - 12xcxf*Sinh[e - (f*(c + 3*d*x))/d]*SinhIntegral [(4*f*(c + d
*xx))/d] - 12xdxf*x*Sinh[e - (f*(c + 3*d*x))/d]*SinhIntegral [(4*f*(c + d*x))
/d] - 6xcxf*Cosh[3*e - (3*fx(c + d+*x))/d]*SinhIntegral [(6xf*(c + d*x))/d] -
6*xd*xfxx*Cosh[3*e - (3*f*(c + d*x))/d]*SinhIntegral [(6*f*(c + d*x))/d] + 6%
cxf*Sinh[3*e - (3xf*x(c + d+*x))/d]*SinhIntegral [(6xf*(c + d*x))/d] + 6xdxf*x
*Sinh[3xe - (3*f*(c + d*x))/d]*SinhIntegral [(6*f*(c + d*x))/d]))/(8*a~3xd~2
*(c + d*x)*(1 + Coth[e + f*x])~3)

Maple [A]
time = 3.44, size = 239, normalized size = 0.35

method | result

6cf—6de

e—6fz—6e 3fe d eprntegral(l,ﬁfm—l—Ge—i—%fde) 3f o—4fz—4e 3fe

4cf—4de
d

. 1 f
risch T 8d(dote) T 8adddafien) 1a3d2 = Bald(dzf+cf)

explnteg

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(d*x+c)~2/(at+a*coth(f*x+e))~3,x,method=_RETURNVERBOSE)

[Out] -1/8/a"3/d/(d*x+c)+1/8*f/a~3%exp(-6*xf*x-6%e)/d/ (d*xf*x+c*xf)-3/4*f/a~3/d"~2*ex

p(6*(cxf-d*e) /d) *Ei (1, 6*f*x+6*e+6x (cxf-d*e) /d)-3/8*f/a"3*xexp (-4xf*x-4*e)/d/
(dxfxx+c*xf)+3/2%f/a~3/d"2*%exp (4* (cxf-d*e) /d) *Ei (1,4*f*xx+4*e+4* (cxf-dxe)/d)+
3/8xf/a~3%exp(-2xf*x-2xe) /d/ (dxf*x+c*f)-3/4*f/a~3/d"2*exp (2% (cxf-d*e) /d) *Ei
(1,2%f*x+2%e+2% (cxf-d*xe) /d)

Maxima [A]
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time = 4.66, size = 143, normalized size = 0.21

. e(sgf_6e)E2<6(dzd+c)f) 36(4§f_4e>E2(4(dmd+c)f) 3e<2;f_26)E2<2(dz;-c)f>
- +

8 (add?z + adcd) + 8 (dx + c)a®d 8 (dz + c)a’d 8 (dz + c)a’d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c)~2/(at+a*coth(f*x+e))~3,x, algorithm="maxima")

[Out] -1/8/(a"3*%d"2*x + a~3%c*d) + 1/8xe~(6xcxf/d - 6%e)*exp_integral_e(2, 6*(d*x
+ c)*f/d)/((d*x + c)*a~3*%d) - 3/8xe~(4xcxf/d - 4xe)*exp_integral_e(2, 4*(d

*x + c)*f/d)/((d*x + c)*a~3xd) + 3/8%e”(2*c*f/d - 2xe)*exp_integral e(2, 2%

(d*x + c)*f/d)/((d*x + c)*a~3+*d)

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 1355 vs.
2(669) = 1338.
time = 0.38, size = 1355, normalized size = 1.96

Too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c)~2/(ata*coth(f*x+e))~3,x, algorithm="fricas")

[Out] 1/4x(3*%(d*f*xx + c*f)*Ei(-2*x(d*f*x + c*xf)/d)*cosh(f*x + cosh(1l) + sinh(1))"3
xcosh(-2*(cxf - dxcosh(1) - d*sinh(1))/d) - 6*(d*f*x + c*f)*Ei(-4*(dxf*x +
cxf)/d) *cosh(f*x + cosh(1l) + sinh(1)) 3*cosh(-4*(cxf - d*cosh(1l) - d*sinh(1
))/d) + 3x(dxf*x + c*f)*Ei(-6*(d*f*xx + c*f)/d)*cosh(f*x + cosh(1l) + sinh(1)
) "3*cosh(-6*(c*f - d*cosh(1l) - d*sinh(1))/d) + (3x(dxf*x + c*f)*Ei(-2%(d*f*
x + cxf)/d)*cosh(-2x(c*f - d*cosh(1) - d*sinh(1))/d) - 6x(d*f*x + c*xf)*Ei(-
4x (dxf*x + cxf)/d)*cosh(-4*(cxf - d*cosh(1l) - d*sinh(1))/d) + 3*(d*f*x + cx*
f)*Ei (-6%(d*f*x + c*f)/d)*cosh(-6*(c*f - d*cosh(1l) - d*sinh(1))/d) - d)*sin
h(f*x + cosh(1) + sinh(1))~3 + 9*((d*f*x + cxf)*Ei(-2*(d*f*x + c*f)/d)*cosh
(f*x + cosh(1) + sinh(1))*cosh(-2x(cxf - dxcosh(1) - d*sinh(1))/d) - 2*(d*f
*x + c*f)*Ei(-4x(d*f*x + cxf)/d)*cosh(f*x + cosh(1l) + sinh(1))*cosh(-4*(c*xf
- d*cosh(1) - d*sinh(1))/d) + (d*f*x + c*f)*Ei(-6*x(d*f*x + c*f)/d)*cosh(fx*
x + cosh(1) + sinh(1))*cosh(-6*(cxf - d*cosh(1) - d*sinh(1))/d))*sinh(f*x +
cosh(1) + sinh(1))72 + 3% (3x(d*f*x + c*xf)*Ei(-2x(d*f*x + cxf)/d)*cosh(f*x
+ cosh(1) + sinh(1)) 2*cosh(-2*(c*f - d*cosh(1) - d*sinh(1))/d) - 6%x(d*f*x
+ cxf)*Ei(-4x(d*f*x + c*f)/d)*cosh(f*x + cosh(l) + sinh(1)) " 2*cosh(-4x*(c*xf
- d*cosh(1) - d*sinh(1))/d) + 3*(d*f*x + cxf)*Ei(-6*(d*f*x + c*f)/d)*cosh(f
*x + cosh(1) + sinh(1)) 2*xcosh(-6*(cxf - d*cosh(1l) - d*sinh(1))/d) - d*cosh
(f*x + cosh(1) + sinh(1))"2 + d)*sinh(f*x + cosh(1l) + sinh(1)) - 3*((d*f*x
+ cxf)*Ei(-2x(d*f*x + cxf)/d)*cosh(f*x + cosh(1l) + sinh(1))~3 + 3*x(d*f*x +
cxf)*Ei (2% (d*f*x + c*f)/d)*cosh(f*x + cosh(1l) + sinh(1)) 2*sinh(f*x + cosh
(1) + sinh(1)) + 3*(d*fxx + c*f)*Ei(-2x(d*f*x + c*xf)/d)*cosh(f*x + cosh(1)
+ sinh(1))*sinh(f*x + cosh(1) + sinh(1))72 + (d*f*x + c*f)*Ei(-2x(d*f*x + c
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*f)/d) *sinh(f*x + cosh(1) + sinh(1))~3)*sinh(-2*(c*xf - d*cosh(1) - d*sinh(1
))/d) + 6x((d*f*xx + c*f)*Ei(-4x(d*f*x + c*f)/d)*cosh(f*x + cosh(1) + sinh(1
)) "3 + 3*(dxf*x + cxf)*Ei(-4*(dxf*x + c*f)/d)*cosh(f*x + cosh(1l) + sinh(1))
~2xsinh(f*x + cosh(1) + sinh(1)) + 3x(dxf*x + c*f)*Ei(-4*(d*f*xx + c*f)/d)*c
osh(f*x + cosh(1l) + sinh(1))*sinh(f*x + cosh(1l) + sinh(1))"2 + (d*f*x + cx*f
)*Ei (4% (d*f*x + c*f)/d)*sinh(f*x + cosh(1) + sinh(1))~3)*sinh(-4*(cxf - dx*
cosh(1) - d*sinh(1))/d) - 3*((d*f*x + c*f)*Ei(-6*(d*f*x + c*f)/d)*cosh(f*x
+ cosh(1) + sinh(1))73 + 3*(d*f*x + c*f)*Ei(-6*(d*xf*x + c*f)/d)*cosh(f*x +
cosh(1) + sinh(1)) " 2*sinh(f*x + cosh(1l) + sinh(1)) + 3*(d*f*x + c*f)*Ei(-6%
(d*f*x + c*f)/d)*cosh(f*x + cosh(l) + sinh(1))*sinh(f*x + cosh(1l) + sinh(1)
)72 + (d*fxx + c*f)*Ei(-6x(d*f*x + c*xf)/d)*sinh(f*x + cosh(1l) + sinh(1))~3)
*3inh (6% (c*f - d*cosh(1l) - d*sinh(1))/d))/((a~3*d"3*x + a~3*c*xd”2)*cosh(fx*
x + cosh(1) + sinh(1))~3 + 3*(a”3*d"3*x + a~3*c*d"2)*cosh(f*x + cosh(1l) + s
inh(1))"2*sinh(f*x + cosh(1) + sinh(1)) + 3*(a”3*d"3*x + a~3*c*d~2)*cosh(f*
x + cosh(1l) + sinh(1))*sinh(f*x + cosh(1l) + sinh(1))"2 + (a”"3*d"3*x + a”~3*c
*d~2) *sinh (f*x + cosh(1) + sinh(1))~3)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

dz

g 1
j ¢ coth® (e+fz)+3c2 coth? (e+ fz)+3c2 coth (e+fx)+c2+2cd coth® (e+fx)+6cdz coth? (e+fx)+6cdz coth (e+ fa)+2cdr+d2a? coth® (e+fa)+3d2a? coth? (e+fx)+3d2a? coth (e+fx)+d2a?
3
a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c)**2/(a+a*coth(f*x+e))**3,x)

[Out] Integral(1l/(c**2*coth(e + f*x)**3 + 3xcx*2xcoth(e + f*x)**2 + 3*c**x2xcoth(e
+ f*x) + c**2 + 2xcxdkx*kcoth(e + f*x)**x3 + 6kckd*x*coth(e + f*x)**x2 + 6*c*
d*x*coth(e + f*x) + 2kckd*x + dx*x2kx**2*xcoth(e + f*x)**3 + 3*d**x2xx**2*coth

(e + F*x)**2 + Jkd*k2kx*k*k2%coth(e + f*x) + d**2*x**2), x)/a*x*3

Giac [A]
time = 0.46, size = 841, normalized size = 1.22

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c)~2/(ata*coth(f*x+e))~3,x, algorithm="giac")

[Out] 1/8*(6%(d*x + c)*(d*e/(d*x + c) - cxf/(d*x + c) + f)*f"2+Ei(-2*x((d*x + c)*(
d*e/(d*x + c) - cxf/(d*x + c) + f) - d*e + cxf)/d)*e”(-2x(d*e - cxf)/d) - 6
*dxexf 2+Ei (-2x ((d*x + c)*(d*e/(d*x + c) - c*f/(d*x + c) + f) - d*xe + cxf)/
d)*xe” (-2x(d*e - c*f)/d) + 6*xc*xf~3*Ei(-2*x((d*x + c)*(d*e/(d*x + c) - cxf/(d*
X + c) + f) - d¥e + cxf)/d)*e”(-2x(d*e - cxf)/d) - 12x(d*x + c)*(dxe/(d*x +

c) - cxf/(d*x + c) + f)*f~2%xEi(-4*x((d*x + c)*(d*e/(d*x + c) - cxf/(d*x + ¢

) + f) - dxe + c*f)/d)*e”(-4*(d*e - c*f)/d) + 12xd*xe*f 2*Ei(-4*((d*x + c)*(
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dxe/(d*xx + c) - c*xf/(d*x + ¢c) + f) - dxe + cxf)/d)*e”~(-4*x(d*e - cxf)/d) - 1
2%cxf~3*%Ei (4% ((d*x + c)*(d*xe/(d*x + c) - cxf/(d*x + c) + f) - dxe + c*f)/d
Yxe~ (-4*(d*xe - c*f)/d) + 6x(d*x + c)*x(d*e/(d*x + c) - cxf/(d*x + c) + f)*f~
2*%Ei (6% ((d*x + c)*(d*e/(d*x + c) - cxf/(d*xx + c) + f) - d*e + c*f)/d)*xe” (-
6*%(d*xe — c*f)/d) - 6*xd*e*xf~2*xEi(-6*((d*x + c)*(d*e/(d*x + c) - cxf/(d*x + c
) + f) - dxe + c*f)/d)*e”(-6%(d*e - c*f)/d) + 6xcxf"3*Ei(-6x((d*x + c)*(d*e
/(d*x + ¢c) - cxf/(d*x + ¢c) + f) - d*e + cxf)/d)*e”(-6x(d*e - cxf)/d) + 3*dx*
£ 2xe~ (2% (d*x + c)*(d*e/(d*x + c) - cxf/(d*x + c) + f)/d) - 3xdxf~2%e” (-4x
(d*x + c)*(d*e/(d*x + c) - cxf/(d*x + c) + f)/d) + dxf~2xe~(-6x(d*x + c)*(d
xe/(d*x + c) - cxf/(d*x + c) + f)/d) - d*f~2)*d~2/(((d*x + c)*a~3*d~4x*(dxe/
(d*x + ¢) - c*f/(d*x + ¢c) + f) - a~3*d"5*e + a~3*c*xd~4x*f)x*f)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

1
/ 3 5 dx
(a+acoth(e+ fz))’ (c+dx)
Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/((a + a*coth(e + f*x)) " 3*(c + d*x)~2),x)
[Out] int(1/((a + a*coth(e + f*x))~3x(c + d*x)~2), x)
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3.32 [(c+ dz)™(a + acoth(e + fz))*dx

Optimal. Leaf size=23

Int((c + dz)™(a + acoth(e + fz))?, z)

[Out] Unintegrable((d*x+c) “m*(ataxcoth(f*x+e))”2,x)

Rubi [A]
time = 0.03, antiderivative size = 0, normalized size of antiderivative = 0.00, number of

steps used = 0, number of rules used = 0, integrand size — 0, Bumber of rules _ 4 5

integrand size
Rules used = {}

/(c + dz)™(a + acoth(e + fx))*dz

Verification is not applicable to the result.
[In] Int[(c + d*x)"m*(a + a*Coth[e + fx*x])~2,x]
[Out] Defer[Int] [(c + d*x) "m*(a + a*Coth[e + f*xx])~2, x]

Rubi steps

/(c +dz)™(a + acoth(e + fz))? dx = /(c + dz)™(a + acoth(e + fz))*dz

Mathematica [A]
time = 23.56, size = 0, normalized size = 0.00

/(c + dz)™(a + acoth(e + fz))* dz

Verification is not applicable to the result.

[In] Integratel(c + d*x)“mx(a + a*Coth[e + f*x])~2,x]
[Out] Integrate[(c + d*x) m*(a + axCoth[e + f*x])~2, x]

Maple [A]
time = 180.00, size = 0, normalized size = 0.00

/ (dz +¢)™ (a + acoth (fz +€))* dx

Verification of antiderivative is not currently implemented for this CAS.
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[In] int((d*x+c) “m*(at+a*xcoth(f*x+e))~2,x)
[Out] int((d*x+c) “m*(a+a*coth(f*x+e))~2,x)
Maxima [A]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) “m*(at+a*coth(f*x+e))~2,x, algorithm="maxima")

[Out] (d*x + c)"(m + 1)*a~2/(d*(m + 1)) + integrate((d*x + c) m*a"2x(e~(f*x + e)
+ e~ (-fxx - e))"2/(e"(f*x + e) - e~ (-f*x - e))"2 + 2x(d*x + c) “m*xa~2x(e” (f*
Xx +e) + e (-fxx - e))/(e”(f*xx + e) - e~ (-f*x - e)), x)

Fricas [A]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((d*x+c) “m*(ata*coth(f*x+e))~2,x, algorithm="fricas")
[Out] integral((a~2*coth(f*x + e)~2 + 2*a~2xcoth(f*x + e) + a"2)*(d*x + c)"m, x)

Sympy [A]
time = 0.00, size = 0, normalized size = 0.00

a® (/ 2(c+ dz)™ coth (e + fz)dz + / (c+ dz)™ coth? (e + fz)dx + / (c+ dz)™ dm)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)**m*(a+a*xcoth(f*x+e))**2,x)

[Out] a**2*(Integral(2*(c + d*x)**m*coth(e + f*x), x) + Integral((c + d*x)**m*cot
h(e + f*x)*x2, x) + Integral((c + d*x)**m, x))

Giac [A]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) m*(ata*coth(f*x+e))~2,x, algorithm="giac")

[Out] integrate((axcoth(f*x + e) + a)~2*(d*x + c)"m, x)
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Mupad [A]
time = 0.00, size = -1, normalized size = -0.04

/ (a4 acoth(e + fz))* (c+dz)™ dzx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + axcoth(e + f*x)) 2%(c + d*x) m,x)

[Out] int((a + axcoth(e + f*x))~2%(c + d*x)"m, x)
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3.33 [(c+ dzx)™(a+ acoth(e + fx)) dz

Optimal. Leaf size=21

Int((c 4+ dx)™(a + acoth(e + fz)),x)

[Out] Unintegrable((d*x+c) “m*(a+a*coth(f*x+e)),x)

Rubi [A]
time = 0.02, antiderivative size = 0, normalized size of antiderivative = 0.00, number of

number of rules _ 0.000,
integrand size

steps used = 0, number of rules used = 0, integrand size = 0,
Rules used = {}

/(c + dz)™(a + acoth(e + fz)) dz

Verification is not applicable to the result.
[In] Int[(c + d*x) m*(a + a*Coth[e + f*x]),x]
[Out] Defer[Int] [(c + d*x) m*(a + a*Coth[e + f*x]), x]

Rubi steps

/(c + dx)™(a + acoth(e + fz)) dx = /(c + dx)™(a + acoth(e + fz)) dx

Mathematica [A]
time = 10.91, size = 0, normalized size = 0.00

/(c + dz)™(a + acoth(e + fz)) dx

Verification is not applicable to the result.

[In] Integrate[(c + d*x) m*(a + a*Coth[e + f*x]),x]
[Out] Integratel[(c + d*x) m*(a + a*Coth[e + f*x]), x]

Maple [A]
time = 180.00, size = 0, normalized size = 0.00

/(da: +¢)" (a+ acoth (fz +e€)) dz

Verification of antiderivative is not currently implemented for this CAS.
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[In] int((d*x+c) “m*(a+ta*xcoth(f*x+e)),x)

[Out] int((d*x+c) m*(a+a*xcoth(f*x+e)),x)

Maxima [A]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) “m*(a+a*coth(f*x+e)),x, algorithm="maxima")

[Out] axintegrate((d*x + c) mx(e”~(f*x + e) + e~ (-f*x - e))/(e”(f*x + e) - e~ (-f*x
-e)), x) + (d*x + ¢)"(m + 1)*a/(d*(m + 1))

Fricas [A]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) “m*(a+a*coth(f*x+e)),x, algorithm="fricas")

[Out] integral((a*coth(f*x + e) + a)*(d*x + c)"m, x)

Sympy [A]
time = 0.00, size = 0, normalized size = 0.00

a(/ (c+ dz)™ coth (e + fz)dz + / (c+ dz)™ d:v)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)**m*(at+axcoth(f*x+e)),x)

[Out] a*(Integral((c + d*x)*xm*coth(e + f*x), x) + Integral((c + d*x)**m, X))

Giac [A]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) “m*(at+a*coth(f*x+e)),x, algorithm="giac")

[Out] integrate((a*coth(f*x + e) + a)*(d*x + c)"m, x)



Mupad [A]
time = 0.00, size = -1, normalized size = -0.05

/(a+acoth(e+fx)) (c+dz)"dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + axcoth(e + f*x))*(c + d*x) "m,x)

[Out] int((a + axcoth(e + f*x))*(c + d*x) m, x)
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(c+dx)™
3.34 f a+a coth(e+fx) dz

Optimal. Leaf size=88

—9—m  —2et2¢f m ctdz)\ " ct+dz
(c+da)ttm 2 2=me=2¢+73 (¢ + dx) <@> I‘<1+m, Lj‘”)
2ad(1+m) af

[Out] 1/2%(d*x+c)”~(1+m)/a/d/(1+m)+2~ (-2-m) *exp (-2*e+2*c*f/d) * (d*x+c) "m*GAMMA (1+m,
2xf* (d*x+c) /d) /a/f/ ((£* (d*x+c)/d) "m)

Rubi [A]
time = 0.08, antiderivative size = 88, normalized size of antiderivative = 1.00, number of

number of rules _ 4 100
’ integrand size ’

steps used = 2, number of rules used = 2, integrand size = 20
Rules used = {3808, 2212}

2—"‘—26%_26@ +dz)™ <@) " Gamma (m +1, L}"l@) (c+ dz)™+
af 2ad(m + 1)

Antiderivative was successfully verified.

[In] Int[(c + d*x)"m/(a + a*Coth[e + fx*x]),x]

[Out] (c + d*x)~(1 + m)/(2*axd*(1 + m)) + (27(-2 - m)*E~(-2%e + (2*cxf)/d)*(c + d
*x) “m*¥Gamma [1 + m, (2*f*x(c + d*x))/d])/(a*xfx((fx(c + d*x))/d) "m)

Rule 2212

Int [(F_)~((g_.)*((e_.) + (£_.)*(x_)))*((c_.) + (d_.)*(x_))"(m_), x_Symbol]
:> Simp[(-F~(g*(e - cx(£/d))))*((c + d*x) “FracPart[m]/(d*((-f)*g*(Log[F]/d)

)~ (IntPart[m] + 1)*((-f)*gxLog[F]l*((c + d*x)/d)) FracPart[m]))*Gamma[m + 1,
((-f)*g*(Log[F]l/d))*(c + d*x)], x] /; FreeQ[{F, c, d, e, f, g, m}, x] &&

I IntegerQ [m]

Rule 3808

Int[((c_.) + (d_.)*(x_))"(m_)/((a_) + (b_.)*tan[(e_.) + (£f_.)*(x_)]), x_Sym
bol] :> Simp[(c + d*x)~(m + 1)/(2%a*d*(m + 1)), x] + Dist[1/(2*a), Int[(c +
d*x) "m*E~ (2% (a/b)*(e + f*x)), x], x] /; FreeQ[{a, b, c, d, e, f, m}, x] &&
EqQ[a~2 + b"2, 0] && !IntegerQ[m]

Rubi steps
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/ (¢ + dz)™ o (c+dz)+m [ e2ilier5+ifo) (¢ 4 dg)™ da
a+acoth(e + fr) =~ 2ad(1+m) %2
_ (c+dz)ttm 2_2_m6_26+%¥(04'd$)m (iE%£Q>_- F(1-+7n,%ﬁ%;¢w>
~ 2ad(1+m) of

Mathematica [B] Leaf count is larger than twice the leaf count of optimal. 186 vs. 2(88) =
176.
time = 0.85, size = 186, normalized size = 2.11

272 (o oy (L) (L) ™ ooch(e + ) (41 + m)D(1+m, D) (cosh (e — &) — sinh (e — &) + 277 (F(5 +2))" (c+ da) (cosh (e — &) +sinh (¢ — &) ) (cosh (£(5 +2)) +sinh (£ (5 +2)))
adf (1+m)(1+ coth(e + fz))

Antiderivative was successfully verified.

[In] Integrate[(c + d*x)"m/(a + axCoth[e + f*x]),x]

[Out] (27(-2 - m)*(c + d*x) m*x(-((f*(c + d*x))/d)) m*Csch[e + f*x]*(d*(1 + m)*Gam
mal[l + m, (2%fx(c + d*x))/dl*(Cosh[e - (c*f)/d] - Sinh[e - (c*f)/d]) + 2°(1

+ m)*fx(f*(c/d + x))"mx(c + d*x)*(Cosh[e - (cxf)/d] + Sinh[e - (c*f)/d]))*
(Cosh[f*(c/d + x)] + Sinh[f*(c/d + x)]))/(axd*fx(1 + m)*(-((£~2%x(c + d*x)"2
)/d~2))"m*(1 + Cothl[e + f*x]))

Maple [F]

time = 180.00, size = 0, normalized size = 0.00

(dz +c)™
/a+acoth(fx—|—e) de

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x+c) m/(at+a*xcoth(f*x+e)),x)
[Out] int((d*x+c) m/(a+a*coth(f*x+e)),x)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) m/(ata*coth(f*x+e)),x, algorithm="maxima")

[Out] integrate((d*x + c)"m/(a*coth(f*x + e) + a), x)
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Fricas [A]
time = 0.09, size = 160, normalized size = 1.82

£ sl sinl 9 (dfete 3 im 21) i
W) T (m o+ 1, 29250 — (g4 T (m + 1, 220 ) sinh (W) +2(dfz + cf) cosh (mlog (dz + ¢)) + 2 (dfz + cf) sinh (mlog (dz + ¢))

(dm + d) cosh (dml (
4 (adfm + adf)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) m/(at+a*coth(f*x+e)),x, algorithm="fricas")

[Out] 1/4*%((d*m + d)*cosh((d*m*xlog(2*f/d) - 2xc*xf + 2*d*cosh(1l) + 2xd*sinh(1))/d)

xgamma(m + 1, 2x(d*f*x + c*f)/d) - (d*m + d)*gamma(m + 1, 2x(d*f*x + c*f)/d

)*sinh ((d*m*log(2*f/d) - 2xc*f + 2xdxcosh(1l) + 2*d*sinh(1))/d) + 2x(d*xf*x +
cxf)*cosh(m*log(d*x + c)) + 2x(d*f*x + c*f)*sinh(m*log(d*x + c)))/(a*xd*f*m

+ axdx*f)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

(ct+dz)™
f cothc(e-l—xfx)—i—l dx

a

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((d*x+c)**m/(at+a*xcoth(f*x+e)),x)
[Out] Integral((c + d*x)**m/(coth(e + f*x) + 1), x)/a

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((d*x+c) m/(at+a*coth(f*x+e)),x, algorithm="giac")
[Out] integrate((d*x + c)"m/(a*coth(f*x + e) + a), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

(c+dzx)™
/a+acoth(e—|—fx) de

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c + d*x)"m/(a + a*coth(e + f*x)),x)
[Out] int((c + d*x)"m/(a + a*coth(e + f*x)), x)
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(ctdz)™
3.35 f (a+a coth(e+fx))? dx

Optimal. Leaf size=152

(c n dx)1+m 2—2—me—2e+%(c + dz)™ (f(c-gdw))_ F(l +m, 2f(c;-dz)> 4—2—me—4e+%(c + dx)m <f(c-‘li-dw)>

4a2d(1 4+ m) + a’f a’f

[Out] 1/4*(d*x+c)”(1+m)/a~2/d/(1+m)+2~ (-2-m) *exp (-2*e+2xc*f/d) * (d*x+c) “m*GAMMA (1+
m,2*f* (d*x+c) /d) /a~2/f/ ((£x(d*x+c)/d) "m) -4~ (-2-m) *exp (-4*e+4dxc*f/d) * (d*x+c)
“m*GAMMA (1+m, 4*f* (d*x+c) /d) /a~2/f/ ((£*(d*x+c)/d) "m)

Rubi [A]
time = 0.12, antiderivative size = 152, normalized size of antiderivative = 1.00, number of

number of rules _ 1
integrand size ’

steps used = 4, number of rules used = 2, integrand size = 20,
Rules used = {3810, 2212}

2”"’232%‘28(0 + dz)™ (Lc;dz) ) " Gamma (m +1, L(c;dz)) 4”"’26%‘46(0 +dz)™ <7f(°:dz)) " Gamma (m +1, L(C;dz)) (c + dz)™*!
atf B a’f + 4a?d(m +1)

Antiderivative was successfully verified.
[In] Int[(c + d*x)"m/(a + axCoth[e + fx*x])~2,x]

[Out] (c + d*x)~(1 + m)/(4*%a~2xd*(1 + m)) + (2°(-2 - m)*E~(-2%e + (2xc*f)/d)*(c +
d*x) “m*Gamma[1 + m, (2xfx(c + d*x))/d])/(a~2xf*((f*x(c + d*x))/d)"m) - (47 (

-2 - m)*E~(-4*e + (4xc*f)/d)*(c + d*x) m*Gammal[l + m, (4xf*x(c + d*x))/d])/(

a~2xfx((fx(c + d*x))/d) "m)

Rule 2212

Int[(F_)~((g_.)*((e_.) + (£_.)*(x_)))*((c_.) + (d_.)*(x_))"(m_), x_Symbol]

:> Simp[(-F~(gx(e - c*(£/d))))*((c + d*x) FracPart[m]/(d*((-f)*g*(Log[F]/d)

)~ (IntPart[m] + 1)*((-f)*gxLog[F]*((c + d*x)/d)) FracPart[m]))*Gamma[m + 1,
((-f)*gx(Log[F]l/d))*(c + d*x)], x] /; FreeQ[{F, c, d, e, f, g, m}, x] &&

I IntegerQ[m]

Rule 3810

Int[((c_.) + (d_)*(x_))"(m_)*((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)]1)"(n ),
x_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (1/(2*a) + E~(2*(a/b)*(e + fx
x))/(2*a))~(-n), x], x] /; FreeQ[{a, b, ¢, d, e, f, m}, x] & EqQ[a~2 + b~2
, 0] && ILtQ[n, O]

Rubi steps
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(c+ dz)™ _ / (c+dz)™ e teH2(c+dr)™ e 2722(c+ dz)™
dz = 4a? + 4a? 2a? dz

(a + acoth(e + fx))?
(c+dx)ttm  [e e 4= (c+dz)"dz  [e 2% (c+ dz)™dx

- 402d(1 +m) 4a? 2a?
2—2—m6—26+¥(c + dz)™ (f(c-;dZ)>_ F(l +m, 2f(c;-dw)>

_ (c+dz)*m
 4a2d(1+m) a’f

Mathematica [A]
time = 5.83, size = 194, normalized size = 1.28

4ot dayn (—£e382)" (~ L) T csarl(e 4 ) (2“’"de}‘T'(1 +m)D (14 m, 2) e (1e9) ™ o) 4 sinh(e)? — e’ (1 +m)U (1 +m, Y92 (cosh(2e) — sinh(ze») (cosh(2f) + sinh(2/2))

a?df (1+m)(1+ coth(e + fx))?

Antiderivative was successfully verified.

[In] Integrate[(c + d*x)"m/(a + a*xCoth[e + f*x])~2,x]

[Out] (4~(-2 - m)*(c + d*x)"mx(-((f*(c + d*x))/d)) m*Csch[e + f*x] 2%(27(2 + m)*d
*E~((2%c*f) /dA)*(1 + m)*Gamma[l + m, (2*%f*x(c + d*x))/d] + 4~ (1 + m)*d*((f*(c

+ d*x))/d)~(1 + m)*(Cosh[e] + Sinh[e])~2 - d*E~((4*c*f)/d)*(1 + m)*Gammal[1

+ m, (4xfx(c + d*x))/d]l*(Cosh[2*e] - Sinh[2*e]))*(Cosh[2%f*x] + Sinh[2*xfx*x
1))/ (@ 2xd*f*(1 + m)*(-((£f72x(c + d*x)~2)/d"2)) "m*(1 + Coth[e + f*xx])~2)

Maple [F]
time = 180.00, size = 0, normalized size = 0.00

/ (dz+c)™ s
(a + acoth (fz+ e))2

Verification of antiderivative is not currently implemented for this CAS.
[In] int((d*x+c) "m/(a+ta*coth(f*x+e))~2,x)
[Out] int((d*x+c) "m/(a+a*xcoth(f*x+e))~2,x)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) m/(at+a*coth(f*x+e))~2,x, algorithm="maxima")

[Out] integrate((d*x + c)"m/(axcoth(f*x + e) + a)~2, x)
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Fricas [A]
time = 0.09, size = 272, normalized size = 1.79

(dm"“mh(mm-ﬂ,‘,,,‘:m.,..m‘)r(""LM} Aty («WVA;,,M.Z’,‘“ e (3, ty0) ww_J)r(m‘]_Mwh(mw-ﬁ,.,/.17(,..‘”,.‘,‘“",") i 11,45 g (20t

6 (@ )

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) m/(ata*coth(f*x+e))~2,x, algorithm="fricas")

[Out] -1/16*%((d*m + d)*cosh((d*m*log(4*f/d) - 4*c*f + 4*d*cosh(1l) + 4*d*sinh(1))/

d)*gamma(m + 1, 4*(d*f*x + c*f)/d) - 4*(d*m + d)*cosh((d*m*log(2*f/d) - 2%c

*f + 2%d*cosh(l) + 2*d*sinh(1))/d)*gamma(m + 1, 2x(d*f*x + c*f)/d) - (d*m +
d)*gamma(m + 1, 4*(d*f*x + cxf)/d)*sinh((d*m*log(4*f/d) - 4*c*f + 4xd*cosh

(1) + 4xd*sinh(1))/d) + 4*(d*m + d)*gamma(m + 1, 2*(d*f*x + cxf)/d)*sinh((d
*m¥log(2*%f/d) - 2*cxf + 2*d*cosh(l) + 2xd*sinh(1))/d) - 4*x(d*fxx + cx*f)*cos
h(m*log(d*x + c)) - 4x(d*f*x + cxf)*sinh(m*xlog(d*x + c)))/(a~2*d*f*m + a~2x

dxf)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00
(c+dz)™
f coth? (e4fx)+2 coth (e+fz)+1 dx
a2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)**m/(ata*coth(f*x+e))**2,x)
[Out] Integral((c + d*x)**m/(coth(e + f*x)**2 + 2%coth(e + f*x) + 1), x)/ax*2
Giac [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) m/(at+a*coth(f*x+e))~2,x, algorithm="giac")
[Out] integrate((d*x + c)™m/(a*coth(f*x + e) + a)~2, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/ (c+dz)™ i
(a + acoth (e + fx))°

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c + d*x)"m/(a + axcoth(e + f*x))~2,x)
[Out] int((c + d*x)"m/(a + ax*coth(e + f*x))~2, x)
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(ctdz)™
3.36 f (a+acoth(e+fz))3 dx

Optimal. Leaf size=223

(c + dz)+™ 3 9—4-me-2e+% (c+ dzx)™ <M> ' (1 +m, Ljdw)) 3 9-5-2mg—det+ (¢ + dz)™ <_(

8a3d(1+ m) * adf a?;

[Out] 1/8%(d*x+c)~(1+m)/a~3/d/(1+m)+3*2~ (-4-m) *exp (-2*e+2xc*f/d) * (d*x+c) “m*xGAMMA (
1+m,2*f* (d*x+c) /d) /a~3/f/ ((£*(d*x+c)/d) "m) -3%2~ (-5-2+*m) xexp (—4*e+4*c*xf/d) *(
d*xx+c) “m*xGAMMA (1+m,4*f* (d*x+c)/d) /a~3/f/ ((fx(d*x+c)/d) "m)+2" (-4-m) *3~(-1-m)

xexp (—6xe+6*c*xf/d) * (d*x+c) "m*GAMMA (1+m, 6*f* (d*x+c) /d) /a~3/f/ ((£*(d*x+c)/d)~

m)

Rubi [A]
time = 0.17, antiderivative size = 223, normalized size of antiderivative = 1.00, number of

number of rules __
integrand size 0.100,

steps used = 5, number of rules used = 2, integrand size = 20,
Rules used = {3810, 2212}

3 2,,,,,%%,20(6 +dz)m (/«:M))w Gamma(m ¥, ’zf(t‘;d:r)) 35t ~te(c 4 da)™ (f(c;d.r))*m Gamma(m ¥1, Af(c;dar)) g-m-ag=m-1g% ~6e(¢ 4 dgym (f(r;dl))*m Gamma(m $1, sf(r;dz)) (c+ daym
- +
@F @f * @F 8a%d(m + 1)

Antiderivative was successfully verified.
[In] Int[(c + d*x)"m/(a + axCoth[e + f*x])~3,x]

[Out] (c + d*x)"(1 + m)/(8*a~3xd*x(1 + m)) + (3*27(-4 - m)*E~(-2*xe + (2*cxf)/d)*(c
+ d*x) “m*xGamma[l + m, (2*%f*(c + d*x))/d])/(a~3*xf*x((f*(c + d*x))/d)"m) - (3

*27 (=5 - 2+m)*E~(-4*e + (4xcxf)/d)*(c + d*x) m*Gamma[l + m, (4xfx(c + d*x))

/d]) /(@ 3*%f*x((fx(c + d*x))/d)"m) + (27(-4 - m)*37(-1 - m)*E~(-6xe + (6*c*f)

/) *(c + d*x) “m*xGamma[l + m, (6*%f*(c + d*x))/d])/(a~3*f*x((f*(c + d*x))/d)"m

)

Rule 2212

Int [(F_)~((g_.)*((e_.) + (£_.)*(x_)))*((c_.) + (d_.)*(x_))"(m_), x_Symbol]
:> Simp[(-F~(g*(e - c*x(£/d))))*((c + d*x) FracPart[m]/(d*((-f)*g*(Log[F]/d)

)~ (IntPart[m] + 1)*((-f)*gxLog[F]l*((c + d*x)/d)) FracPart[m]))*Gamma[m + 1,
((-f)*gx(Log[F]/d))*(c + d*x)], x] /; FreeQ[{F, c, d, e, f, g, m}, x] &&

I IntegerQ [m]

Rule 3810

Int[((c_.) + (d_D*(x_))"(m_)*((a_) + (b_.)*tanl[(e_.) + (£_)*(x_)1)"(n ),
x_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (1/(2*a) + E~(2*(a/b)*(e + fx*
x))/(2%a))~(-n), x], x] /; FreeQ[{a, b, c, d, e, f, m}, x] && EqQ[a™2 + b~2
, 0] && ILtQ[n, O]
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Rubi steps

(C+ d.’L')m o — / (C-l- d:c)m _ 6—66—6fm(c+ dx)m N 36—46—4fm(c+ dx)m 36—2e—2fz(c+ ¢
)E

(a + acoth(e + fx 8a3 8a3 8a3 8a3
_ (etdz)ttm™  [e %7 (c+ da)™ da N 3 e (ct+dx)"dz 3 [e
 8a3d(1+m) 8a3 8a3
e+ dz)1+m 3 2_4_me_26+¥(c + dz)™ (—f(cj;dw))_ 1"(1 +m, —Qf(cjdx)>
 8a3d(1+m) adf

Mathematica [F]
time = 180.00, size = 0, normalized size = 0.00

$Aborted

Verification is not applicable to the result.

[In] Integrate[(c + d*x)"m/(a + a*Coth[e + f*x])~3,x]
[Out] $Aborted

Maple [F]
time = 180.00, size = 0, normalized size = 0.00

/ (dz +¢c)™ I
(a + acoth (fz + €))?

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x+c) "m/(ata*coth(f*x+e))~3,x)
[Out] int((d*x+c) "m/(a+a*xcoth(f*x+e))~3,x)
Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) m/(ata*coth(f*x+e)) 3,x, algorithm="maxima")
[Out] integrate((d*x + c) m/(a*xcoth(f*x + e) + a)~3, x)

Fricas [A]
time = 0.09, size = 381, normalized size = 1.71

o (A AN 1 S0 i -0y AL 1y (ECETERE T PY AP
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) m/(ata*coth(f*x+e))~3,x, algorithm="fricas")

[Out] 1/96%(2x(d*m + d)*cosh((d*m*log(6*f/d) - 6*cxf + 6*d*cosh(l) + 6*d*sinh(1))
/d)xgamma(m + 1, 6x(d*f*x + c*f)/d) - 9*(d*m + d)*cosh((d*m*xlog(4*xf/d) - 4x
cxf + 4xd*cosh(1l) + 4*d*sinh(1))/d)*gamma(m + 1, 4*(d*f*x + cxf)/d) + 18%(d
*m + d)*cosh((d*m*log(2*f/d) - 2*cxf + 2+d*cosh(1) + 2+d*sinh(1))/d)*gamma (
m+ 1, 2%(d*f*x + cxf)/d) - 2x(d*m + d)*gamma(m + 1, 6*%(d*f*x + cxf)/d)*sin
h((d*m*1log(6*f/d) - 6xcxf + 6*d*cosh(l) + 6xd*sinh(1))/d) + 9*(d*m + d)*gam
ma(m + 1, 4x(dxfxx + c*f)/d)*sinh((d*m*log(4*f/d) - 4xc*f + 4xdxcosh(1l) + 4
*d*sinh(1))/d) - 18+(d*m + d)*gamma(m + 1, 2*%(d*fxx + cxf)/d)*sinh((d*m*log
(2%xf/d) - 2%c*f + 2xd*cosh(1l) + 2*d*sinh(1))/d) + 12x(d*f*x + c*f)*cosh(m*1l
og(d*x + c)) + 12x(dxf*x + c*f)*sinh(m*xlog(d*x + c)))/(a”3*d*f*m + a~3xd*f)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00
(c+dz)™
f coth® (e4fx)+3 coth? (e+fx)+3 coth (e+fx)+1 dx
a3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)**m/(a+a*coth(f*x+e))**3,x)

[Out] Integral((c + d*x)=**m/(coth(e + f*x)**3 + 3*coth(e + f*x)*x2 + 3xcoth(e + f
*x) + 1), x)/ax*3

Giac [F]

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) m/(at+a*coth(f*x+e)) 3,x, algorithm="giac")
[Out] integrate((d*x + c)"m/(axcoth(f*x + e) + a)~3, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/ (c+dz)™ i
(a + acoth (e + fx))°

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c + d*x)"m/(a + a*coth(e + f*x))~3,x)
[Out] int((c + d*x)"m/(a + ax*coth(e + f*x))~3, x)
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3.37 [(c+dz)3(a+ beoth(e + fz)) dx

Optimal. Leaf size=133

a(c+dz)* blc+ dx)4+b(c + dz)3log (1 — e2(+/2)) +3bd(c + dz)?PolyLog (2, e2¢*/2))  3bd*(c + dz)Poly
4d 4d 7 212 of

[Out] 1/4*ax(d*x+c)~4/d-1/4%b*(d*x+c) ~4/d+b* (d*x+c) ~“3*x1n(1l-exp (2*f*x+2xe))/f+3/2%
bxd* (d*x+c) “2*polylog(2, exp (2xf*x+2%e)) /£72-3/2%b*d 2% (d*x+c) *polylog(3,exp
(2xf*x+2%e)) /£73+3/4%b*xd"3*polylog(4,exp(2xf*x+2%e) ) /f74

Rubi [A]
time = 0.18, antiderivative size = 133, normalized size of antiderivative = 1.00, number of

number of rules _ ( 3g9
integrand size ’

steps used = 8, number of rules used = 7, integrand size = 18,
Rules used = {3803, 3797, 2221, 2611, 6744, 2320, 6724}

a(c+dx)*  3bd?(c+ dz)Liz(e2¢+72))  3bd(c + dz)’Lip (eX+/2)) N b(c+dz)®log (1 — eX+/2))  p(c+dx)*  3bd®Liy (e*eH/)

4d 273 2f2 f 4d 414

Antiderivative was successfully verified.
[In] Int[(c + d*x)~3%(a + b*Coth[e + f*x]),x]

[Out] (ax(c + d*x)~4)/(4*d) - (b*(c + d*x)~4)/(4xd) + (b*(c + d*x) 3*Log[l - E~(2

x(e + £xx))])/f + (3*bxdx(c + d*x) "2+PolyLogl[2, E~(2x(e + £f*x))])/(2%£72) -
(3%b*d~2*%(c + dx*x)*PolyLog[3, E~(2*%(e + £f*x))])/(2%£73) + (3*b*d~3*PolyLog

(4, E"(2x(e + £*x))])/(4%£74)

Rule 2221

Int [(CCF_)~((g_)*((e_.) + (£_.)*(x_))))"(n_)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~m/(bxfxg*n*Log[F]))*Logl[l + b*x((F~(gx(e + f*x)))"n/a)], x] - Di
st [d* (m/ (bxfxg*n*Log[F])), Int[(c + d*x)~(m - 1)*Logl[l + b*x((F~(g*(e + f*x)
))"n/a)], x1, x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2320

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
onOfExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_)) " (m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 2611

Int[Logl[l + (e_.)*((F_)~((c_.)*((a_.) + (b_.)*(x_))))"(n_.)]1*x((£f_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g*x) m)*(PolyLog[2, (-e)*(F~(cx(a +
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b*x)))"n]/(bxc*n*Log[F]1)), x] + Dist[gx(m/(b*c*n*Log[F]1)), Int[(f + g*x) (m
- 1)*PolyLog[2, (-e)*(F~(cx(a + b*x)))"nl], x], x] /; FreeQ[{F, a, b, c, e,
f, g, n}, x] && GtQ[m, O]

Rule 3797

Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (Complex[0, fz_])*(f_
D*(x_)], x_Symbol] :> Simp[(-I)*((c + d*x)"(m + 1)/(d*(m + 1))), x] + Dist
[2%I, Int[((c + d*x)"m*(E-(2%x((-I)*e + fxfzxx))/(1 + E-(2%((-I)*e + fxfz*x)
)/E~ (2xIxk*Pi))))/E~(2*%Ixk*Pi), x], x] /; FreeQl{c, d, e, f, fz}, x] &% Int
egerQ[4*k] && IGtQ[m, O]

Rule 3803

Int[((c_.) + (@_.)*(x))"(m_.)*((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)]1)"(n_.)
, Xx_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + b*Tan[e + f*x])“n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] & IGtQ[m, 0] &% IGtQ[n, O]

Rule 6724

Int[PolyLogln_, (c_.)*((a_.) + (b_.)*(x_))"(p_.01/C(d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLog[n + 1, cx(a + b*x)"pl/(exp), x] /; FreeQ[{a, b, c, d
, e, n, p}, x] && EqQ[bxd, axe]

Rule 6744

Int[((e_.) + (£_.)*(x_))"(m_.)*PolyLogln_, (d_.)*((F)~((c_.)*((a_.) + (b_.
)*(x_))))~(p_.)], x_Symbol] :> Simp[(e + f*x) m*(PolyLogln + 1, d*(F~(cx(a
+ b*x)))“pl/ (bxcxpxLog[F1)), x] - Dist[f*(m/(bxcxp*Log[F]1)), Int[(e + f*x)~
(m - 1)*PolyLogln + 1, dx(F~(c*(a + b*x)))7pl, x], x] /; FreeQ[{F, a, b, c,
d, e, £, n, p}, x] && GtQ[m, O]

Rubi steps
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/(c +dz)3(a + beoth(e + fx)) dr = / (a(c + dz)® + b(c + dz)® coth(e + fz)) dx

= a(%ddx)‘l +5b /(c + dx)? coth(e + fz) dx

_a(ctdz)!  blct+dr)t (2 / e+ (¢ + dzx)? .
4d 4d 1 — e2(etfz)

_alc+dz)*  b(c+dzx)! N b(c + dz)?log (1 — eXc+/2)) _ (3bd) [(c+
id id 7

_alc+ dz)*  b(c+ dx)* N b(c + dz)3log (1 — eX(e+/2)) N 3bd(c + dz)
1d 1d 7 :

_a(ctdz)!  bc+dr)* N b(c + dz)3log (1 — eXcH/2)) N 3bd(c + dz;
4d 4d 7 :

_alc+dz)*  b(c+dz)t N b(c + dz)3log (1 — eXc+/2)) N 3bd(c + dz)
4d 4d 7 ‘

_ a(c+dz)t  b(c+dr)* N b(c + dz)3log (1 — eXe+/2) N 3bd(c + dx)
4d 4d 7 ‘

Mathematica [A]
time = 1.44, size = 247, normalized size = 1.86

log (1— eX6H9)  19bdalog (1 — Xc+2)  12beda?log (1 — eXetio) P log (1 — Xt PolyLog(2,¢%+7)  Gbi? TLog(3,e2e+/9)  3bdPolyLog(d, ec/)
%<4a€z—4br"z+6mzdrz—6hc2d1,2+4ar4i213—4br7{’1,3+ad"1‘—bd31,‘+4b log (1 — ¢ )+12bcdrog( G ) | 12be’s jog (1 — ¢ )+4bdt og (1 — € )+bbd(c+dz) Po);Log(z,s )7()bﬂ'(<‘+dr)Pnl)3Lng(5,e )+.ideoyLog(4,e ))

f f f f Ii F I3

Antiderivative was successfully verified.

[In] Integrate[(c + d*x)~3*(a + b*Coth[e + f*x]),x]

[Out] (4xa*c™3%x — 4xb*c™3%x + 6%a*c™2xd*x"2 — 6*%bxc™2%d*x"2 + 4*a*xckd 2*x~
bkc*d"2*x"3 + axd~3%x"4 - b*d"3*x"4 + (4*bxc”3*Log[l - E~(2*(e + f*x))])/f
+ (12#b*c~2xd*x*Log[1l - E~(2x(e + fxx))])/f + (12%b*c*d~2xx"2*Log[1l - E~ (2%
(e + £xx))])/f + (4xbxd"3*x"3xLog[1l - E~(2*%(e + f*x))])/f + (6*b*d*(c + d*x
) "2%PolyLog[2, E~(2x(e + f*x))])/£f72 - (6xb*d~2*(c + d*x)*PolyLog[3, E~(2x(
e + £xx))])/£°3 + (3xbxd~3*PolyLog[4, E~(2x(e + fxx))])/£74)/4

3 - 4x%

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 765 vs.

2(123) = 246.
time = 2.66, size = 766, normalized size = 5.76

method | result

. 3b d2ezcln(efw+e—1) 6bc d2 polylog(3,efw+e) 6bc d? polylog(3,—efw+e) 3bds polylog(Z,t:-zfz“*"‘l)ar:2
risch 73 - yo — 73 + 7

+ acd?x® + 3e<
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x+c) 3*(at+b*coth(f*x+e)),x,method=_RETURNVERBOSE)

[Out] 3/£f73*%b*d~2*e~2*c*1ln(exp(f*x+e)-1)+axcxd™2xx"3+3/2*a*c”2xd*x"2+c”3*ka*xx+1/4%
a*d~3*x"4+3/f*bxc*d~2*1n(exp (f*x+e)+1)*x~2-3/f"3*b*cxd~2*1n(1-exp(f*x+e) ) *e
~2+6/f"2*%bxcxd~2*polylog(2,exp(f*x+e) ) *x-3/f " 2*b*d*exc~2*1n(exp (f*x+e)-1)+3
/f*¥b*c™2xd*1n(exp (f*x+e) +1) *x+3/f"2xb*xc~2*d*1n(1-exp (f*x+e) ) xe+6/f ~2*¥b*d*ex
c~2*x1n(exp(f*x+e))-6/f"3*b*d"2*e~2xc*1n(exp (f*x+e))-1/4*d"3xbxx~4+1/4/d*ax*c
~4+1/4/d*bxc”4-d"2*¥b*xc*xx~3+1/f*b*c"3*1n(exp (f*x+e)-1)-2/f*bxc”3*1n (exp (f*x+
e))+6/f~4*xb*d"3*polylog(4,exp (f*x+e))+6/f 4*bxd~3*polylog(4,-exp(f*x+e))-2/
£73xb*d~3*e"3*x+6/f " 2*bxc*d~2*polylog(2,-exp (f*x+e) ) *x+3/f*b*xc*d~2x1n(1-exp
(fxx+e) ) *x~2+3/f*b*c~2xd*x1n(1-exp (f*x+e) ) *x-6/f*b*xc~2*d*e*x+6/f ~2*b*cke~2xd
~2xx-6/f"3*bxc*d~2*polylog(3,exp(f*x+e))-6/f"3*b*c*d"2*xpolylog(3,-exp(f*x+e
))+1/£%b*d"3*1n(exp (f*x+e)+1) *x~3+3/f " 2*b*d"3*polylog(2,exp(f*x+e))*x~2+3/f
~2xb*d~3*polylog(2,-exp(f*x+e))*x"2-6/f"3*b*d"3*polylog(3,-exp(f*x+e))*x+2/
f~4xbxd~3%e~3*1n(exp(f*x+e))-6/f"3*b*d"3*polylog(3, exp (f*x+e))*x+1/f*b*d~3*
1n(1-exp(f*x+e))*x~3+1/f 4*b*d"3*e~3*1n(1-exp(f*x+e))-3/f"2%bxc~2*d*e~2+4/f
~3xb*c*e~3*d"2+3/f"2xbxc~2*d*polylog(2,-exp (f*x+e))-1/f~4*b*d~3*e~3*1n (exp(
fxx+e)-1)+3/f"2xb*xc~2*d*polylog(2,exp (f*x+e))-3/2/f"4*bxd"3*e~4+1/fxb*xc~3*1
n(exp(f*xx+e)+1)-3/2xd*b*xc~2%x"2+b*xc~3*x

Maxima [B] Leaf count of result is larger than twice the leaf count of optimal. 438 vs.
2(126) = 252.
time = 0.36, size = 438, normalized size = 3.29

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) 3*(a+bxcoth(f*x+e)),x, algorithm="maxima")

[Out] 1/4*axd"3*x"4 + 1/4*%b*d~3*%x"4 + akxckd™2*%x"3 + bkc*d™2*x"3 + 3/2%a*c”2*d*x"2
+ 3/2%b*c”2xd*x"2 + axc”3*x + b*c~3xlog(sinh(f*x + e))/f + 3x(f*xx*xlog(e”(f
*x + e) + 1) + dilog(-e~(f*x + e)))*bxc™2xd/f~2 + 3x(f*x*log(-e~(f*x + e) +
1) + dilog(e™(f*x + e)))*b*c™2%d/f"2 + 3*(£72*xx"2*log(e”(f*x + e) + 1) + 2
xfxxxdilog(-e~(f*x + e)) - 2*polylog(3, -e”(fxx + e)))*b*c*d"2/f°3 + 3*(£f72
*xx"2xlog(-e~(f*x + e) + 1) + 2xfxxxdilog(e~(f*x + e)) - 2*polylog(3, e~ (f*x
+ e)))*bxcxd~2/f"3 + (£f73*x"3*log(e”(f*x + e) + 1) + 3*f~2*x"2*dilog(-e~(f
*x + e)) - 6xfxx*xpolylog(3, -e~(fxx + e)) + 6xpolylog(4, -e~(f*x + e)))*bxd
~3/f74 + (£73%x"3%log(-e”~(f*x + e) + 1) + 3*xf72xx"2xdilog(e”(f*x + e)) - 6%
f*x*polylog(3, e~ (f*x + e)) + 6*polylog(4, e~ (f*x + e)))*bxd~3/f74 - 1/2*(b
*d"3*f74*xx"4 + 4xbkxcxd"2xf74*x"3 + 6*¥bkcT2kd*f"4*x"2) /f74

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 677 vs.
2(126) = 252.
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time = 0.37, size = 677, normalized size = 5.09

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) ~3*(at+b*coth(f*x+e)),x, algorithm="fricas")

[Out] 1/4x((a - b)*d"3*xf74*x"4 + 4*x(a - b)*cxd 2*f"4*x"3 + 6x(a — b)*c™2xd*f ~4*x"
2 + 4x(a - b)*c”3*f"4*x + 24*bxd~3*polylog(4, cosh(f*x + cosh(l) + sinh(1))
+ sinh(f*x + cosh(1) + sinh(1))) + 24%b*d~3%polylog(4, -cosh(f*x + cosh(1)
+ sinh(1)) - sinh(f*x + cosh(1) + sinh(1))) + 12%(b*d~3*f~2%x"2 + 2xb*c*d~
2xf72xx + bkc~2xd*f~2)*dilog(cosh(f*x + cosh(1l) + sinh(1)) + sinh(f*x + cos
h(1) + sinh(1))) + 12x(b*d"3*f"2*x"2 + 2%b*c*d"2*xf~2%x + bxc~2*d*f~2)*dilog
(-cosh(f*x + cosh(1) + sinh(1)) - sinh(f*x + cosh(1) + sinh(1))) + 4*(b*d~3
*f73%x73 + 3*kbkckxd"2*f"3%x72 + 3*b*xcT2xd*f"3%x + bkc~3*xf"3)*log(cosh(f*x +
cosh(1) + sinh(1)) + sinh(f*x + cosh(1) + sinh(1)) + 1) + 4x(bxc”3*f~3 - 3%
bxc~2*%d*f~2xcosh(1) + 3*b*c*d~2xfxcosh(1)"2 - b*d~3*cosh(1)~3 - b*xd~3*sinh(
1)73 + 3*(b*c*kd™2*f - b*d~3*cosh(1))*sinh(1)~2 - 3*(b*c~2xd*f~2 - 2xbxc*d~2
*xfxcosh(1) + b*d"3*cosh(1)~2)*sinh(1))*log(cosh(f*x + cosh(l) + sinh(1)) +
sinh(f*x + cosh(1) + sinh(1)) - 1) + 4%(bxd"3*f73*x~3 + 3*bxcxd™2*xf~3*x~2 +
3xbxc~2*d*f"3*x + 3*bkc"2xd*f~2%cosh(1l) - 3*bxcxd~2*f*cosh(1)~2 + b*xd~3*co
sh(1)~3 + b*d~3*sinh(1)~3 - 3*(b*c*d~2*f - b*d~3*cosh(1))*sinh(1)~2 + 3*(b*
c~2xd*f~2 - 2*¥bxcxd~2*f*cosh(1l) + b*d~3xcosh(1)~2)*sinh(1))*log(-cosh(f*x +
cosh(1) + sinh(1)) - sinh(f*x + cosh(1) + sinh(1)) + 1) - 24*(b*d~3*f*x +
b*xc*d~2*f)*polylog(3, cosh(f*x + cosh(l) + sinh(1)) + sinh(f*x + cosh(1l) +
sinh(1))) - 24x(bxd~3*f*x + bxc*d~2*f)*polylog(3, -cosh(f*x + cosh(l) + sin
h(1)) - sinh(f*x + cosh(1) + sinh(1))))/f"4

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (a4 beoth (e + fx)) (c + dzx)® da

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)**3*(at+b*coth(f*x+e)),x)
[Out] Integral((a + bk*coth(e + f*x))*(c + d*x)**3, x)

Giac [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) ~3*(a+b*coth(f*x+e)),x, algorithm="giac")
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[Out] integrate((d*x + c) 3*(bxcoth(f*x + e) + a), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/(a—l—bcoth(e—i—fw)) (c+dz)’de

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + bxcoth(e + f*x))*(c + d*x)~3,x)
[Out] int((a + bxcoth(e + f*x))*(c + d*x)~3, x)
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3.38 [(c+ dz)*(a+ bceoth(e + fz)) dx

Optimal. Leaf size=101

a(c+dz)® b(c+dz)? +b(c + dz)?log (1 — 2*+f2)) bd(c + dz)PolyLog(2, eX¢*?))  bd?PolyLog(3, eX(*

3d 3d [ + 12 273

[Out] 1/3*ax(d*x+c)”~3/d-1/3%b*(d*x+c) ~3/d+b* (d*x+c) "2*x1n(1-exp (2*f*x+2*xe)) /f+b*xd*
(d*x+c)*polylog(2,exp (2xf*x+2xe)) /£72-1/2xbxd"2*polylog(3,exp (2xf*x+2xe)) /£

-3

Rubi [A]

time = 0.15, antiderivative size = 101, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.333,

steps used = 7, number of rules used = 6, integrand size = 18
Rules used = {3803, 3797, 2221, 2611, 2320, 6724}

a(c+ dz)? N bd(c + dz)Lip (e2(c+/2) N b(c+ dz)*log (1 — e+ @) p(c+dzx)®  bd’Lis (/)
3d 72 7 3d 2

Antiderivative was successfully verified.
[In] Int[(c + d*x)~2%(a + b*Coth[e + f*x]),x]

[Out] (a*x(c + d*x)~3)/(3*d) - (bx(c + d*x)~3)/(3*d) + (b*x(c + d*x)~2+Log[l - E~(2
x(e + £*x))]1)/f + (bxd*(c + d*x)*PolyLog[2, E~(2x(e + f*x))])/f72 - (b*d"2*
PolyLog[3, E~(2x(e + f*x))1)/(2%£73)

Rule 2221

Int [CC(F_)~((g_.)*((e_.) + (£_.)*(x_)))) " (n_.)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~m/(bxfxg*n*Log[F]))*Log[l + b*x((F~(gx(e + f*x)))"n/a)], x] - Di
st [d* (m/ (bxfxg*n*Log[F])), Int[(c + d*x)~(m - 1)*Logl[l + b*x((F~(g*x(e + f*x)
))"n/a)], x], x] /; FreeQ[{F, a, b, ¢, 4, e, f, g, n}, x] & IGtQ[m, 0]

Rule 2320

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
onOfExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_)) " (m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 2611

Int[Logll + (e_.)*((F_)~((c_.)*((a_.) + (b_.)*(x_))))"(n_.)1*x((f_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g*x) m)*(PolyLog[2, (-e)*(F~(cx(a +
b*x)))"n]/(bxc*n*Log[F]1)), x] + Dist[g*(m/(bxc*n*Log[F1)), Int[(f + g*x) (m
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- 1)*PolyLog[2, (-e)*(F~(cx(a + b*x)))"n], x], x] /; FreeQ[{F, a, b, c, e,
f, g, n}, x] && GtQ[m, O]

Rule 3797

Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (Complex[0, fz_])*(f_
D*(x_)], x_Symbol] :> Simp[(-I)*((c + d*x)"(m + 1)/(d*(m + 1))), x] + Dist
[2+xI, Int[((c + d*x)"m*x(E~(2*x((-I)*e + f*xfzxx))/(1 + ET(2%((-I)*e + fxfz*x)
)/E~(2%I%k*Pi))))/E~(2xIxk*Pi), x], x] /; FreeQl[{c, d, e, £, fz}, x] && Int
egerQ[4+k] && IGtQ[m, O]

Rule 3803

Int[((c_.) + (@_.)*(x_))"(m_.)*((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(n_.)
, Xx_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + b*Tan[e + f*x])“n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] & IGtQ[m, 0] && IGtQ[n, 0]

Rule 6724

Int[PolyLogln_, (c_.)*((a_.) + (b_.)*(x_))"(p_.)1/((d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLogln + 1, cx(a + b*x)"pl/(exp), x] /; FreeQ[{a, b, c, d
, e, n, p}, x] && EqQ[bxd, axe]

Rubi steps

/(c + dz)*(a + beoth(e + fz)) dz = / (a(c + dz)* + b(c + dz)” coth(e + fz)) dz

_a(c+dx)?

= ag T b /(c + dz)? coth(e + fz) dx

a(c+dz)®  b(c+dx)? ee+12) (¢ + dz)?

= 3d L 3d : _(%)/ 1—e(2<e+fw>)dx

_a(c+dzr)®  b(c+dz)? N b(c + dz)?log (1 — e2cH/2)) _(2bd) [(c
3d 3d 7

_a(c+dzr)®  b(c+dz)® N b(c + dz)?log (1 — eXc+/2)) N bd(c + dz
3d 3d 7

_a(c+dx)®  b(c+ dx)? N b(c + dz)?log (1 — eXe+/2) N bd(c + dz
3d 3d 7

_a(ctdz)®  b(c+dx)® N b(c + dz)?log (1 — eXcH/2)) N bd(c + dz
3d 3d 7

Mathematica [A]
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time = 1.37, size = 102, normalized size = 1.01

2f%((a — b) fz(3c? + 3cdz + d*z%) + 3b(c + dz)?log (1 — €X¢*¥9)) + 6bdf (c + dz)PolyLog(2, eX¢+7®)) — 3bd?PolyLog 3, eX(=+/2))
6f°

Antiderivative was successfully verified.

[In] Integratel[(c + d*x)~2x(a + b*Coth[e + f*x]),x]

[Out] (2%f72*%((a - b)*fxx*(3xc™2 + 3*cxd*x + d~2*x"2) + 3*b*(c + d*x) 2*Log[l - E
“(2x(e + f*xx))]) + 6xb*dxf*x(c + d*x)*PolyLog[2, E~(2*(e + f*x))] - 3*bxd~2#
PolyLog[3, E~(2*(e + f*x))])/(6*£"3)

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 464 vs.
2(95) = 190.
time = 2.15, size = 465, normalized size = 4.60

method | result

. 2bdc polylog (2,ef7+¢) 2bed polylog (2,—ef?+¢) 2bd? polylog(2,ef?+¢)z bd2e?In(1—efte) 2bdecIn(efote—1)
I'lSCh f2 + f2 + f2 - f3 - f2 - b

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x+c) 2x(at+b*coth(f*x+e)),x,method=_RETURNVERBOSE)

[Out] -1/£"3%b*d~2xe~2*1n(1-exp(f*x+e))+2/f " 2xb*d*c*polylog(2,exp(f*x+e))-2/£72%b
xdxe*xc*1n(exp(fxx+e)-1)+2/f"2xb*c*d*polylog(2,-exp (f*x+e)) -b*ckd*x~2+b*c™ 2%
x-1/3%b*d~2*x~3-2/f"3*bxd~2*polylog(3,-exp (f*x+e))-2/f*b*c"2*1n(exp (f*x+e))
+1/f*b*c”2*1n(exp (f*x+e)-1)+2/fxb*c*xd*1n (exp (f*x+e)+1) *x+2/f*b*d*c*1n(1-exp
(f*x+e) ) *x+2/f"2xb*d*c*1n (1-exp (f*x+e) ) xe+4/f~2*bxd*e*xc*1n (exp (f*x+e))-4/f*
bxckd*xexx—2/f " 2¥bkckdxe 2+d*akcxx"2+akxc"2xx+2/f " 2%bxe~2%d"2%x+2/f " 2¥b*d " 2*p
olylog(2,exp (f*x+e))*x+1/f*b*d~2*1n(1-exp (f*x+e) ) *x~2+2/f~2*b*d~2*polylog(2
,—exp(fxx+e) ) *x+1/fxb*d~2*1n (exp (f*x+e)+1)*x~2+1/3/d*bxc~3+1/3*d"2xa*xx~3+1/
3/d*c~3*a-2/f"3xb*d"2*e”~2*1n (exp (f*x+e) ) +1/£"3*b*d~2*e~2*1n(exp (f*x+e)-1)+4
/3/£"3%bxe~3%d~2-2/f"3*b*d"2*polylog (3, exp (f*x+e) ) +1/fxb*c~2*%1n (exp(f*x+e)+
1

Maxima [B] Leaf count of result is larger than twice the leaf count of optimal. 251 vs.
2(97) = 194.

time = 0.33, size = 251, normalized size = 2.49

[P 2 2y 2, blog(sinh (fz +¢)) | 2(folog () +1) + Lia(~eU+9))bed 2 (fwlog (~e*9 + 1) + Lia(eU7*) )ood (22 log (€U + 1) +2 faLip (—el=+9) — 2Lig(=eU=+))b? (f22?log (~e*9 + 1) +2 faLin(e/+9) — 2Lig(el+)b _ 2 (b2f*s" + Bbedfs?)
Foda’ + 0P + acds® + boda? + ac's + 7 + 7 + 7 + 7 + 7 - 3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) ~2*(a+b*coth(f*x+e)),x, algorithm="maxima")

[Out] 1/3*%axd~2#x"3 + 1/3%b*d~2*x"3 + a*xcxd*x~2 + bkcxd*x~2 + a*xc™2%x + b*c~2xlog
(sinh(f*x + e))/f + 2+ (fxx*log(e”(f*x + e) + 1) + dilog(-e~(fxx + e)))*b*cx*
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d/£72 + 2x(f*x*log(-e~(f*x + e) + 1) + dilog(e”(f*x + e)))*bxcxd/f"2 + (£72
*xx"2xlog(e”(f*x + e) + 1) + 2xf*x*dilog(-e~(f*x + e)) - 2*polylog(3, -e~(fx*
X + e)))*b*xd"2/£73 + (£"2*x"2*log(-e~(f*x + e) + 1) + 2*f*x*dilog(e™(f*x +
e)) - 2xpolylog(3, e~ (f*x + e)))*b*d~2/£f73 - 2/3%(b*d~2*f~3%x"3 + 3*bxc*xd*f
~3%x72)/£f°3

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 404 vs.
2(97) = 194.
time = 0.38, size = 404, normalized size = 4.00

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) ~2*(a+b*coth(f*x+e)),x, algorithm="fricas")

[Out] 1/3*((a - b)*d™2*xf73*%x"3 + 3*(a - b)*cxd*f~3*x"2 + 3*(a - b)*c™2xf"3*x - 6%
b*d~2*polylog(3, cosh(f*x + cosh(l) + sinh(1)) + sinh(f*x + cosh(l) + sinh(
1))) - 6xb*d"2*polylog(3, -cosh(f*x + cosh(1) + sinh(1)) - sinh(f*x + cosh(
1) + sinh(1))) + 6%(bxd~2*f*x + bxc*d*f)*dilog(cosh(f*x + cosh(1l) + sinh(1)
) + sinh(f*x + cosh(1) + sinh(1))) + 6x(bxd~2*f*x + bxc*d*f)*dilog(-cosh(f*
x + cosh(1) + sinh(1)) - sinh(f*x + cosh(1) + sinh(1))) + 3*(b*xd~2*f~2*x"2
+ 2xb*ckd*f~2xx + bkc"2xf~2)*log(cosh(f*x + cosh(1l) + sinh(1)) + sinh(f*x +
cosh(1) + sinh(1)) + 1) + 3*(b*c™2*xf~2 - 2*bxcxd*f*cosh(1l) + b*d 2*cosh(1)
~2 + b*d"2*sinh(1)"2 - 2x(b*c*xd*f - b*d~2*cosh(1))*sinh(1))*log(cosh(f*x +
cosh(1) + sinh(1)) + sinh(f*x + cosh(1) + sinh(1)) - 1) + 3x(b*d~2xf~2*x"2
+ 2%b*cxd*f~2%x + 2*¥bkckd*fxcosh(1l) - b*d"2*cosh(1)”2 - b*d"2*sinh(1)72 + 2
* (bkxcxd*f - b*d~2xcosh(1))*sinh(1))*log(-cosh(f*x + cosh(1l) + sinh(1)) - si
nh(f*x + cosh(1) + sinh(1)) + 1))/£f73

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (a + beoth (e + fz)) (c+ dz)” dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)**2x(at+b*coth(f*x+e)),x)
[Out] Integral((a + bkcoth(e + f*x))*(c + d*x)**2, x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.



[In] integrate((d*x+c) 2*(a+bxcoth(f*x+e)),x, algorithm="giac")
[Out] integrate((d*x + c)~2*(bxcoth(f*x + e) + a), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/(a+bcoth(e+fa:)) (c+dz)de

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + bxcoth(e + f*x))*(c + d*x)~2,x)
[Out] int((a + b*coth(e + f*x))*(c + d*x)~2, x)
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3.39 [(c+ dz)(a+ bcoth(e + fx)) dx

Optimal. Leaf size=75

a(c+dz)®> b(c+dx)? N b(c + dz) log (1 — 62(e+f1‘)) bdPolyLog (2, e2(e-|-fz'))

2d 2d ¥ 212

[Out] 1/2*ax(d*x+c)~2/d-1/2%b*(d*x+c) ~2/d+b* (d*x+c)*1n(1-exp (2*f*x+2%e)) /f+1/2%bx
dxpolylog(2,exp (2*f*x+2xe))/f~2

Rubi [A]

time = 0.09, antiderivative size = 75, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.312,

steps used = 6, number of rules used = 5, integrand size = 16
Rules used = {3803, 3797, 2221, 2317, 2438}

a(c + dz)? N b(c+ dz)log (1 — eXeH2))  p(c + dx)? N bdLiy (e2(e+72))
2d f 2d 2f2

Antiderivative was successfully verified.
[In] Int[(c + d*x)*(a + bxCoth[e + f*x]),x]

[Out] (a*x(c + d*x)~2)/(2%d) - (bx(c + d*x)~2)/(2xd) + (bx(c + d*x)*Logl[l - E~(2x*(
e + £xx))])/f + (bxd*xPolyLog[2, E~(2*(e + f*xx))])/(2%x£72)

Rule 2221

Int [CC(F_)~((g_.)*((e_.) + (£_.)*(x_)))) " (n_.)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (_)*((FL)~((g_.)*x((e_.) + (f_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~m/(bxfxg*n*Log[F]))*Logl[l + b*x((F~(gx(e + f*x)))"n/a)], x] - Di
st [d* (m/ (bxfxg*n*Log[F])), Int[(c + d*x)~(m - 1)*Logl[l + b*x((F~(g*x(e + f*x)
))°n/a)], x1, x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2317

Int[Logl(a_) + (b_.)*((F_)"((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*exn*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°n], x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, O]

Rule 2438

Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"nl/n, x] /; FreeQl[{c, d, e, n}, x] && EqQ[cx*d, 1]

Rule 3797

Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (Complex[0, fz_])*(f_
D*(x_)], x_Symbol]l :> Simp[(-I)*((c + d*x)~(m + 1)/(d*(m + 1))), x] + Dist
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[2%I, Int[((c + d*x)"m*(E-(2%((-I)*e + fxfzxx))/(1 + E~(2%((-I)*e + fxfz*x)
)/E~(2%I%k*Pi))))/E~(2xIxk*Pi), x], x] /; FreeQl[{c, d, e, £, fz}, x] && Int
egerQ[4+k] && IGtQ[m, O]

Rule 3803

Int[((c_.) + (@_)*(x))"(m_.)*((a_) + (b_.)*tanl(e_.) + (£_)*(x_)1)"(n_.)
, Xx_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + b*Tan[e + f*x])"n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, 0]

Rubi steps

/(c + dx)(a + beoth(e + fz)) dx = /(a(c + dx) + b(c + dz) coth(e + fx)) dz

_ a(%ddx)z +b/(c+da;) coth(e + fz)dx

a(c+dz)?  b(c+ dz)? et (¢ + dx

- 2d s 2d ! _(%)/ 1—62((6+fw))dx

_a(c+dz)®  b(c+dz)? N b(c + dz)log (1 — e*+/*))  (bd) [log (1 -
2d 2d 7 ‘

_a(c+dx)*  b(c+dx)? N b(c + dz)log (1 — e2H/®)) B (bd)Subst (f
2d 2d 7

_a(c+dx)? _ble+ dz)? N b(c + dz)log (1 — e2etfo)) N bdLiy (e2(+f®
2d 2d f 2f2

Mathematica [A]
time = 0.06, size = 87, normalized size = 1.16

e %adﬁ _ %bdx2 . bdz log (1f_ e2et2fz) N be(log(cosh(e + fx))f—i— log(tanh(e + fx))) n deolyLo2gj(j’ e2et2z)

Antiderivative was successfully verified.

[In] Integratel[(c + d*x)*(a + b*Coth[e + fxx]),x]

[Out] a*c*x + (axd*x"2)/2 - (bxd*x"2)/2 + (b*d*x*Logl[l - E~(2*%e + 2xf*x)])/f + (b
xcx(Log[Cosh[e + f*x]] + Log[Tanh[e + fx*x]]1))/f + (b*dxPolyLog[2, E~(2*e +
2%fxx)])/(2%£72)

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 200 vs.

2(69) = 138.
time = 2.04, size = 201, normalized size = 2.68
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method | result

. 2 2 beln(efrte—1 beln(efrtet1 2bcln(efrte 2 bdln(1—efete
risch “T”’+acx—bd2w + bex + (f )_|_ (f ) _ (f )_2bc}ez_b¢}i£ n ( i

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x+c)*(at+b*coth(f*x+e)),x,method=_RETURNVERBOSE)

[Out] 1/2*%axd*x~2+a*xc*x-1/2%b*d*x~2+b*c*x+1/f*b*c*1ln(exp(f*x+e)-1)+1/f*b*xc*1ln(exp
(f*x+e)+1)-2/f*bxc*1n(exp (f*x+e))-2/f*bxd*e*xx-1/f"2*b*d*xe”2+1/f*b*xd*1n(1-ex
p(f*x+e)) *x+1/f"2%bxd*1n(1-exp (f*x+e) ) *e+1/f 2xbxd*polylog(2,exp(f*x+e))+1/
fxbxd*1n(exp (f*x+e)+1) *x+1/f"2xbxd*polylog(2,-exp (f*x+e))-1/f"2*b*d*ex1ln(ex
p(f*x+e)-1)+2/£~2xbxd*e*1n(exp (f*x+e))

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)*(a+b*coth(f*x+e)),x, algorithm="maxima")
[Out] 1/2*%axd*x"2 + 1/2*(x"2 - 2+integrate(x/(e”(f*x + e) + 1), x) + 2xintegrate(
x/(e"(f*x + e) - 1), x))*b*d + a*c*x + bxcxlog(sinh(f*x + e))/f

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 199 vs.
2(70) = 140.
time = 0.38, size = 199, normalized size = 2.65

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)*(a+b*coth(f*x+e)),x, algorithm="fricas")

[Out] 1/2%((a - b)*d*f~2*x"2 + 2*(a - b)*c*f~2*x + 2xb*d*dilog(cosh(f*x + cosh(1)
+ sinh(1)) + sinh(f*x + cosh(1) + sinh(1))) + 2*b*d*dilog(-cosh(f*x + cosh

(1) + sinh(1)) - sinh(f*x + cosh(1) + sinh(1))) + 2x(bxd*f*x + bxcxf)*log(c
osh(f*x + cosh(1) + sinh(1)) + sinh(f*x + cosh(1) + sinh(1)) + 1) + 2x(b*c*

f - bxd*cosh(1) - b*d*sinh(1))*log(cosh(f*x + cosh(1l) + sinh(1)) + sinh(f*x

+ cosh(1) + sinh(1)) - 1) + 2*(b*d*f*x + bxd*cosh(1l) + b*d*sinh(1))*log(-c
osh(f*x + cosh(1) + sinh(1)) - sinh(f*x + cosh(1) + sinh(1)) + 1))/£f"2

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (a + bceoth (e + fx)) (c+ dx) dz



Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((d*x+c)*(a+b*coth(f*x+e)),x)
[Out] Integral((a + bxcoth(e + f*x))*(c + d*x), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)*(atb*coth(f*x+e)),x, algorithm="giac")

[Out] integrate((d*x + c)*(b*xcoth(f*x + e) + a), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/(a—|—bcoth(e—|—fx)) (c+dz) dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*coth(e + f*x))*(c + d*x),x)
[Out] int((a + b*coth(e + f*x))*(c + d*x), x)
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3.40 f a+bcgic|_hcg+fx) dx

Optimal. Leaf size=21

Int (a + beoth(e + fx) , :c)
c+dz

[Out] Unintegrable((a+b*coth(f*x+e))/(d*x+c),x)

Rubi [A]
time = 0.02, antiderivative size = 0, normalized size of antiderivative = 0.00, number of

number of rules _
integrand size 0.000,

steps used = 0, number of rules used = 0, integrand size = 0,
Rules used = {}

/a—l—bcoth(e—l—fz) i
c+dz

Verification is not applicable to the result.

[In] Int[(a + b*Coth[e + f*x])/(c + d*x),x]

[Out] Defer[Int] [(a + bxCoth[e + f*x])/(c + d*x), x]
Rubi steps

/a+bcoth(e+fz) dx:/a-l—bcoth(e—l—fx) i
c+dz c+dz

Mathematica [A]
time = 3.55, size = 0, normalized size = 0.00

/a-l—bcoth(e—l—fx) i
c+dz

Verification is not applicable to the result.

[In] Integrate[(a + b*Coth[e + f*x])/(c + d*x),x]
[Out] Integrate[(a + b*Coth[e + f*x])/(c + d*x), x]
Maple [A]

time = 180.00, size = 0, normalized size = 0.00

/a—i—bcoth(fx—l—e) i
dz +c

Verification of antiderivative is not currently implemented for this CAS.
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[In] int((atb*coth(fxx+e))/(d*x+c),x)
[Out] int((at+b*coth(f*x+e))/(d*x+c),x)

Maxima [A]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*coth(f*x+e))/(d*x+c),x, algorithm="maxima")
g g

[Out] b*x(log(d*x + c)/d - integrate(l/(d*x + (d*x*ee + c*e~e)*e”(f*x) + c), x) +
integrate(-1/(d*x - (d*x*e”e + c*e"e)*e”(f*x) + c), x)) + axlog(d*x + c)/d

Fricas [A]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((a+b*coth(f*x+e))/(d*x+c),x, algorithm="fricas")
[Out] integral((b*coth(f*x + e) + a)/(d*x + c), x)

Sympy [A]
time = 0.00, size = 0, normalized size = 0.00

/a+bcoth(e+fx) i

c+dx
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*coth(f*x+e))/(d*x+c),x)
[Out] Integral((a + bxcoth(e + f*x))/(c + d*x), x)

Giac [A]

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*coth(f*x+e))/(d*x+c),x, algorithm="giac")

[Out] integrate((bxcoth(f*x + e) + a)/(d*x + c), x)



Mupad [A]
time = 0.00, size = -1, normalized size = -0.05
/ a+ beoth(e + f z) i
c+dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + bxcoth(e + f*x))/(c + d*x),x)
[Out] int((a + b*coth(e + f*x))/(c + d*x), x)
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3.41 | “”’(Cc"fjlﬁj)‘;f %) da

Optimal. Leaf size=21

a+ beoth(e + fzx)
Int ( (c+ do)? , x)

[Out] Unintegrable((atb*coth(f*x+e))/(d*x+c)~2,x)

Rubi [A]
time = 0.02, antiderivative size = 0, normalized size of antiderivative = 0.00, number of

number of rules _ 0.000,
integrand size

steps used = 0, number of rules used = 0, integrand size = 0,
Rules used = {}

a + bceoth(e + fz)
/ (c+ dx)? de

Verification is not applicable to the result.

[In] Int[(a + b*Cothl[e + f*x])/(c + d*x)~2,x]

[Out] Defer[Int] [(a + b*Coth[e + f*xx])/(c + d*x)~2, x]
Rubi steps

a+bcoth(e+ fz) , [ a+bcoth(e+ fx)
/ (c+ dx)? de = / (c+ dx)? dz

Mathematica [A]
time = 17.19, size = 0, normalized size = 0.00

a + beoth(e + fz)
/ (c+ dz)? de

Verification is not applicable to the result.

[In] Integrate[(a + b*Coth[e + fx*x])/(c + d*x)~2,x]
[Out] Integrate[(a + bxCoth[e + f*x])/(c + d*x)~2, x]
Maple [A]

time = 180.00, size = 0, normalized size = 0.00

/a+bc0th(fx+e) i
(dz + c)®

Verification of antiderivative is not currently implemented for this CAS.
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[In] int((at+b*coth(f*x+e))/(d*x+c)~2,x)
[Out] int((at+b*coth(f*x+e))/(d*x+c)"2,x)

Maxima [A]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*coth(f*x+e))/(d*x+c)~2,x, algorithm="maxima")

[Out] -b*(1/(d"2%x + c*d) + integrate(1/(d"2%x"2 + 2xcxd*x + c”2 + (d"2*x"2*e"e +
2*%c*kd*x*e”e + c"2%e"e)*e”(f*x)), x) - integrate(-1/(d"2*x"2 + 2xcxd*x + c”
2 - (d72*%x"2%e"e + 2¥ckxd*x*e~e + c"2%e"e)*e”(f*x)), x)) - a/(d"2*xx + c*d)

Fricas [A]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*coth(f*x+e))/(d*x+c)~2,x, algorithm="fricas")
[Out] integral((b*coth(f*x + e) + a)/(d"2*x"2 + 2%c*d*x + c~2), x)

Sympy [A]
time = 0.00, size = 0, normalized size = 0.00

/ a+ bceoth (e + fx) i
(c + dz)®

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((a+b*coth(f*x+e))/(d*x+c)**2,x)
[Out] Integral((a + bk*coth(e + fx*x))/(c + d*x)**2, x)

Giac [A]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*coth(f*x+e))/(d*x+c)~2,x, algorithm="giac")

[Out] integrate((bxcoth(f*x + e) + a)/(d*x + c)~2, x)



Mupad [A]
time = 0.00, size = -1, normalized size = -0.05
/ a + beoth(e —; fz) i
(c+dx)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + bxcoth(e + f*x))/(c + d*x)~2,x)
[Out] int((a + bxcoth(e + f*x))/(c + d*x)~2, x)
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3.42 [(c+ dz)3(a+ beoth(e + fz))* dx

Optimal. Leaf size=271

b%(c + da:)3+a2(c +dz)*  ab(c+ dac)4+b2(c +dz)*  b*(c+ dx)® coth(e + fx) +3b2d(c + dz)*log (1 — ¢
7 4d 2d 1d 7 72

[Out] -b~2*(d*x+c) ~3/f+1/4*a~2*(d*x+c) “4/d-1/2*axbx (d*x+c) ~4/d+1/4xb~ 2% (d*x+c) "4/
d-b~2* (d*x+c) “3*coth (f*x+e) /£+3*%b~2*d* (d*xx+c) "2*%1n(1-exp (2xf*x+2%xe)) /£~ 2+2%

axbx (d*x+c) “3*1n(1-exp (2*f*x+2%e) ) /f+3*%b~2xd~2* (d*x+c) *polylog(2, exp (2*f*x+

2%e) ) /£73+3*a*b*d* (d*x+c) "2*polylog(2,exp (2*xf*x+2xe) ) /£72-3/2xb~2xd"3*polyl

0g (3, exp(2xf*x+2%e)) /£ ~4-3*%axbxd~2* (d*x+c) *polylog(3,exp (2xf*x+2xe) ) /£~3+3/
2*axbxd~3*polylog(4,exp(2xf*x+2*e))/f~4

Rubi [A]
time = 0.38, antiderivative size = 271, normalized size of antiderivative = 1.00, number of

number of rules _ j 45
integrand size ’

steps used = 15, number of rules used = 9, integrand size = 20,
Rules used = {3803, 3797, 2221, 2611, 6744, 2320, 6724, 3801, 32}

@(c+dz)' _ 3abd?(c+ da)Lig (X117 N 3abd(c + dx)*Liy (/) | 2able+ da)*log (1 —¢*/9)  ab(c + da)* N 3abdLiy (/7)) N 362 (c + d)Lig (/7)) N 3bd(c + dz)?log (1 — €2€H/®)  B2(c+dx)coth(e + fx) BAc+dx)® | b(c+dn)'  3bdLiy(e2cH/7)
4d Iz 7 7 2 2j7 Iz s 7 B " 2

Antiderivative was successfully verified.
[In] Int[(c + d*xx)~3%(a + b*Coth[e + fx*x])~2,x]

[Out] -((b~2*(c + d*x)~3)/f) + (a"2*%(c + d*x)~4)/(4*d) - (a*xb*(c + d*x)~4)/(2%d)
+ (b™2x(c + d*x)~4)/(4%d) - (b~2*(c + d*x)~3*Coth[e + f*x])/f + (3*b~2*xd*(c

+ dxx)"2xLog[l - ET(2x(e + f*x))])/f72 + (2*axbx(c + d*x)~3*Logl[l - E~(2x(

e + £xx))])/f + (3*b~2%d"2*(c + d*x)*PolyLog[2, E~(2x(e + f*x))])/£f"3 + (3%
axbkxd*(c + d*x) 2*PolyLog[2, E~(2*(e + f*x))])/£f72 - (3%b~2%d~3*PolyLogl[3,
E"(2x(e + £*xx))])/(2%f74) - (3xaxbxd~2x(c + d*x)*PolyLogl[3, E~(2*(e + f*x))
1)/£7°3 + (3*%axbxd~3*PolyLogl[4, E~(2x(e + fxx))])/(2%f~4)

Rule 32

Int[((a_.) + (b_.)*(x_))"(m_), x_Symbol] :> Simp[(a + b*x)"(m + 1)/(b*(m +
1)), x] /; FreeQ[{a, b, m}, x] && NeQ[m, -1]

Rule 2221

Int [(CCF_)~((g_)*((e_.) + (£_.)*(x_))))"(n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~m/(bxfxg*n*Log[F]))*Logl[l + b*x((F~(gx(e + f*x)))"n/a)], x] - Di
st [d* (m/ (bxfxg*n*Log[F])), Int[(c + d*x)~(m - 1)*Logl[l + b*x((F~(g*x(e + f*x)
))~°n/a)], x], x] /; FreeQ[{F, a, b, c, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2320
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Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
onOfExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)Iv_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 2611

Int[Logl[l + (e_.)*((F_)~"((c_.)*((a_.) + (b_.)*(x_))))"(n_.)]1*x((£f_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g*x)“m)*(PolyLogl[2, (-e)*(F~(cx(a +
b*x))) "n]/(b*c*n*xLog[F])), x] + Dist[gx(m/(b*c*n*xLog[F])), Int[(f + g*x)~(m
- 1)*PolyLog[2, (-e)*(F~(c*(a + bx*x)))~"nl], x], x] /; FreeQ[{F, a, b, c, e,
f, g, n}, x] && GtQ[m, O]

Rule 3797

Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (Complex[0, fz_])*(f_
D*x(x_ )], x_Symbol] :> Simp[(-I)*((c + d*x)"(m + 1)/(d*(m + 1))), x] + Dist
[2+¢I, Int[((c + d*x)"mx(E~(2*x((-I)*e + fxfzxx))/(1 + E~(2*x((-I)*e + fxfz*x)
)/E~(2%I*k*Pi)))) /E~(2%Ixk*Pi), x], x] /; FreeQl[{c, 4, e, f, fz}, x] && Int
egerQ[4+k] && IGtQ[m, O]

Rule 3801

Int[((c_.) + (d_.)*(x_))"(m_.)*((b_.)*tan[(e_.) + (£_.)*(x_)]1)"(n_), x_Symb
0l] :> Simp[b*(c + d*x) “m*((b*Tan[e + f*x])~(n - 1)/(fx(n - 1))), x] + (-Di
st [b*d*(m/(fx(n - 1))), Int[(c + d*x)"(m - 1)*(bxTan[e + f*x])"(n - 1), x],
x] - Dist[b~2, Int[(c + d*x) m*(b*Tan[e + f*x])~(n - 2), x], x]) /; FreeQ[
{b, c, d, e, £}, x] && GtQ[n, 1] && GtQ[m, O]

Rule 3803

Int[((c_.) + (d_.)*(x_))"(m_.)*((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(n_.)
, Xx_Symbol] :> Int[ExpandIntegrand[(c + d*x)”"m, (a + b*Tan[e + f*x])"n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] & IGtQ[m, 0] && IGtQ[n, 0]

Rule 6724

Int [PolyLog[n_, (c_.)*((a_.) + (b_)*(x_))"(p_.01/C(d_.) + (e_.)*(x)), x_S
ymbol] :> Simp[PolyLog[n + 1, cx(a + b*x)~pl/(exp), x] /; FreeQl{a, b, c, d
, e, n, p}, x] && EqQ[b*d, axe]

Rule 6744

Int[(Ce_.) + (£_.)*(x_))"(m_.)*PolyLogln_, (d_.)*((F_)"((c_.)*x((a_.) + (b_.
)*x(x_))))"(p_.)], x_Symbol] :> Simp[(e + f*x) m*(PolyLogln + 1, d*(F~(cx(a
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+ bxx))) “pl/(bxc*xpxLog[F1)), x] - Dist[f*(m/(bxc*pxLogl[F])), Int[(e + f*x)~
(m - 1)*PolyLog[n + 1, d*(F~(c*(a + b*x)))~pl, x], x] /; FreeQ[{F, a, b, c,

d, e, £, n, p}, x] && GtQ[m, 0]

Rubi steps

/(c + dz)3(a + beoth(e + fxz))? dx = / (a®(c + dz)? + 2ab(c + dz)? coth(e + fz) + b*(c + dz)® coth®(e

a*(c+ dx)*
4d

= "7 4 (2ab) /(c + dz)3 coth(e + fz) dz + b /(c + dz)3 co

4d 2d
b*(c + dz)? N a?(c+ dz)?

f

b(c+ dz)*
ab(c + dzx) 4

a®(c+dz)*  ab(ct+dz)'  b*(c+dz)’coth(e+ fz) (4ab) / €

B*(c+dx)*  b(c+

7 1d
b*(c + dz)? N a?(c+ dz)?

2d

b(c+ dz)*
ab(c + dz) N

4d
(c+dz)t b*(c+

7 1d
b%(c + dz)? N a’(c + dz)*

2d

b(c + dz)*
ab(c + dz) 4

d
V’(c+dz)*  b(c+

f 4d

b*(c + dzx)? 4 a*(c+ dz)?

2d

b(c+ dz)*
ab(c + dzx) +

d
b(c+dr)*  b*(c+

7 1d
b*(c + dz)? N a?(c+ dz)*

2d

b(c+ dz)*
ab(c + dz) 4

4d -
b(c+dx)*  b*(c+

[; 4d

2d

4d

Mathematica [B] Leaf count is larger than twice the leaf count of optimal. 786 vs. 2(271) =

542.
time = 4.69, size = 786, normalized size = 2.90

Antiderivative was successfully verified.

[In] Integrate[(c + d*x)~3*(a + bxCoth[e + f*x])~2,x]

[Out] ((-4*b*E~(2%e)*(12%b*c~2xd*x + 8*axc™3xf*x + 12%b*c*d~2%x"2 + 12%axc”™2kd*fx*
X"2 + 4%b*d"3*x"3 + 8kaxcxd"2*f*x"3 + 2%axd"3xfxx"4 - 4xaxc”3*Log[l - E~(2x
(e + £xx))] + (4*xaxc™3*Log[l - E~(2x(e + f*x))])/E~(2xe) - (6xbxc~2xd*Logl[1
- ET(2%x(e + fxx))])/f + (6%b*c™2*d*Logl[l - E~(2x(e + f*x))])/(E~(2%e)*f) -
12xaxc~2*d*x*Log[1l - E~(2*(e + f*x))] + (12xaxc”2*d*x*xLog[l - E~(2x(e + fx*
x))]1)/E"(2%e) - (12*%bxcxd~2*x*Log[l - E~(2x(e + f*x))])/f + (12%b*cxd~2*x*L
ogll - ET(2x(e + £*xx))])/(E~(2xe)*f) - 12%a*xcxd~2xx"2*Log[l - E~(2x(e + f*x
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))]1 + (12xaxc*d~2*xx"2xLog[l - E~(2x(e + £*x))])/E~(2%e) - (6*b*d~3*x"2xLog[
1 - E(2%(e + f*x))])/f + (6xb*d~3*x"2xLog[1l - E~(2*(e + £*x))])/(E~(2xe)*f
) — 4xaxd~3xx"3xLog[l - E"(2*(e + f*x))] + (4*axd"3*x"3*Log[l - E~(2x(e + £
*x))]1)/E~(2xe) - (6%d*x(-1 + E~(2*e))*(c + d*x)*(b*d + a*fx(c + d*x))*PolyLo
gl2, E"(2x(e + £*x))])/(E~(2%e)*£72) + (3*%d"2*(-1 + E~(2%e))*(b*d + 2¥a*f*(
c + dxx))*PolyLog[3, E"(2x(e + £*x))])/(E~(2%xe)*£f~3) - (3*a*xd~3*PolyLogl4,
E~(2x(e + £xx))])/£"3 + (3*axd~3*PolyLogl[4, E~(2x(e + f*x))])/(E~(2xe)*£~3)
))/(-1 + E"(2%e)) + Cschlel*Cschle + f*x]*(-((a"2 + b~2)*fxx*(4*c™3 + 6*c”2
xd*x + 4*kcxd"2*xx"2 + d"3*x"3)*Cosh[f*x]) + (272 + b72)*fxx*(4*c™3 + 6xc~2%d
*X + 4*%ckd"2xx"2 + d73*x73)*Cosh[2xe + f*xx] + 2xbx((4*b*(c + d*x)~3 + axf*x
*x(4*%c™3 + 6*c™2xd*x + 4*kckd"2%xx"2 + d73*x73))*Sinh[f*xx] + axfxx*x(4xc”3 + 6%
CT2xd*x + 4*c*d"2*xx"2 + d~3*x"3)*Sinh[2xe + f*x])))/(8%f)

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 1424 vs.
2(261) = 522.
time = 3.44, size = 1425, normalized size = 5.26

method | result size
risch Expression too large to display | 1425

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x+c)~3*(atbxcoth(f*x+e)) 2,x,method=_RETURNVERBOSE)

[Out] -12/fxbxaxc”2*d*exx+12/f 2*b*e " 2%axc*d”~2*x+6/f ~3*b*axcxd~2*e”~2*1n(exp(f*x+e
)-1)+6/f*b*1n(1-exp (f*x+e)) *axc~2xd*x-12/f " 3*b*a*c*d~2*e~2*1n(exp(f*x+e))+6
/f*b*1n (exp (f*x+e)+1)*a*xc™2xd*x-6/f"3xb*xa*xckd 2xe~2*1n(1-exp(f*x+e))+6/f*b*
axcxd~2*1n(exp (f*xx+e)+1) *x~2+12/f"2xb*a*c*d~2*xpolylog(2,-exp(f*x+e) ) *x+6/f*
bxa*c*d~2x1n(1-exp (f*x+e))*x~2+12/f~4*b*axd~3*polylog(4,-exp (f*x+e))+12/f74
*xbxa*xd~3*polylog(4,exp(f*x+e))+2/fxb*xa*c”™3*1n(exp(f*x+e)+1)+2/f*b*a*xc”3*1n(
exp (f*x+e)-1)+6/f~3*%b~2*c*d~2*polylog(2,-exp(f*x+e))+6/f"3%b~2*c*d~2*polylo
g(2,exp(f*xx+e))+3/£72%xb~2%d"3*1n (exp (f*x+e)+1) *x~2+6/f~3*%b~2*d"3*polylog(2,
-exp (f*x+e) ) *x+3/£72xb"2%xd"3*1n(1-exp (f*x+e) ) *x~2+4/f~4*%b"2%e~3*%d~3-2/f*b"2
*d~3%x"3+6/f " 2*b*a*xc~2xd*polylog(2,-exp(f*x+e) ) -6/f"3*b~2*c*d~2*e*1n(exp (f*
x+e)-1)-2/f"4xb*a*d~3*e"3*1n(exp (f*x+e)-1)+6/f"2%b~2xc*d~2*1n(1-exp (f*x+e))
*x+6/f"3*%b"2xc*d~2*1n (1-exp (f*x+e) ) ke—-12/f"3xb*a*d~3*polylog (3, exp (f*x+e) ) *
x+2/f*b*a*xd~3*1n(exp (f*x+e)+1) *x~3+6/f " 2xb*a*d~3*polylog(2,-exp(f*x+e) ) *x~2
+4/f~4*bxa*d"3*e”3x1n(exp (f*x+e) ) +12/f"3*%b~"2*c*d " 2*e*1n(exp(f*x+e))-12/f"2%
b~2%d"2%cxexx+8/f ~3xb*e " 3*axcxd"2-6/f "2xbkakxc"2xd*e~2-4/f"3xbke”3*axd"3*kx+1
2/f"2xb*a*c*d~2xpolylog(2,exp (f*x+e))*x+6/f " 2xbx1n(1-exp (f*x+e) ) *a*c”2xd*e-
6/f"2xb*a*c”2xdxe*1n(exp (f*x+e)-1)-12/f"3*b*a*xd~3*polylog(3,-exp (f*x+e)) *x-
12/£~3*b*a*c*d~2*polylog(3, exp (f*x+e))-12/f"3xb*a*c*d~2*xpolylog(3, -exp (f*x+
e))+2/f*b*a*d~3*x1n(1-exp (f*x+e))*x~3+2/f 4xb*a*d~3*1n(1-exp (f*x+e))*e~3+6/f
~2xb*a*d”~3*polylog(2,exp (f*x+e))*x~2+6/f"2%b~2*c*d~2*1n (exp (f*x+e)+1) *x+6/f
“2xb*a*xc”~2xd*polylog(2,exp (f*x+e))+1/4%a”~2xd"3*x"4+c”"3*a~2*x+a”~2xc*xd"~2*x" 3+
3/2%a”2xc”2%d*x"2+1/4%d"3*b"2%x"4+1/4/d*a"2xc"4+1/4/dxb"2%c"4+12/f " 2xbka*xc”
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2xd*ex1n (exp (f*x+e) ) +2*a*b*c~3*x-3/f~4*b"2xd"3*1n(1-exp(f*x+e)) *e~2+6/f~3*b
~2xd"3*polylog(2,exp(f*x+e) ) *x+3/f~2%b~2%c"2xd*1n (exp (f*x+e)-1)+3/f"2%b~2x*c
~2xd*1n(exp (f*x+e)+1)+3/f 4*b~2+d~3*e~2*1n (exp (f*x+e)-1) -2*%d~2*ka*b*c*x~3-3*
d*axb*c~2*%x"2-6/f"4*b"2xd"3*e”2*1n(exp(f*x+e) ) -6/f"2xb~2*c"2*d*1n (exp (f*x+e
))-4/fxb*axc~3*1n(exp (f*x+e))-6/f"3*xb"2%xd"2*cxe~2-6/f*b~2+d"2*c*x"2-3/f~4*Db
*xe"4*xaxd~3+6/f"3*b"2%e"2%d"3*x—-2/f*b"2% (A" 3*x"3+3*Cc*d"2*x"2+3*Cc"2*d*x+c~3)/
(exp (2*%f*x+2xe)—1)-1/2*d"3*a*b*x~4+d~2*%b"2*c*xx~3+3/2%d*b~2%Cc~2%x"2+b~2%Cc" 3%
x+1/2/d*axb*c~4-6/f"4*b~2*d"3*polylog(3,exp (f*x+e))-6/f~4*b~2+d~3*polylog(3
,—exp (f*xx+e))

Maxima [B] Leaf count of result is larger than twice the leaf count of optimal. 795 vs.
2(267) = 534.
time = 0.37, size = 795, normalized size = 2.93

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) 3*(atb*coth(f*x+e))~2,x, algorithm="maxima")

[Out] 1/4*a”~2*d"3*x"4 + a~2%kc*d~2*%x~3 + 3/2%a”2%c”2%d*x"2 + a~2%c”3%x - 6%b~2%c"2
xdxx/f + 2xaxb*c~3*log(sinh(f*x + e))/f + 3*b~2xc"2xd*log(e”(f*x + e) + 1)/
£72 + 3%b"2kc"2xd*log(e” (f*x + e) - 1)/£f72 + 2% (£73*x"3*log(e”(f*x + e) + 1
) + 3xf72xx"2xdilog(-e” (f*x + e)) - 6xf*xx*polylog(3, -e~(f*x + e)) + 6xpoly
log(4, -e”(f*x + e)))*axb*d~3/f"4 + 2x(f~3*x"3*log(-e~(f*x + e) + 1) + 3*f~
2xx"2xdilog(e”~ (f*x + e)) - 6*xf*xxxpolylog(3, e~ (f*x + e)) + 6*polylog(4, e~ (
f*x + e)))*axbxd"3/f74 - 1/4%(8%b~2%c”3 + (2%axbxd~3*f + b~2xd"3*f)*x"4 + 4
*(c73+f + 6%c”2%d)*b"2%x + 4% (2xaxbxcxd"2xf + (c*d"2*f + 2%d"3)*b"2)*x"3 +
6% (2%axbxc™2xd*f + (c™2xd*f + 4*c*d"2)*b"2)*x"2 - (4*b~2*c”3kf*xx*e”(2%e) +
(2%xaxb*d~3*f + b~2%d"3*f)*x"4*e”(2xe) + 4x(2xaxbxc*d~2*f + b~ 2*ckd~2xf)*x"3
*xe” (2%e) + 6% (2%axb*xc”2*d*f + b~ 2xc”2xd*f)*x"2%e” (2%e) ) *xe” (2*xf*x) )/ (fxe” (2%
fxx + 2%e) - f) + 6*(axb*c™2xd*f + b~2kcxd"2)*(f*x*log(e”~(f*xx + e) + 1) + d
ilog(-e~(f*x + €)))/f~3 + 6x(a*b*c™2*d*f + b~2*c*d~2)* (f*x*xlog(-e~ (f*x + e)
+ 1) + dilog(e~(f*x + e)))/f73 + 3x(2*a*b*c*d™2*f + b~2%d~3)* (£ 2*x"2x1log(
e~ (f*x + e) + 1) + 2xfxx*dilog(-e~(f*x + e)) - 2*polylog(3, -e~(f*xx + e)))/
£74 + 3% (2xaxb*ckd™2xf + b"2xd"3)*(f"2*x"2x1log(-e~(f*x + e) + 1) + 2*f*x*di
log(e~(f*x + e)) - 2*xpolylog(3, e~ (f*x + e)))/f74 - (axbxd~3*f~4*x~4 + 2% (2
*xaxbkxcxd"2xf + bT2%d"3)*f73%x"3 + 6x(axbkcT2xd*f"2 + bT2kckd"2*f)*f"2xx"2)/
74
Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 4965 vs.
2(267) = 534.
time = 0.42, size = 4965, normalized size = 18.32

Too large to display

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((d*x+c) ~3*(at+b*coth(f*x+e))~2,x, algorithm="fricas")

[Out] -1/4x((a”2 - 2*xa*xb + b~2)*d"3*f 4*x~4 + 4*(a”2 - 2*a*b + b~2)*c*d"2*f~4*x"3
+ 6%(a”2 - 2%axb + b72)*c 2*xd*f"4*x"2 + 4x(a”2 - 2%axb + bT2)*c 3xf"4x*x +
4xaxbxd~3*xcosh(1) "4 + 4*a*b*d"3*sinh(1)”"4 + 8*b~2*xc~3*f~3 - 8*(2*axbkcxd 2%
f + b"2*d"3)*cosh(1)~3 - 8*(2xaxbkxc*d~2xf - 2*a*b*d~3*cosh(1) + b~2*d"3)*si
nh(1)~3 + 24*(a*b*c™2%d*f~2 + b~2xcxd~2*f)*cosh(1)"2 - ((a"2 - 2xaxb + b~2)
*d~3*xf"4*x~4 + 4*xaxb*d"3*cosh(1)”4 + 4xaxb*d"3*sinh(1)74 - 4x(2*b~2*d~3*f"3
- (a”2 - 2%axb + b”"2)*c*d"2*xf"4)*x"3 - 8x(2*a*b*cxd~2*f + b~2*xd~3)*cosh(1)
~3 - 8%(2*axbkckd"2*f - 2*xaxb*d~3*cosh(1l) + b~2*d"3)*sinh(1)~3 - 6*(4*%b~2%c
*d"2+%f"3 - (a2 - 2*axb + b"2)*c"2*xd*f"4) *x"2 + 24*(axbxc”2xd*f~2 + b~ 2*c*d
~2xf)*cosh(1) "2 + 24*(axbxc”2*d*f~2 + axbkd"3*cosh(1)72 + b~ 2xcxd"2*f - (2%
axbxcxd"2*f + b~2*xd"3)*cosh(1))*sinh(1)7"2 - 4% (6%b~2xc"2*%d*f~3 - (a2 - 2*a
*b + b72)*c"3*xf"4)*x - 8x(2xaxb*c”3*%f~3 + 3*b"2*xc”2xd*f"2)*cosh(1) - 8*(2*xa
*b*c"3*%f"3 - 2kaxbxd“3*xcosh(1)~3 + 3*b"2%c”2xd*f~2 + 3% (2*xaxb*xc*d"2*f + b~2
*d"3)*cosh(1) "2 - 6*x(axbxc™2xd*f~2 + b~ 2*c*d~2*f)*cosh(1))*sinh(1))*cosh(f*
x + cosh(1l) + sinh(1))"2 + 24*(a*bxc™2xd*f~2 + a*b*d~3*cosh(1) 2 + b~ 2*xc*xd”
2+%f - (2*a*b*cxd~2*xf + b~2*%d"3)*cosh(1))*sinh(1)"2 - 2*((a”2 - 2*a*b + b~2)
*d~3*f"4*x~4 + 4*xaxb*d"3*cosh(1)”4 + 4xaxb*d"3*sinh(1)"4 - 4x(2*b~2*d~3*f"3
- (a”2 - 2%axb + b”2)*c*d"2*xf"4)*x"3 - 8x(2*a*b*xcxd~2*f + b~2*xd~3)*cosh(1)
~3 - 8%(2*axbkckd"2xf - 2*xaxb*d~3*cosh(1l) + b~2*d"3)*sinh(1)~3 - 6*(4*%b~2*c
*d"2+%f"3 - (a2 - 2%axb + b"2)*c"2*xd*f"4) *x"2 + 24*(axbxc”2xd*f~2 + b~ 2*c*d
~2xf)*cosh(1) "2 + 24*(axbxc”2*d*f~2 + axbkd"3*cosh(1)72 + b 2xcxd"2*f - (2%
axbxcxd"2*f + b~2*xd"3)*cosh(1))*sinh(1)~2 - 4% (6%b~2xc”2*%d*f~3 - (a2 - 2*a
*b + b72)*c"3*xf"4)*x - 8x(2xaxb*c”~3*%f~3 + 3*b"2*xc”2xd*f~2)*cosh(1) - 8*(2*xa
*b*c"3*%f"3 - 2kaxbxd"3*xcosh(1)~3 + 3*b"2%c " 2xd*f~2 + 3% (2xaxb*xc*d"2*f + b~2
*d~3)*cosh(1) "2 - 6*(a*bxc™2%d*f~2 + b~2xc*d~2*f)*cosh(1))*sinh(1))*cosh(fx*
x + cosh(l) + sinh(1))*sinh(f*x + cosh(1l) + sinh(1)) - ((a"2 - 2%axb + b~2)
*d~3*f"4*x"4 + 4*xaxb*d"3*cosh(1)”4 + 4xaxb*d"3*sinh(1)"4 - 4x(2*b~2*d~3*f"3
- (a”2 - 2%axb + b~2)*c*d"2*xf"4)*x"3 - 8*x(2*a*b*cxd~2*f + b~2*xd~3)*cosh(1)
~3 - 8%(2*axbkckd"2*xf - 2*xaxb*d~3*cosh(1l) + b~2*d"3)*sinh(1)~3 - 6*(4*%b~2*c
*d"2+%f"3 - (a2 - 2%axb + b72)*c"2*xd*f"4) *x"2 + 24*(axbxc”2xd*f~2 + b~ 2*c*d
~2%f)*cosh(1) "2 + 24x(axbxc~2*%d*f~2 + a*b*d"3*cosh(1)"2 + b™2*xc*d~2*f - (2%
axbxcxd"2*f + b~2*xd"3)*cosh(1))*sinh(1)~2 - 4% (6%b~2xc”2*d*f~3 - (a"2 - 2*a
*b + b72)*c"3*xf"4)*x - 8x(2xaxb*c”3*%f~3 + 3*b"2*xc”2xd*f~2)*cosh(1) - 8*(2*xa
*b*c"3*%f"3 - 2kaxbxd"3*xcosh(1)~3 + 3*b"2%c " 2xd*f~2 + 3*(2*xaxb*xc*d"2*f + b~2
*d~3)*cosh(1) "2 - 6*x(axbxc™2xd*f~2 + b~ 2*c*d"2*f)*cosh(1))*sinh(1))*sinh (f*
x + cosh(1l) + sinh(1))"2 - 8%(2%axbxc~3*f~3 + 3*b~2*c~2*d*f~2)*cosh(1l) + 24
* (a*xb*d"3*f"2%x"2 + axbxc”2xd*f~2 + b 2*ckd"2*f - (axbxd~3xf"2*%x"2 + axb*c”
2%d*f~2 + b 2*cxd"2xf + (2*xaxbxckd"2+%f~2 + b~2*d"3*f)*x)*cosh(f*x + cosh(1)
+ 8inh(1)) "2 - 2x(axbxd"3*f 2*xx"2 + a*b*xc~2xd*f~2 + b~ 2xckd"2*f + (2*axb*c
*d"2+%f"2 + b~2%d"3*f)*x)*cosh(f*x + cosh(1l) + sinh(1))*sinh(f*x + cosh(1l) +
sinh(1)) - (a*bxd"3*f~2%x"2 + axb*c™2*d*f~2 + b~ 2%cxd"2xf + (2ka*bxcxd 2*f
2 + b"2%d"3*f) *x)*sinh(f*x + cosh(1l) + sinh(1))"2 + (2*axbxc*xd~2*f"2 + b~2
*d~3*f)*x)*dilog(cosh(f*x + cosh(1l) + sinh(1)) + sinh(f*x + cosh(1l) + sinh(



223

1))) + 24x(a*xb*d"3*f"2*x"2 + axbxc”2*d*f~2 + b~ 2*c*d"2xf - (a*b*d~3*f"2*x"2
+ axbxc”2xd*f"2 + b~ 2kc*kd"2xf + (2*axbxcxd"2*f"2 + b~2xd"3*f)*x)*cosh (f*x
+ cosh(1l) + sinh(1))~2 - 2% (a*xbxd~3*f"2%x"2 + axb*c™2*xd*f~2 + b 2*xcxd~2*f +
(2xaxb*xc*xd~2*%f"2 + b~ 2*%d"3*f)*x)*cosh(f*x + cosh(1l) + sinh(1))x*sinh(f*x +
cosh(1) + sinh(1)) - (a*xbxd~3*f"2*x"2 + axb*c™2xd*f~2 + b 2xcxd~2*xf + (2*xax
bxc*d"2+%f~2 + b"2+%d"3*f)*x)*sinh(f*x + cosh(l) + sinh(1))7~2 + (2*a*xbxcxd”~2x*
£72 + b~2%d"~3*f)*x)*dilog(-cosh(f*x + cosh(1l) + sinh(1)) - sinh(f*x + cosh(
1) + sinh(1))) + 4x(2*xaxb*d"3*f~3*x"3 + 2*axbxc”3*f~3 + 3*b~2*c 2*xd*f~2 + 3
* (2%a*xb*ckd"2*f"3 + b72xd"3*xf"2)*x"2 - (2*axbkd"3*xf"3*xx"3 + 2*axb*c”"3*f"3 +
3*¥b72xc"2xd*f "2 + 3% (2kaxb*ckd"2*xf"3 + bT2xd"3*f"2)*x"2 + 6% (a*xbxc”2xd*f"3
+ b~ 2*xcxd"2xf~2) *x) *cosh(f*x + cosh(1l) + sinh(1))"2 - 2% (2*axb*d~3*f~3*x"3
+ 2%axbxc~3%f"3 + 3xb"2*c”2*d*f"2 + 3k (2xaxbxcxkd”"2*%f"3 + b”2*d"3*f"2) *xx"2
+ 6% (axbxc™2*d*f~3 + b~ 2%c*d~2xf~2) *x) *cosh(f*x + cosh(1) + sinh(1))*sinh(f
*x + cosh(1) + sinh(1)) - (2*a*xb*d"3*f"3*x"3 + 2*axbxc~3*xf~3 + 3*b~2*c”2*d*
£72 + 3% (2*a*xb*xcxd"2*f"3 + b"2xd"3*f72)*x"2 + 6% (axbxc”2xd*f"3 + b~ 2kc*kd 2%
£f~2)*x) *sinh(f*x + cosh(1l) + sinh(1))~2 + 6x(a*b*c™2*d*f~3 + b~ 2xc*d~2xf~2)
*xx)*log(cosh(f*x + cosh(l) + sinh(1)) + sinh(f*x + cosh(1) + sinh(1)) + 1)
+ 4% (2xaxbxc”~3*%f~3 - 2*a*b*d~3*cosh(1)~3 - 2*xa*b*d~3*sinh(1)~3 + 3*b~2*c™2%
d*xf~2 + 3% (2xaxbxc*xd"2*f + b~2*d"3)*cosh(1)"2 - (2*a*xb*c”3*f~3 - 2*a*xbxd~3x*
cosh(1)~3 - 2*a*b*d~3*sinh(1)~3 + 3*b~2%c”2*%d*f~2 + 3*x(2*axbxcxd~2*f + b~ 2%
d"3)*cosh(1) 72 + 3*(2xa*b*c*d~2*xf - 2*a*b*d~3*cosh(1l) + b~2*d"3)*sinh(1) "2
- 6x(axbxc™2+%d*f~2 + b~2*c*xd"2*xf)*cosh(1l) - 6*(a*bxc”2xd*f~2 + axbxd"3*cosh
(1)72 + b 2xcxd"2*xf - (2*xaxbkc*d™2*xf + b~2*d"3)*cosh(1))*sinh(1))*cosh(f*x

+ cosh(1) + sinh(1))"2 + 3*%(2*axbkcxd™2*xf - 2*a...

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (a + beoth (e + fz))? (c + dz)® da

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)**3*(a+bxcoth(f*x+e))**2,x)
[Out] Integral((a + bxcoth(e + f*x))**x2*x(c + d*x)**3, x)

Giac [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) ~3*(a+b*coth(f*x+e))~2,x, algorithm="giac")
[Out] integrate((d*x + c)~3*(bxcoth(f*x + e) + a)~2, x)
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Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/ (a4 beoth(e + fz))? (c+ dz)’ dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + bxcoth(e + f*x)) 2%(c + d*x)~3,x)
[Out] int((a + bxcoth(e + f*x))~2%(c + d*x)~3, x)
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3.43 [(c+ dz)*(a+ beoth(e + fz))? dx

Optimal. Leaf size=209

b?(c + dzx)? +a2(c +dz)®  2ab(c + dz)® +b2(c +dz)’  b*(c+ dz)® coth(e + fz) +2b2d(c + dz)log (1 —
7 3d 3d 3d 7 72

[Out] -b~2*(d*x+c)~2/f+1/3%a~2*(d*x+c) ~3/d-2/3*axbx (d*x+c) ~3/d+1/3*b~ 2% (d*x+c) "3/
d-b~2x* (d*x+c) “2*coth (f*x+e) /f+2%b~2xd* (d*x+c) *1n(1-exp (2*f*x+2*xe) ) /£~ 2+2%ax

bx (d*x+c) “2x1n(1-exp (2*f*x+2%e) ) /f+b~2+d"2*polylog(2, exp (2xf*x+2xe)) /£~ 3+2%
axbxd* (d*x+c)*polylog(2,exp (2*f*x+2xe)) /f~2-axbxd~2*polylog(3,exp(2*xf*x+2*e
))/£73

Rubi [A]

time = 0.28, antiderivative size = 209, normalized size of antiderivative = 1.00, number of

steps used = 13, number of rules used = 10, integrand size = 20, Zumber of rules _ 5
integrand size

Rules used = {3803, 3797, 2221, 2611, 2320, 6724, 3801, 2317, 2438, 32}

a*(c+ dx)® . 2abd(c + dz)Lip (eX¢+/9)) N 2ab(c + dz)?log (1 — X)) 2ab(c+dz)®  abd?Liz(e+/") . 2b%d(c + dz) log (1 — e*“+/2)) (¢ 4 dz)?coth(e + fz)  b*(c + dz)? 4 b (c+dz)® . BPdPLiy (X))
3d 12 f 3d IE f? f f 3d f3

Antiderivative was successfully verified.
[In] Int[(c + d*x)~2*(a + b*Coth[e + fx*x])~2,x]

[Out] -((b™2x(c + d*x)~2)/f) + (a~2x(c + d*x)~3)/(3*xd) - (2*xaxb*(c + d*x)~3)/(3*d
) + (b72%(c + d*x)"3)/(3*d) - (b™2x(c + d*x) 2*xCoth[e + fxx])/f + (2*xb~2*d*

(c + d*x)*Logl[l - E~(2x(e + £xx))])/£72 + (2*axb*x(c + d*x) 2+Logl[l - E~(2x(

e + £*x))])/f + (b~2xd"2*PolyLog[2, E~(2x(e + fx*x))])/f"3 + (2*a*b*d*(c + d
*xx)*PolyLog[2, E~(2*(e + f*x))])/f72 - (a*b*d~2*PolyLog[3, E~(2*(e + f*x))]

)/£7°3

Rule 32

Int[((a_.) + (b_.)*(x_))"(m_), x_Symbol] :> Simp[(a + b*x)~(m + 1)/(b*(m +
1)), x]1 /; FreeQ[{a, b, m}, x] && NeQ[m, -1]

Rule 2221

Int [CC(F)~((g_)*((e_.) + (£_.)*(x_)))) " (n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~"m/(bxfxg*n*Log[F]))*Log[1l + b*x((F~(gx(e + f*x)))"n/a)], x] - Di
st [d* (m/ (bxfxg*n*Log[F])), Int[(c + d*x)~(m - 1)*Log[l + b*((F~(g*(e + f*x)
))°n/a)], x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] & IGtQ[m, O]

Rule 2317

Int[Logl(a_) + (b_.)*((F_)"((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
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)°nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] & GtQ[a, 0]

Rule 2320

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]1/x, x], x, vl], x]] /; Functi
on0fExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQl
{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F_)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 2438

Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (=c)xexx"n]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[cxd, 1]

Rule 2611

Int[Log[l + (e_.)*((F_)~((c_.)*((a_.) + (b_)* NN~ (_)I*x((£f_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g*x) m)*(PolyLog[2, (-e)*(F~(cx(a +
b*x))) ~n]/(bxc*n*Log[F])), x] + Dist[gx(m/(bxc*nxLog[F])), Int[(f + g*x) (m
- 1)*PolyLog[2, (-e)*(F~(c*(a + b*x)))"nl, x], x] /; FreeQ[{F, a, b, c, e,
f, g, n}, x] & GtQ[m, O]

Rule 3797

Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (Complex[0, fz_])*(f_
D*x(x_ )], x_Symbol] :> Simp[(-I)*((c + d*x)"(m + 1)/(d*(m + 1))), x] + Dist
[2+¢I, Int[((c + d*x)"mx(E~(2*x((-I)*e + fxfzxx))/(1 + ET(2*x((-I)*e + fxfz*x)
)/E(2%I*k*Pi)))) /E~(2*%I*k*Pi), x], x] /; FreeQ[{c, d, e, f, fz}, x] && Int
egerQ[4+k] && IGtQ[m, O]

Rule 3801

Int[((c_.) + (d_.)*(x_))"(m_.)*((b_.)*tan[(e_.) + (£f_.)*(x_)1)"(n_), x_Symb
0ol] :> Simp[b*(c + d*x) “m*((b*Tan[e + f*x])~"(n - 1)/(f*x(n - 1))), x] + (-Di
st [b*xdx(m/(fx(n - 1))), Int[(c + d*x)"(m - 1)*(b*Tan[e + f*x])"(n - 1), x],
x] - Dist[b”2, Int[(c + d*x) "m*(b*Tan[e + f*xx])~(n - 2), x], x]) /; FreeQ[
{b, c, d, e, f}, x] && GtQ[n, 1] && GtQ[m, O]

Rule 3803

Int[((c_.) + (d_.)*(x))"(m_.)*((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(n_.)
, x_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + b*Tan[e + f*x])~n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

Rule 6724
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Int[PolyLogln_, (c_.)*((a_.) + (b_.)*(x_))"(p_.)1/C(d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLog[n + 1, c*(a + b*x)“pl/(e*p), x] /; FreeQ[{a, b, c, d
, e, n, p}, x] && EqQ[bxd, axe]

Rubi steps

/(c + dz)?*(a + beoth(e + fx))* dx = / (a*(c + dz)? + 2ab(c + dz)? coth(e + fz) + b*(c + dz)? coth?(e

2 3

= cz(czs;ddx) + (2ab) /(c + dz)? coth(e + fz) dx + b* /(c + dz)? co

_a’(c+dz)®  2ab(c+dz)®  b*(c+dz)’coth(e + fz) (4ab) /_'

N 3d 3d f

_ b(c+dax)? N a*(c+dx)®  2ab(c+ dx)’ N P*(c+dx)®  bP(cH
f 3d 3d 3d

_ bP(c+dx)? N a’(c+dz)®  2ab(c+ dx)® N W (c+dx)®  bP(cH
f 3d 3d 3d

_ b(c+dx)? N a’(c+dx)®  2ab(c+ dx)® N B(c+dz)® b (cH
7 3d 3d 3d

__ b(c+dx)? N a*(c+dz)®  2ab(c+ dz)’ N P*(c+dx)®  bP(cH
f 3d 3d 3d

Mathematica [A]
time = 3.31, size = 203, normalized size = 0.97

b 2Lzl e dn 20 (e sedet ) 46 (e 4 o) (bd + af (¢ + d)) log (1 — 2479 + 3d(bd + 2 (c + d))PolyLog (2, ¢€+/) — 3ad?PolyLog(3, 2+/) 2 2esch(e)cs .
%(z(sd + 8edz + d?2) (a? + b + 2abcoth(e)) + ( e + ) 4 e dufPesch(e)eschie + f2) sinh(fz)

Antiderivative was successfully verified.

[In] Integrate[(c + d*x)~2x(a + bxCoth[e + f*x])~2,x]

[Out] (x*(3*c™2 + 3*xckd*x + d~2*xx"2)*(a”2 + b"2 + 2xaxb*Coth[e]) + (b*x((-2*xE~(2*e
) *f"2xx* (3*b*d* (2%c + d*xx) + 2xaxfx(3*%c™2 + 3*c*d*x + d"2%x"2))) /(-1 + E~(2

xe)) + 6xfx(c + dxx)*(bxd + a*fx(c + d*x))*Logl[l - E~(2*(e + £*x))] + 3*d*(

bxd + 2*axfx(c + d*x))*PolyLog[2, E~(2x(e + f*x))] - 3%a*d~2xPolyLogl[3, E~(

2%(e + f*x))]))/f"3 + (3*%b™2x(c + d*x) 2xCsch[e]*Csch[e + f*x]*Sinh[fx*x])/f

)/3

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 824 vs.

2(203) = 406.
time = 2.85, size = 825, normalized size = 3.95
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method | result

4b ln(l—efz"'e) acdx 4bacde In (efm"'e—l) 4b ln(l—efz“'e) acde 4ba d? polylog (3,—ef”:+e)

f f?

risch - + = - 5 + b?c?x + db*cx® +

8b:

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x+c) ~2*x(at+bxcoth(f*x+e)) 2,x,method=_ RETURNVERBOSE)

[Out] 4/f*bx1ln(1-exp(f*x+e))*axckxd*x-4/f 2xbxaxcxd*ex1ln(exp(f*x+e)-1)+4/f 2%b*1n(

1-exp(f*x+e) ) *axc*d*e+b~2xc~2xx+d*b~2*c*x~2+8/f " 2*b*a*cxd*e*x1ln (exp (f*x+e))+
4/f*bx1n(exp (f*x+e)+1) *a*xckd*x+1/3*%d"2xb~2%x~3+1/3%a"~2*xd"2*xx~3-2/f*b"2*(d"2
*X"2+2%ckd*x+c”2) / (exp (2*f*x+2%e) —1) +a~2%cxd*x"2+1/3/d*c~3*%a"2+1/3/d*b~2%c™
3-8/fxbxakxckd*xexx—2/3%axbxd~2*x"3+2*a*xb*c”2xx-2*ka*b*xckd*x"2-4/f"3*kbka*xd"2*e
~2x1n(exp (f*x+e))+4/f " 2*¥b*axcxd*polylog(2,-exp (f*x+e))+4/f " 2*¥b*a*cxd*polylo
g(2,exp(f*xx+e))+2/f " 3xbxa*xd~2*e~2x1n(exp (f*x+e)-1) +2/f*b*a*xd~2*1n(1-exp (f*x
+e) ) *x~2-2/f"3*%b*axd~2*1n(1-exp(f*x+e) ) *e~2+4/f " 2*b*a*xd~2*polylog(2,exp (f*x
+e) ) *x+2/f*b*a*d~2x1n(exp (f*x+e)+1) *x~2+4/f~2xb*a*d~2*polylog(2,-exp (f*x+e)
) ¥x+a”~2%c"2*x+2/f"2xb~2*c*d*1ln (exp (f*xx+e) 1) +4/£~3*%b~2*d"2*ex1n (exp (f*x+e))
+2/£72xb~2*c*d*1n (exp (f*xx+e)+1)+2/f*xb*a*xc™2x1n (exp (f*x+e)-1) +2/f*b*a*c~2*1n
(exp(f*x+e)+1)-4/f*b*axc”2x1n(exp(f*x+e) ) -4/£~2%b~2*c*d*1n (exp (f*x+e))-4/f"
2xb~2*d"2%exx+8/3/f " 3*b*xe”3*xa*d"2-2/f"3*%b”"2*d"2*e*1n (exp (f*x+e)-1)+2/£"2%b"~
2xd~2x1n(exp (f*x+e) +1) *x+2/£~2xb~2%d~2*1n (1-exp (f*x+e) ) *x+2/£f~3*%b~2*d~2*1n (
1-exp(f*x+e))*e-4/f"3xbxa*xd~2*polylog(3,-exp (f*x+e))-4/f " 3xbxa*xd~2*polylog(
3,exp(f*x+e))+4/f"2+b*e”2xaxd~2*x-4/f " 2*b*a*xcxdxe~2-2/f*b"2xd~2*x"2-2/f"3*b
~2xd"2%e”2+2/£"3%b"2*d"2*polylog(2,exp (f*x+e) ) +2/f"3*xb~2*d~2*polylog(2,-exp
(f*x+e))+2/3/d*c”3*a*b

Maxima [B] Leaf count of result is larger than twice the leaf count of optimal. 503 vs.

2(207) = 414.
time = 0.35, size = 503, normalized size = 2.41

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) ~2*(atb*coth(f*x+e))~2,x, algorithm="maxima")

[Out] 1/3*%a”2*d"2*x"3 + a~2kc*kd*x™2 + a~2%c”2*x - 4*b~2*c*d*x/f + 2%axb*c”2xlog(s

inh(f*x + e))/f + 2xb~2*c*d*log(e~(f*xx + e) + 1)/f72 + 2xb~2*c*d*log(e™ (f*x
+e) - 1)/£72 + 2% (£72+x"2*%log(e~(f*xx + e) + 1) + 2*f*x*xdilog(-e~(f*x + e)
) - 2*polylog(3, -e~(f*xx + e)))*a*xb*d~2/f73 + 2% (£ ~2*x"2xlog(-e~(f*x + e) +
1) + 2xf*x*dilog(e~(f*x + e)) - 2%polylog(3, e~ (f*x + e)))*a*xb*d~2/f73 - 1
/3%(6xb~2%c™2 + 3*(c™2xf + 4*ckxd)*b"2xx + (2%axb*d~2*f + b~2xd"2xf)*x"3 + 3
*x (2xaxbxckd*f + (ckd*f + 2%d”2)*b"2)*x"2 - (3*%b~2xc™2*f*x*ke”(2%e) + (2*a*xbx
d"2*xf + b72xd"2*f)*x"3%e”(2%e) + 3x(2kaxbkckd*f + b2kckd*f)*x"2%xe” (2%e) ) *e
T (2xfxx) )/ (£xe~ (2xfxx + 2%e) - f) + 2x(2*kaxbxcxd*f + b~2xd"2)*x(f*x*xlog(e” (f
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*x + e) + 1) + dilog(-e~(f*x + e)))/£f73 + 2% (2xa*bkcxd*f + b~2*d~2)*(f*x*1lo
g(-e~(f*x + e) + 1) + dilog(e~(f*x + e)))/£73 - 2/3*%(2*a*b*d~2*xf"3*%x"3 + 3x
(2%axbxcxd*f + b~2xd~2)*f"2xx~2)/f"3

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 2688 vs.
2(207) = 414.
time = 0.40, size = 2688, normalized size = 12.86

Too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) ~2*(at+b*coth(f*x+e))~2,x, algorithm="fricas")

[Out] -1/3*((a”2 - 2*a*b + b~2)*d"2*f"3*x"3 + 3*(a”2 - 2*a*b + b~2)*ckd*f~3*xx"2 +
3*%(a”2 - 2*a*b + b72)*c " 2*%f " 3*x - 4*a*b*d"2*cosh(1)~3 - 4*a*b*d~2*sinh(1)~
3 + 6*b72%c"2*xf"2 + 6% (2*axb*ckd*f + b"2*d"2)*cosh(1)"2 - ((a™2 - 2*a*b + b
~2)*d"2*%f"3*%x"3 - 4d*xaxbxd"2*xcosh(1)~3 - 4*a*b*d"2*sinh(1)~3 - 3% (2*%b~2*d"2%
£f72 - (2”2 - 2*%axb + b~2)*c*kd*f~3)*x"2 + 6x(2*xaxbxckd*f + b~2*d"2)*cosh(1)”
2 + 6x(2*a*xb*ckxd*xf — 2*a*b*d~2*cosh(1l) + b~2*d"2)*sinh(1)72 - 3*(4*xb~2*c*d*
£f72 - (a2 - 2*axb + b"2)*c”2*xf"3)*x - 12x(a*b*c™2*xf~2 + b~ 2*cxd*f)*cosh(1)
- 12x(axb*c™2*xf~2 + a*b*d~2*xcosh(1)~2 + b~ 2kc*d*f - (2*a*b*cxd*xf + b~2*%d"2
)Y*cosh(1))*sinh(1))*cosh(f*x + cosh(1l) + sinh(1))~2 + 6*%(2*xa*bkcxd*f - 2xax
b*d~2*%cosh(1) + b"2xd"2)*sinh(1)"2 - 2*((a”™2 - 2*a*b + b~2)*d"2*xf"3%x~3 - 4
*axbxd"2*%cosh(1) "3 - 4*axbxd"2*sinh(1)~3 - 3*(2*xb~2*d"2+%f~2 - (a2 - 2*axb
+ b72)*cxd*f"3) *x"2 + 6% (2*axbxcxd*f + b~2xd"2)*cosh(1) 2 + 6% (2xaxbkxckd*f
- 2xaxbxd”"2*cosh(1) + b"2*%d"2)*sinh(1)72 - 3*(4*%b~2xcxd*f~2 - (a”2 - 2*axb
+ b72)*c"2xf"3)*x - 12%(a*b*c”2*f"2 + b~ 2xckd*f)*cosh(1l) - 12k (axbxc~2xf~2
+ a*b*d"2*cosh(1)~2 + b~ 2*c*d*f - (2*a*b*cxd*xf + b~2*%d~2)*cosh(1))*sinh(1))
*cosh(f*x + cosh(1) + sinh(1))*sinh(f*x + cosh(1) + sinh(1)) - ((a”2 - 2*ax*
b + b72)*d"2*xf"3*%x"3 - 4*xaxb*d"2*cosh(1) 3 - 4*axb*d"2*sinh(1)~3 - 3*(2*xb~2
*d~2xf"2 - (a”2 - 2*a*b + b"2)*kckd*f~3)*x"2 + 6% (2xaxbkckd*f + b~2*d"2)*cos
h(1)72 + 6% (2*a*b*ckd*f - 2*axbxd~2*xcosh(l) + b"2*%d"2)*sinh(1)~2 - 3*(4xb~2
xcxd*xf~2 - (a”2 - 2*a*b + b72)*c”2*xf73)*x - 12*(axbxc”2*f72 + b~ 2kc*d*f)*co
sh(1) - 12%(axb*c™2*xf~2 + a*b*d~2*cosh(1) "2 + b~ 2kcxd*xf - (2*axbxc*d*f + b~
2%d"2) *cosh(1))*sinh(1))*sinh(f*x + cosh(1l) + sinh(1))"2 - 12%(a*b*c”~2*f~2
+ b 2xcxd*xf)*cosh(1l) + 6% (2*axbxd~2*xf*x + 2xaxbkxckd*f + b~2*d"2 - (2*xa*xb*d”
2%f*x + 2kaxbxckxd*f + b~2*%d"2)*cosh(f*x + cosh(1l) + sinh(1))72 - 2*(2*ax*xbx*d
“2xf*x + 2kaxbkckdxf + b~2*%d"2)*cosh(f*x + cosh(l) + sinh(1))*sinh(f*x + co
sh(1) + sinh(1)) - (2*a*xbxd~2*f*x + 2*a*bkckd*f + b~ 2*xd"2)*sinh(f*x + cosh(
1) + sinh(1))~2)*dilog(cosh(f*x + cosh(1l) + sinh(1)) + sinh(f*x + cosh(1l) +
sinh(1))) + 6x(2*%a*b*d~2xf*xx + 2%axbxckxd*f + b~ 2*xd"2 - (2*axbxd~2*f*x + 2%
axbxcxdxf + b~2xd"2)*cosh(f*x + cosh(1l) + sinh(1))7~2 - 2% (2*axbxd~2*f*x + 2
*axbxckxd*f + b~2%d~2)*cosh(f*x + cosh(1l) + sinh(1))*sinh(f*x + cosh(l) + si
nh(1)) - (2*a*xb*d"2*f*x + 2kaxbxcxd*f + b~2*d"2)*sinh(f*x + cosh(1l) + sinh(
1))~2)*dilog(-cosh(f*x + cosh(1) + sinh(1)) - sinh(f*x + cosh(1) + sinh(1))
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) + 6% (a*xbxd"2*f"2%x"2 + axb*c”2*%f"2 + b 2*ckxd*xf - (a*b*d"2*xf"2*x"2 + axb*c
“2xf"2 + b7 2xckxdxf + (2%axbxckd*f~2 + b~2%d"2*f)*x)*cosh(f*x + cosh(1l) + si
nh(1))72 - 2x(a*b*d™2*xf~2*x"2 + axbkc™2*f~2 + b~ 2*c*d*f + (2*axbkcxd*xf~2 +
b~2%d"2xf) *x) *cosh(f*x + cosh(1l) + sinh(1))*sinh(f*x + cosh(l) + sinh(1)) -
(axb*xd~2+f"2%x"2 + axbkc™2*xf~2 + b~2xckxd*f + (2*axbkckd*f~2 + b 2xd~2*f) *x
)*sinh(f*x + cosh(1l) + sinh(1))~2 + (2%a*bkcxd*f~2 + b~2xd~2*f)*x)*log(cosh
(f*x + cosh(1) + sinh(1)) + sinh(f*x + cosh(1l) + sinh(1)) + 1) + 6x(a*xbxc™2
*f~2 + a*b*d~2*xcosh(1)"2 + axb*d"2*sinh(1)"2 + b~ 2xcxd*f - (axbxc™2*f"2 + a
*b*d"2*%cosh(1) "2 + axbxd"2*xsinh(1)~2 + b~ 2*ckxd*f - (2*axbxcxd*f + b~2*d"2) *
cosh(1) - (2*a*bxckd*f - 2xaxb*d~2*cosh(1l) + b~2*d"2)*sinh(1))*cosh(f*x + c
osh(1) + sinh(1))7"2 - 2x(a*b*c™2*f~2 + axbxd~2*cosh(1)~2 + a*b*d"2*sinh(1)~
2 + b~ 2kckd*f - (2xaxb*ckxd*f + b"2+%d"2)*cosh(1) - (2xaxbkckd*xf — 2ka*xb*d 2%
cosh(1) + b~2*d"2)*sinh(1))*cosh(f*x + cosh(1l) + sinh(1))*sinh(f*x + cosh(1
) + sinh(1)) - (a*b*c™2*f~2 + a*b*d~2*cosh(1)~2 + a*b*d"2*sinh(1)"2 + b~2*c
*dxf — (2*axbxcxd*f + b~2xd"2)*cosh(1l) - (2*axbxcxd*f - 2*axbxd~2*cosh(1l) +
b~2%d"2)*sinh (1)) *sinh(f*x + cosh(1l) + sinh(1))~2 - (2*xa*bkcxd*f + b~2*%d"2
)*cosh(1) - (2xaxb*ckd*f - 2%a*b*d~2xcosh(1) + b~2*%d~2)*sinh(1))*log(cosh(f
*x + cosh(1) + sinh(1)) + sinh(f*x + cosh(1) + sinh(1)) - 1) + 6x(a*xb*d"2xf
“2%x72 - a*b*d"2*cosh(1)"2 - a*b*d"2*sinh(1)~2 - (axbxd~2*xf~2*x"2 - a*b*d~2
*cosh(1) "2 - a*bxd"2*sinh(1)72 + (2%axb*cxd*f~2 + b~2xd"2*f)*x + (2*a*bxc*xd
*f + b"2%d"2)*cosh(1) + (2xaxbkc*d*f - 2*a*b*d~2*cosh(1) + b~2*d"2)*sinh(1)
Yxcosh(f*x + cosh(1l) + sinh(1))72 - 2x(a*xb*d~2*f"2*x"2 - axb*d~2*cosh(1)~2
- axbxd"2*sinh(1) "2 + (2%axbxcxd*f~2 + b~2xd"2*f)*x + (2*a*bxcxdxf + b~2xd~
2)*cosh(1) + (2xaxbkxckd*f - 2*xaxb*d~2*cosh(1l) + b~2*d~2)*sinh(1))*cosh(f*x
+ cosh(1) + sinh(1))x*sinh(f*x + cosh(1l) + sinh(1)) - (axb*d"2*xf~2*x"2 - ax*b
*d"2*cosh(1) "2 - axbxd™2*sinh(1)~2 + (2*axbkckd*xf~2 + b~2xd"2*f)*x + (2*ax*b
xcxdxf + b"2x%d"2)*cosh(1) + (2*a*b*cxd*xf — 2*axbxd~2*cosh(l) + b~2*d"2)*sin
h(1))*sinh(f*x + cosh(1l) + sinh(1))~2 + (2%axbxcxd*f~2 + b~2xd"2*f)*x + (2%
axbxcxdxf + b~2xd"2)*cosh(1l) + (2*axbxcxdxf - 2*axbxd~2*cosh(1l) + b~2%d~2)x*
sinh(1))*log(-cosh(f*x + cosh(1) + sinh(1)) - sinh(f*x + cosh(1) + sinh(1))
+ 1) + 12x(a*xb*d~2*cosh(f*x + cosh(1l) + sinh(1))"2 + 2*a*b*d~2*cosh(f*x +
cosh(1) + sinh(1))*sinh(f*x + cosh(1l) + sinh(1)) + ax*b*d~2*sinh(f*x + cosh(
1) + sinh(1))~2 - a*bxd~2)*polylog(3, cosh(f*x + cosh(1l) + sinh(1)) + sinh(
f*x + cosh(l) + sinh(1))) + 12%(ax*b*d"2*cosh(f*x + cosh(l) + sinh(1))"2 + 2
*axbxd~2*cosh(f*x + cosh(1l) + sinh(1))*sinh(f*x...

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (a4 beoth (e + fz))? (c + dz)* dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)**2*(atb*coth(f*x+e))**2,x)
[Out] Integral((a + bxcoth(e + f*x))**2*(c + d*x)*x2, x)
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Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) ~2*(a+b*coth(f*x+e))~2,x, algorithm="giac")

[Out] integrate((d*x + c)~2*(bxcoth(f*x + e) + a)~2, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/ (a+ beoth(e + fz))? (c+ dz)* d

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*coth(e + f*x)) " 2*(c + d*x)~2,x)
[Out] int((a + b*coth(e + f*x))~2x(c + d*x)~2, x)
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3.44 [(c+ dz)(a+ bcoth(e + fz))*dx

Optimal. Leaf size=127

b2cx—|—1b2dw2+a2 (c+dz)* ab(c+dx)® b*(c+dz)coth(e + fx) +2ab(c + dz) log (1 — e2(c+/2)) +b2d log(s
2 2d d f f

[Out] b~2kckx+1/2%b~2%d*x~2+1/2%a~2* (d*x+c) ~2/d-a*b* (d*x+c) “2/d-b~2* (d*x+c) *coth(

fxx+e) /f+2xaxb* (d*x+c) *1n(1-exp (2xf*x+2%e) ) /£+b~2xd*1n(sinh (f*x+e) ) /£~ 2+a*b

*d*polylog(2,exp (2xf*x+2%e)) /72

Rubi [A]

time = 0.14, antiderivative size = 127, normalized size of antiderivative = 1.00, number of

number of rules _ 0.389,
integrand size

steps used = 9, number of rules used = 7, integrand size = 18,
Rules used = {3803, 3797, 2221, 2317, 2438, 3801, 3556}

a®(c+dz)?  2ab(c+ dz)log (1 — e2e+/D) _ ab(c+ dx)? + abdLia (e2(=+/2)) _ b*(c+ dzx) coth(e + fa) +beo 4 b%dlog(sinh(e + fr))

1 2 2
24 7 7 7 7 7 +§b dz

Antiderivative was successfully verified.
[In] Int[(c + d*x)*(a + b*Coth[e + f*x])~2,x]

[Out] b~2*c*x + (b~2*%d*x~2)/2 + (a"2*(c + d*x)~2)/(2+d) - (a*b*(c + d*x)~2)/d - (
b~2%(c + d*x)*Coth[e + f*xx])/f + (2%a*b*(c + d*x)*Log[l - E~(2*(e + f*x))])

/f + (b~"2*d*Log[Sinh[e + f*x]])/f"2 + (a*bxd*PolyLog[2, E~(2*(e + f*x))])/f

-2

Rule 2221

Int [(((F_)"((g_)*((e_.) + (£_D*(x_))))"(a_)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~"m/(bxfxg*n*Log[F]))*Log[1l + b*x((F~(gx(e + f*x)))"n/a)], x] - Di
st [d* (m/ (bxf*xg*n*Log[F])), Int[(c + d*x)~(m - 1)*Log[l + b*x((F~(g*(e + f*x)
))°n/a)], x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] & IGtQ[m, O]

Rule 2317

Int[Logl(a_) + (b_.)*((F_)"((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)"nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, 0]

Rule 2438
Int[Log[(c_.)*((d_) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2

, (-c)xexx"nl/n, x] /; FreeQl[{c, d, e, n}, x] && EqQlc*d, 1]

Rule 3556
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Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + d
*x], x11/4, x] /; FreeQ[{c, d}, x]

Rule 3797

Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (Complex[0, fz_])*(f_
D*(x_)], x_Symbol] :> Simp[(-I)*((c + d*x)"(m + 1)/(d*(m + 1))), x] + Dist
[2*xI, Int[((c + d*x) m*x(E"(2*x((-I)*e + fxfz*xx))/(1 + E~(2*%((-I)*e + fxfzx*x)
)/E~(2%I*k*Pi)))) /E~(2*%I*k*Pi), x], x] /; FreeQl[{c, d, e, f, fz}, x] && Int
egerQ[4*k] && IGtQ[m, O]

Rule 3801

Int[((c_.) + (d_.)*(x_))"(m_.)*((b_.)*tan[(e_.) + (f_.)*(x_)]1)"(n_), x_Symb
0l] :> Simp[b*(c + d*x) mx((b*Tan[e + f*x])"(n - 1)/(f*(n - 1))), x] + (-Di
st[bxd*(m/(fx(n - 1))), Int[(c + d*x)"(m - 1)*(bxTan[e + f*x])~(n - 1), x],
x] - Dist[b~2, Int[(c + d*x) m*(b*Tan[e + f*x])~(n - 2), x], x]) /; FreeQ[
{b, ¢, d, e, f}, x] && GtQ[n, 1] && GtQ[m, O]

Rule 3803

Int[((c_.) + (d_)*(x_))"(m_.)*((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)]1)"(a_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + b*Tan[e + f*x])"n, x],
x] /; FreeQ[{a, b, c, d, e, £, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

Rubi steps

/(c + dz)(a + beoth(e + fz))* dr = / (a®(c + dz) + 2ab(c + dz) coth(e + fz) + b*(c + dz) coth®(e + fz

_ d*(c+dx)?

= —————— + (2ab) /(c + dz) coth(e + fz) dz + b? /(c + dz) coth’

2d

_ d*(c+dx)®  ab(c+dr)®  b*(c+dz)coth(e+ fz)

2d d f

(4ab) / %

a*(c+dz)®>  ab(c+dz)®  b*(c+ dz)coth(e + f

1
2 19, 2
—bcx+2bdx-|- 2d ¥

f

a’(c+dz)*  ab(c+dz)®  b*(c+dzx)coth(e+ f

1
12 1194 9 _
—bcx+2bdx+ 5d ¥

1
= blcx + ébzdx2 +

f

a’*(c+dz)*  ab(c+dx)®  b*(c+ dx)coth(e+ f

20d d

Mathematica [A]

f
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time = 1.12, size = 192, normalized size = 1.51

(a -+ beoth(e + fz))? sinh(e + fz) (~2%f (c + dz) cosh(e + fz) + (—((e + fx) (~2abd(e + fz) + a*(de — 2¢f — dfz) + b(de — 2¢f — dfx))) + 4abd(e + fx) log (1 — e 2+/) 4 2b(bd — 2ade + 2acf) log(sinh(e + f))) sinh(e + fz) — 2abdPolyLog(2, e~%“*/)) sinh(e + fz))

2f*(beosh(e + fz) + asinh(e + fz))?

Antiderivative was successfully verified.

[In] Integrate[(c + d*x)*(a + b*Coth[e + f*x])~2,x]

[Out] ((a + bxCoth[e + f*x])~2+Sinh[e + f*x]*(-2xb~2*f*(c + d*x)*Cosh[e + f*xx] +
(-((e + fxx)*x(-2*a*bxd*x(e + f*xx) + a~2*(dxe - 2xcxf - d*f*x) + b"2x(d*e - 2

xcxf — dxf*xx))) + 4xaxbkxdx(e + fxx)*Log[l - E~(-2x(e + fx*x))] + 2%b*(b*d -
2xaxdxe + 2kaxcxf)*Log[Sinh[e + f*x]])*Sinh[e + fx*x] - 2¥a*b*d*PolyLog[2, E
~(-2x(e + fxx))]*Sinh[e + f*x]))/(2*xf~2*(b*Cosh[e + f*x] + axSinh[e + f*xx])

~2)

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 317 vs.
2(123) = 246.

time = 2.50, size = 318, normalized size = 2.50

method | result

da2x2? 2(dx+c)b2 2bzdln(efw+e) bzdln(efw"’e-l-l)

b2d1n

; 2 | b?da? 2 2
risch S —abdz® + 5 + acx + 2aber + boer — goammeey) — 72 + 72

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d#*x+c)*(at+b*coth(f*x+e)) 2,x,method=_RETURNVERBOSE)

[Out] 1/2*%d*a~2%x~2-a*bxd*x~2+1/2%b~2*d*x~2+a~2*c*x+2*axb*xc*x+b~2xcxx-2/f* (d*x+c)
*b~2/ (exp (2*%f*x+2xe)-1)-2/f"2xb~2*d*1n (exp (f*x+e) ) +1/£f"2xb~2*d*1n (exp (f*x+e
)+1)+1/£72%b~2xd*1n (exp (f*x+e) -1) -4/f*b*axc*1n(exp (f*x+e))+2/f*b*a*cx1ln(exp
(fxx+e)+1)+2/fxb*a*xc*x1ln(exp(f*x+e)-1)+4/f~2+b*axd*ex1ln(exp (f*x+e))-2/f " 2%b*
axd*e*x1ln(exp(f*x+e)-1)+2/f*b*1n(1-exp(f*x+e))*axd*x+2/f " 2xb*1n(1-exp (f*x+e)

) *axd*e+2/f*b*x1n (exp (f*x+e)+1) *axd*x—4/f*bxa*d*e*xx-2/f " 2xb*axdxe~2+2/f " 2xb*
axd*polylog(2,-exp(f*x+e))+2/f " 2xb*xa*d*polylog(2,exp(f*x+e))

Maxima [A]
time = 0.35, size = 250, normalized size = 1.97

%aw o abde? 4 e — Qb;dz . 2abclog (sl;h (fz+e) . 2 (fzlog (V™) + 1}; Lig(—e*+9)) ) abd N 2 (frlog (—el=+e) +f1) + Lig(eV+) ) abd . bdlog (L;i“*! +1) " bdlog [cff**" —1) _ 2(cf +2d)b*z +4b%c + (2abdf + b:d(f/):;;(lz:;jf/z)d) + (2abdf + bdf)z2e2)) /%)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)*(a+b*coth(f*x+e))~2,x, algorithm="maxima")

[Out] 1/2*%a”~2xd*x"~2 - 2*axbxd*x~2 + a~2%c*kx - 2¥b~2*d*x/f + 2*a*b*c*log(sinh(f*x
+ e))/f + 2x(f*xxxlog(e~(f*x + e) + 1) + dilog(-e~(f*x + e)))*axbxd/f~2 + 2%
(fxx*xlog(-e~(f*x + e) + 1) + dilog(e”(f*x + e)))*a*b*d/f~2 + b~2*d*log(e”(f
*x + e) + 1)/f72 + b"2xdxlog(e”(f*x + e) - 1)/£f72 - 1/2%(2*(cxf + 2%d)*b~2x%
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X + 4%b"2xc + (2xaxbxd*xf + b~2*d*f)*x"2 - (2%b"2xckf*xx*xe”(2%e) + (2xaxbxdxf
+ b72%d*xf)*x"2%e”~ (2%e) ) xe” (2xf*x) )/ (fxe~ (2xf*x + 2%e) - f)

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 1159 vs.
2(126) = 252.
time = 0.39, size = 1159, normalized size = 9.13

Too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)*(atb*coth(f*x+e))~2,x, algorithm="fricas")

[Out] -1/2*%((a”2 - 2*a*b + b~2)*d*f~2+x"2 + 2*(a”2 - 2*a*xb + b~2)*c*xf~2*x + 4*ax*b
*d*xcosh(1) 72 + 4*a*xb*d*sinh(1)72 + 4xb~2*c*f - ((a"2 - 2*axb + b~2)*d*f~2x*x
~2 + 4xaxb*d*cosh(1) "2 + 4xaxb*d*sinh(1)"2 - 2% (2xb~2*d*f - (a~2 - 2*axb +
b~2) xcxf~2)*x - 4% (2*axbkckf + b~2xd)*cosh(1l) - 4*(2*axbkcxf - 2*axbxd*cosh
(1) + b~2%d)*sinh(1))*cosh(f*x + cosh(1l) + sinh(1))"2 - 2x((a"2 - 2*a*xb + b
~2)*d*f"2%x"2 + 4*xaxbxd*xcosh(1)~2 + 4*a*xb*d*sinh(1)7"2 - 2x(2xb~2xd*f - (a~2
- 2xaxb + b72)*xcxf"2)*x - 4x(2*xa*b*cxf + b"2*d)*cosh(1) - 4x(2xaxbkc*xf - 2
*a*xb*d*cosh(1l) + b~2xd)*sinh(1))*cosh(f*x + cosh(1l) + sinh(1))*sinh(f*x + c
osh(1) + sinh(1)) - ((a”2 - 2*xa*xb + b~2)*d*f~2*x"2 + 4*a*b*d*cosh(1)"2 + 4x
a*b*d*sinh(1) "2 - 2*x(2xb~2*d*f - (a2 - 2*axb + b~2)*c*xf~2)*x - 4*(2*kaxbxcx*
f + b"2*%d)*cosh(1) - 4x(2*a*b*c*f - 2*axbkd*cosh(l) + b~2+*d)*sinh(1))*sinh(
f*x + cosh(1l) + sinh(1))72 - 4% (2*axb*c*f + b~2xd)*cosh(1l) - 4*(ax*b*d*cosh(
f*x + cosh(1l) + sinh(1))~2 + 2*axb*d*cosh(f*x + cosh(l) + sinh(1))*sinh(fx*x
+ cosh(1) + sinh(1)) + a*b*d*sinh(f*x + cosh(l) + sinh(1))"2 - axb*d)*dilo
g(cosh(f*x + cosh(1) + sinh(1)) + sinh(f*x + cosh(1) + sinh(1))) - 4*(axb*xd
*cosh(f*x + cosh(1) + sinh(1))~2 + 2xaxb*d*cosh(f*x + cosh(l) + sinh(1))*si
nh(f*x + cosh(1) + sinh(1)) + ax*bxd*sinh(f*x + cosh(1) + sinh(1))~2 - axb*d
)*dilog(-cosh(f*x + cosh(1) + sinh(1)) - sinh(f*x + cosh(1) + sinh(1))) + 2
* (2xaxbxd*f*x + 2kaxb*cxf + b"2xd - (2xaxbkxd*f*x + 2kaxb*cxf + b~2*d)*cosh(
f*x + cosh(l) + sinh(1))72 - 2% (2*a*b*xd*xf*x + 2*axbxcxf + b~2*d)*cosh(f*x +
cosh(1) + sinh(1))*sinh(f*x + cosh(1) + sinh(1)) - (2*axbkxd*f*x + 2*a*bxcx
f + b™2*d)*sinh(f*x + cosh(1) + sinh(1))~2)*log(cosh(f*x + cosh(1) + sinh(1
)) + sinh(f*x + cosh(1l) + sinh(1)) + 1) + 2% (2*xaxbkc*f - 2*xaxbk*d*cosh(1l) -
2%axbxd*sinh (1) + b™2*%d - (2*axbkc*f - 2xaxbk*d*cosh(l) - 2*a*xbxd*sinh(1) +
b~2*d) *cosh(f*x + cosh(1l) + sinh(1))"2 - 2% (2*axb*c*xf - 2*axb*d*cosh(l) - 2
*axbxd*sinh(1) + b~2*d)*cosh(f*x + cosh(1) + sinh(1))*sinh(f*x + cosh(1l) +
sinh(1)) - (2*axbxcxf - 2xaxbkxdxcosh(l) - 2*axb*d*sinh(1l) + b~2*xd)*sinh(f*x
+ cosh(1) + sinh(1))~2)*log(cosh(f*x + cosh(1l) + sinh(1)) + sinh(f*x + cos
h(1) + sinh(1)) - 1) + 4x(a*b*d*f*x + a*b*d*cosh(1l) + a*bxd*sinh(1) - (axbx*
d*f*x + axbkd*cosh(1l) + a*b*d*sinh(1))*cosh(f*x + cosh(1l) + sinh(1))"2 - 2%
(a*xb*d*f*x + a*b*d*cosh(l) + a*bxd*sinh(1))*cosh(f*x + cosh(l) + sinh(1))=*s
inh(f*x + cosh(1) + sinh(1)) - (axbxd*f*x + axb*d*cosh(l) + ax*b*d*sinh(1))*
sinh(f*x + cosh(1) + sinh(1))~2)*log(-cosh(f*x + cosh(1) + sinh(1)) - sinh(
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f*x + cosh(l) + sinh(1)) + 1) - 4x(2*axbkcxf - 2xaxbxd*cosh(l) + b~2*d)*sin
h(1))/(f"2*xcosh(f*x + cosh(1) + sinh(1))"2 + 2*%f~2%cosh(f*x + cosh(l) + sin
h(1))*sinh(f*x + cosh(1) + sinh(1)) + £ 2*sinh(f*x + cosh(1) + sinh(1))"2 -
£°2)

Sympy [F]

time = 0.00, size = 0, normalized size = 0.00

/ (a + bceoth (e + fx))? (c+ dx) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)*(a+b*coth(f*x+e))**2,x)
[Out] Integral((a + bk*coth(e + f*x))**2*(c + d*x), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)*(a+b*coth(f*x+e))~2,x, algorithm="giac")
[Out] integrate((d*x + c)*(bxcoth(f*x + e) + a)~2, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/(a—i—bcoth(e—i—far:))2 (c+dz) dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*coth(e + f*x)) " 2*(c + d*xx),x)
[Out] int((a + b*coth(e + f*x)) " 2*(c + d*x), x)
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3.45 f (a+bcoctfc(li+fx))2 dx

Optimal. Leaf size=23

Tt < (a + beoth(e + fz))? ’ x)
c+dzx

[Out] Unintegrable((at+b*coth(f*x+e))~2/(d*x+c),x)

Rubi [A]
time = 0.04, antiderivative size = 0, normalized size of antiderivative = 0.00, number of
steps used = 0, number of rules used = 0, integrand size = 0, Bumber of rules _ o

integrand size ’
Rules used = {}

dz

(a + beoth(e + fz))?
/ c+dzx

Verification is not applicable to the result.

[In] Int[(a + b*Cothl[e + f*x])~2/(c + d*x),x]

[Out] Defer[Int] [(a + b*Coth[e + f*x])~2/(c + d*xx), x]
Rubi steps

/(a—i—bco’ch(e-l—fx))2 d — / (a + beoth(e + fx))? i
c+dx c+dz

Mathematica [A]
time = 27.65, size = 0, normalized size = 0.00

/ (a + beoth(e + fz))? i
c+dzx

Verification is not applicable to the result.

[In] Integrate[(a + b*Coth[e + f*x])~2/(c + d*x),x]
[Out] Integrate[(a + b*Coth[e + f*x])~2/(c + d*x), xI]

Maple [A]
time = 180.00, size = 0, normalized size = 0.00

(a + beoth (fz + €))?
dz
dz +c

Verification of antiderivative is not currently implemented for this CAS.
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[In] int((a+b*coth(f*x+e)) "2/ (d*x+c) ,x)
[Out] int((at+b*coth(f*x+e)) 2/ (d*x+c),x)
Maxima [A]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*coth(f*x+e))~2/(d*x+c),x, algorithm="maxima")

[Out] a"2*log(d*x + c)/d + 2xb~2/(d*f*x + c*f - (dxfxxxe”(2%e) + cxfxe”(2*e))*e”(
2xfxx)) + (2%a*b + b~2)*log(d*x + c)/d - integrate((2*axbxd*xf*x + 2%axbxc*f

- b72*xd) /(d72*f*x"2 + 2*ckxdxf*xx + c”2xf + (d72*f*x"2*e"e + 2xckxdxf*x*e"e +
c"2xfxe"e)*e” (f*x)), x) + integrate(-(2xaxb*d*f*x + 2%a*bkcxf - b~2*d)/(d~
2%fxx"2 + 2kckdxfxx + c2%f - (d72*%f*x"2*e"e + 2*xckxdxf*x*e~e + c 2xf*e"e)*e
“(f*x)), x)

Fricas [A]

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*coth(f*x+e)) 2/(d*x+c),x, algorithm="fricas")
[Out] integral((b~2*coth(f*x + e)~2 + 2*axbxcoth(f*x + e) + a~2)/(d*x + c), x)

Sympy [A]
time = 0.00, size = 0, normalized size = 0.00
(a + beoth (e + fx))?
dr
c+dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*coth(f*x+e))**2/(d*x+c),x)
[Out] Integral((a + bxcoth(e + f*x))**2/(c + d*x), x)

Giac [A]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*coth(f*x+e))~2/(d*x+c),x, algorithm="giac")
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[Out] integrate((bxcoth(f*x + e) + a)~2/(d*x + c), x)
Mupad [A]

time = 0.00, size = -1, normalized size = -0.04

/ (a + beoth(e + f z))? s
c+dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + bxcoth(e + f*x))~2/(c + d*x),x)
[Out] int((a + bxcoth(e + f*x))~2/(c + d*x), x)
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a CO (& x 2
3.46 [l gy

Optimal. Leaf size=23

. ( (a+ b(ccofléi ; fz))?, x)

[Out] Unintegrable((at+b*coth(f*x+e)) 2/ (d*x+c)~2,x)

Rubi [A]
time = 0.04, antiderivative size = 0, normalized size of antiderivative = 0.00, number of

number of rules _ 0.000,
integrand size

steps used = 0, number of rules used = 0, integrand size = 0,
Rules used = {}

/ (a + beoth(e + fz))? i
(c+ dz)?

Verification is not applicable to the result.

[In] Int[(a + b*Coth[e + f*x])~2/(c + d*x)~2,x]

[Out] Defer[Int] [(a + b*Coth[e + f*x])~2/(c + d*x)~2, x]
Rubi steps

(a+bcoth(e+ fx))? . [ (a+bcoth(e+ fx))?
/ ctdn &= / ctdn)?

Mathematica [A]
time = 19.40, size = 0, normalized size = 0.00

/ (a + beoth(e + fz))? i
(c+ dz)?

Verification is not applicable to the result.

[In] Integrate[(a + b*Coth[e + f*x])~2/(c + d*x)~2,x]
[Out] Integratel[(a + b*Coth[e + f*x])~2/(c + d*x)~2, x]

Maple [A]
time = 180.00, size = 0, normalized size = 0.00

(a + beoth (fz + €))?

5 dz
(dz + c)

Verification of antiderivative is not currently implemented for this CAS.
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[In] int((at+b*coth(f*x+e)) "2/ (d*x+c)~2,x)
[Out] int((a+b*coth(f*x+e)) "2/ (d*x+c)”~2,x)
Maxima [A]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*coth(f*x+e))~2/(d*x+c) 2,x, algorithm="maxima")

[Out] -a~2/(d"2*x + c*d) - (2xaxbkc*f + (cxf - 2*%d)*b~2 + (2%axbxdxf + b~ 2*d*f)*x
- ((2xaxb*d*f + b~2xd*f)*x*xe”(2*e) + (2xaxbkc*f + b 2xc*f)*e” (2xe))*e™ (2*f
*x))/(A"3*%f*x"2 + 2%c*kd"2xfxx + c”2xd*xf — (d"3*xfxx"2%e” (2%e) + 2kckd "2+ fxx*
e~ (2%e) + c"2xdxfxe”(2xe))*e” (2*f*x)) - integrate(2*(axbxd*f*x + axb*c*xf -
b~"2%d) /(A" 3*f*x"3 + 3kckd"2*%f*x"2 + 3kc 2kd*fxx + c"3*%f + (d"3*f*x"3*e"e +
3kcxd"2*f*x"2%e"e + 3kcT2xdxf*x*e"e + c”3*xf*xe"e)*e”(f*x)), x) + integrate(-
2% (axbxd*f*x + axbxckf — b™2xd)/(d"3*f*x"3 + 3*kckd " 2xf*x"2 + 3xc™2kd*f*x +
c"3*f - (A"3*%f*x"3*%e"e + 3kxckd"2*xf*x"2%e"e + 3kc"2xdxfxxke~e + c”3kf*e"e)*e
“(f*xx)), x)
Fricas [A]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*coth(f*x+e))~2/(d*x+c)~2,x, algorithm="fricas")

[Out] integral((b~2*coth(f*x + e)~2 + 2*a*b*coth(f*x + e) + a~2)/(d"2*x"2 + 2x%cx*d
*x + ¢c72), x)

Sympy [A]
time = 0.00, size = 0, normalized size = 0.00
(a + beoth (e + fz))? s
(c + dzx)?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*coth(f*x+e))**2/(d*x+c)**2,x)
[Out] Integral((a + bk*coth(e + fx*x))**2/(c + d*x)**x2, x)
Giac [A]

time = 0.00, size = 0, normalized size = 0.00

could not integrate
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*coth(f*x+e))~2/(d*x+c) 2,x, algorithm="giac")

[Out] integrate((bxcoth(f*x + e) + a)~2/(d*x + c)~2, x)

Mupad [A]
time = 0.00, size = -1, normalized size = -0.04

(a + beoth(e —|—2f z))? iz
(c+dx)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*coth(e + f*x))~2/(c + d*x)~2,x)
[Out] int((a + bxcoth(e + f*x))~2/(c + d*x)~2, x)
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3.47 [(c+ dz)3(a+ beoth(e + fz))’ dx

Optimal. Leaf size=556

_3b%d(c+dx)® 3ab?(c+ dx)® +b3(c + dx)3 +a3(c +dz)*  3a®b(c + dx)* +3ab2 (c+dz)* b(c+dx)* .
22 f 2f id id id 4d

[Out] -3/2%b~3*d*(d*x+c) ~2/f72-3%a*xb~2x (d*x+c) ~3/f+1/2*%b~3* (d*x+c) ~3/f+1/4*a~3*(d
*xx+c) ~4/d-3/4*a"2*b* (d*x+c) “4/d+3/4*axb~2x (d*x+c) “4/d-1/4*b~3* (d*x+c) ~4/d-3
/2xb~3xd* (d*x+c) “2xcoth (f*x+e) /£72-3*axb~ 2% (d*x+c) “3*kcoth (f*x+e) /f-1/2%b~ 3%
(d*x+c) “3*coth (f*x+e) "2/f+3*b~3*d~2* (d*x+c) *1n (1-exp (2xf*xx+2%e) ) /£~ 3+9*a*b™
2%d* (d*x+c) "2%1n (1-exp (2*f*x+2%e) ) /£~2+3*a”2*b* (d*x+c) ~3*1n (1-exp (2*f*x+2%e
))/£+b~3% (d*x+c) ~3*1n(1-exp (2xf*x+2%xe)) /£+3/2*b~3*d"3*polylog(2, exp (2*f*x+2
xe) ) /f74+9xaxb~2%d"~2* (d*x+c) *polylog(2, exp (2xf*x+2%e)) /£~3+9/2%a"~2xb*d* (d*x
+c) "2*polylog(2,exp(2xfxx+2%e) ) /£72+3/2*%b"3*d* (d*x+c) “2xpolylog(2, exp (2*f*x
+2%e) ) /£72-9/2%a*xb~2+d"3*polylog (3, exp (2xf*x+2xe)) /£74-9/2xa"~2xb*d~2* (d*x+C
)*polylog(3,exp(2xf*x+2%e))/£73-3/2%b"3*d~2* (d*x+c) *polylog (3, exp (2*f*x+2*e
))/£73+9/4%a”2*b*d"3*polylog (4, exp (2*f*x+2%e) ) /£~4+3/4%b"3%d"3*polylog(4,ex
p(2*f*x+2xe)) /f~4

Rubi [A]

time = 0.72, antiderivative size = 556, normalized size of antiderivative = 1.00, number of

_ _ : e number of rules _
steps used = 28, number of rules used = 11, integrand size = 20, integrand size 0.550,

Rules used = {3803, 3797, 2221, 2611, 6744, 2320, 6724, 3801, 32, 2317, 2438}

Antiderivative was successfully verified.
[In] Int[(c + d*x)~3*(a + b*Coth[e + fx*x])~3,x]

[Out] (-3*b~3*d*(c + d*x)~2)/(2%£72) - (3*a*b"2*x(c + d*x)~3)/f + (b"3*(c + d*x)~3
)/ (2xf) + (a”3x(c + d*x)~"4)/(4*xd) - (3*a~2%bx(c + d*x)~4)/(4*d) + (3xa*xb~2x
(c + d*x)~4)/(4*%d) - (b~3*%(c + d*x)~4)/(4xd) - (3*b~3*d*(c + d*x) 2*Cothl[e
+ f£xx])/(2%£72) - (3*axb~2x(c + d*x)“3xCoth[e + f*x])/f - (b~3*(c + d*x) 3%
Coth[e + £xx]72)/(2*f) + (3*xb~3*%d"2*(c + d*x)*Log[l - E~(2*(e + f*x))])/£f"3
+ (9%axb~2xd*(c + d*x) "2xLog[l - E~(2*(e + £*x))])/£f72 + (3*%a"2+b*(c + d*x
)"3xLog[1 - E"(2%(e + f*x))])/f + (b”3%(c + d*x) 3*Logl[l - E~(2x(e + f*x))]
)/f + (3%b~3*d"3*PolyLog[2, E~(2x(e + f*x))])/(2%f74) + (9*a*xb~2xd"2x(c + d
*xx)*PolyLog[2, E~(2x(e + f*x))])/£f73 + (9%a~2*b*xd*(c + dx*x) 2xPolyLog[2, E~
(2x(e + £xx))])/(2%£72) + (3*%b~3*d*(c + dx*x) ~2xPolyLog[2, E~(2*(e + f*x))])
/(2%£72) - (9%a*b~2*%d~3%PolyLog[3, E~(2x(e + £*xx))])/(2%xf74) - (9*a~2xbxd"~2
*(c + d*x)*PolyLog[3, E~(2%(e + f*x))])/(2%£73) - (3*%b~3*d"2*(c + d*x)*Poly
Logl[3, E"(2x(e + f*xx))])/(2%£f73) + (9*a~2*%b*d~3*PolyLogl[4, E~(2*(e + f*x))]
)/ (4x£~4) + (3xb~3*%d"3*PolyLog[4, E~(2x(e + f*x))])/(4*£~4)

Rule 32
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Int[((a_.) + (b_.)*(x_))"(m_), x_Symbol] :> Simp[(a + b*x)"(m + 1)/(b*(m +
1), x]1 /; FreeQ[{a, b, m}, x] && NeQ[m, -1]

Rule 2221

Int [(CCF_)~((g_)*((e_.) + (£_.)*(x_))))"(n_)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*x((F_)"((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~m/(bxfxg*n*Log[F]))*Log[l + b*x((F~(gx(e + f*x)))"n/a)], x] - Di
st [d* (m/ (bxfxg*n*Log[F])), Int[(c + d*x)~(m - 1)*Logl[l + b*x((F~(g*(e + f*x)
))"n/a)l, x], x] /; FreeQ[{F, a, b, c, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2317

Int[Logl(a_) + (b_.)*((F_)"((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*exn*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, O]

Rule 2320

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
onOfExponentialQ[u, x] && !MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 2438

Int[Log[(c_.)*((d_) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"n]l/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlc*d, 1]

Rule 2611

Int[Log[l + (e_.)*((F_)~((c_.)*((a_.) + (b_.)*(x))))"(n_)I*((f_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g*x) m)*(PolyLogl[2, (-e)*(F~(cx(a +
b*x)))"n]/(b*c*n*Log[F1)), x] + Dist[g*(m/(b*c*n*Log[F])), Int[(f + g*x)~(m
- 1)*PolyLog[2, (-e)*(F~(c*(a + b*x)))"nl, x], x] /; FreeQ[{F, a, b, c, e,
f, g, n}, x] & GtQ[m, O]

Rule 3797

Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (Complex[0, fz_])*(f_
D*x(x_ )], x_Symbol] :> Simp[(-I)*((c + d*x)"(m + 1)/(d*(m + 1))), x] + Dist
[2+¢I, Int[((c + d*x)"m*x(E~(2*x((-I)*e + fxfzxx))/(1 + ET(2*x((-I)*e + fxfz*x)
)/E~(2%I*k*Pi)))) /E~(2*%I*k*Pi), x], x] /; FreeQ[{c, d, e, f, fz}, x] && Int
egerQ[4+k] && IGtQ[m, O]
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Rule 3801

Int[((c_.) + (d_.)*(x_))"(m_.)*((b_.)*tan[(e_.) + (f_.)*(x_)1)"(n_), x_Symb
0l] :> Simp[b*(c + d*x) m*x((b*Tan[e + f*x])"(n - 1)/(f*x(n - 1))), x] + (-Di
st[bxd*(m/(fx(n - 1))), Int[(c + d*x)"(m - 1)*(b*Tan[e + f*x])"(n - 1), x],
x] - Dist[b”2, Int[(c + d*x) m*(b*Tan[e + f*x])~(n - 2), x], x]) /; FreeQl
{b, c, 4, e, £}, x] && GtQ[n, 1] && GtQ[m, O]

Rule 3803

Int[((c_.) + (d_.)*(x))"(m_.)*((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(n_.)
, Xx_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + b*Tan[e + f*x])"n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

Rule 6724

Int[PolyLogln_, (c_.)*((a_.) + (b_.)*(x_))"(p_.)1/C(d_.) + (e_.)*x(x_)), x_S
ymbol] :> Simp[PolyLog[n + 1, c*(a + b*x)“pl/(e*p), x] /; FreeQ[{a, b, c, d
, e, n, p}, x] && EqQ[bxd, axe]

Rule 6744

Int[((e_.) + (£f_.)*(x_)) " (m_.)*PolyLogln_, (d_.)*((F_)~((c_.)*((a_.) + (b_.
)*(x_))))~(p_.)], x_Symbol] :> Simp[(e + f*x) m*(PolyLogln + 1, d*(F~(c*(a
+ b*x)))~pl/ (bxcxpxLog[F1)), x] - Dist[f*(m/(bxc*p*Logl[F])), Int[(e + f*x)~
(m - 1)*Polylogln + 1, dx(F~(c*(a + b*x)))7pl, x1, x] /; FreeQ[{F, a, b, c,
d, e, £, n, p}, x] && GtQ[m, 0]

Rubi steps
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/(c + dz)3(a + beoth(e + fz))* dz = / (a®(c + dz)? + 3a®b(c + dz)® coth(e + fz) + 3ab*(c + dz)® coth?(e

3 4
— % + (3a®d) /(c + dz)? coth(e + fz) dz + (3ab?) /(c +dz
_ d(c+dz)*  3a’b(c+dx)*  3ab’(c+dx)’coth(e+ fx) b(c+
N 4d 4d f

_ 3ab?(c+dw)® N a’(c+dz)*  3a®b(c+ dx)* N 3ab’(c +dz)* b
N f 4d 4d 4d
_3bd(c+dr)®  3ab?(c+dx)’ N b®(c + dz)? N a’(c+dz)!  3a™
N 22 f 2f 4d
__3bd(c+dzx)®  3ab*(c+ dx)’ N b*(c + dz)3 N a’(c+dz)*  3a™
N 22 f 2f 4d
_3b%d(c+dz)®  3ab*(c+dz)® N b*(c+ dz)? N a’(c+dz)*  3a’
N 22 f 2f 4d
__3bd(c+dr)®  3ab?(c+dx)’ N b®(c + dz)? N a’(c+dz)!  3a*
N 22 f 2f 4d

_ 3bd(c+dzx)®  3ab?(c+dx)’ N b3(c +dz)? N a’(c+dz)*  3a™
N 22 f 2f 4d

Mathematica [B] Leaf count is larger than twice the leaf count of optimal. 2043 vs.

2(556) = 1112.

time = 11.12, size = 2043, normalized size = 3.67

Result too large to show

Antiderivative was successfully verified.

[In] Integratel[(c + d*x)~3x(a + b*Coth[e + f*x])~3,x]

[Out] ((-(b"3%c™3) - 3%b~3*c™2*d*x - 3*b~3*c*d"2*x"2 - b~3*d"3*x"3)*Cschle + fx*x]
~2)/(2%f) - (b*E~(2%e)*(24*b~2%c*xd™2%x + T2*axbkxc™2xd*f*x + 24%a~2xc”3*f 2%

X + 8%b72xc73*f72%x + 12%b72%d"3*%x"2 + T2xaxbxcxd"2*xfxx"2 + 36%a"2xc”2xd*f”
2%x72 + 12%b72%cT2*d*f72%x72 + 24*axbxd"3xf*x"3 + 24%a”2xc*kd"2xf72*%x"3 + 8%

b7 2%ckd"2*%f72%x"3 + 6%a”2%xd"3*f"2%xx"4 + 2%b"2xd"3*f"2%xx"4 - 36%axbxc”2*d*xLo

gll - ET(2x(e + f*x))] + (86xaxbxc~2xdxLog[l - E~(2*(e + f*x))])/E~(2%e) -
(12¥b~2xc*xd~2*Log[1 - E~(2x(e + f*x))])/f + (12%b"2xc*d~2*Log[1l - E~(2x(e +
fxx))]1)/(E~(2%xe)*f) - 12*%a~2xc~3xf*Log[l - E~(2x(e + f*x))] - 4*b~2%c~3*f*
Logl[l - E7(2%(e + f*x))] + (12xa~2*c”3*fxLog[l - E~(2x(e + f*x))])/E~(2%e)

+ (4xb~2xc”3*f*Log[l - E~(2*(e + £*x))])/E~(2xe) - 72*axb*c*d~2*xxLog[l - E
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“(2x(e + f£xx))] + (72*a*bxcxd~2*x*Log[l - E~(2*(e + f*x))])/E~(2xe) - (12%b
~2xd"3*x*Log[1 - E~(2%(e + f*x))])/f + (12%b~2xd"3*x*Log[l - E~(2*(e + f*x)
)1)/(E™(2xe)*f) - 36%a~2*c 2*d*f*x*Log[l - E~(2%x(e + f*x))] - 12xb~2xc~2xd*
fxx*Log[l - E~(2x(e + f*x))] + (36*%a~2xc™2xd*f*x*Log[l - E~(2x(e + f*x))])/
E~(2xe) + (12xb~2*c~2xdxf*x*Log[l - E~(2x(e + f*x))])/E~(2%e) - 36*axbxd~3*
x"2xLog[1l - E~(2%(e + f*x))] + (36xaxbxd~3*x"2xLog[l - E~(2*(e + f*x))])/E~
(2xe) - 36*a~2xc*d~2xf*xx"2+Log[l - E~(2x(e + fx*x))] - 12xb~2*c*d~2xf*x~2*Lo
gll - ET(2x(e + f*xx))] + (86xa~2xcxd~2xf*xx"2xLog[1l - E~(2*%(e + f*x))])/E~(2
*xe) + (12%b~2%c*d~2*f*x"2%Log[1l - E~(2%(e + f*x))])/E~(2%e) - 12%a~2%d~3*f*
x"3xLog[1l - ET(2x(e + f*x))] - 4%b~2xd"3xf*x"3*Log[l - E~(2*(e + f*x))] + (
12*a~2xd~3*f*x"3*xLog[1l - E~(2*(e + f*x))])/E~(2%e) + (4xb~2%d"~3*f*x~3*Log[1
- ET(2x(e + fxx))])/E~(2%e) - (6*%d*(-1 + E~(2%e))*(6*a*b*d*f*x(c + d*x) + 3
*a"2xf 2% (c + d*x)"2 + b™2x(d"2 + cT2xf"2 + 2kckd*xf"2kx + d72xf"2%x"2))*Pol
yLog[2, E~(2%(e + f*x))]1)/(E~(2%e)*£72) + (6*%d"2x(-1 + E~(2%e))*(3*a*xbxd +
3xa"2*xf*(c + dxx) + b"2*f*(c + d*x))*PolyLogl[3, E~(2x(e + fxx))])/(E™~(2xe)*
£72) - (9*%a~2xd"3*PolyLogl[4, E~(2x(e + f*x))])/f"2 - (3*b~2xd~3*PolyLogl[4,
E~(2x(e + £xx))])/£72 + (9*%a~2xd"3*PolyLog[4, E~(2x(e + fxx))])/(E~(2%e)*f~
2) + (3*%b~2*d"3xPolyLogl[4, E~(2*(e + f*x))])/(E~(2%e)*£72)))/(4*(-1 + E~ (2%
e))*f~2) + (3xx"2x(-(a~3*%c"2*d) + 3*a~2kbkc"2xd - 3*axb”2*c”2*d + b~ 3*kc”2*d
+ a~3xc"2*d*Cosh[2xe] + 3*a~2xbxc”2*d*Cosh[2*e] + 3*axb~2xc~2*d*Cosh[2*e]
+ b~ 3*c"2xd*Cosh[2*xe] + a~3*c~2*xd*Sinh[2*e] + 3*a~2*bxc~2*d*Sinh[2*e] + 3*a
*b~2*c”"2*%d*Sinh [2*e] + b~3*c”2*d*Sinh[2*e]))/(2*x(-1 + Cosh[2*e] + Sinh[2*e]
)) + (x73%(-(a"3%c*d"2) + 3*a"2%bxcxd"2 - 3*axb"2kc*kd"2 + b~ 3*kc*d"2 + a~3*c
*d~2xCosh[2*xe] + 3*a~2*bxcxd~2*Cosh[2*xe] + 3*a*xb~2xc*xd"2*Cosh[2*xe] + b~ 3*cx*
d~2*Cosh[2*xe] + a~3*c*d"2*Sinh[2*e] + 3*a~2*b*c*d~2*Sinh[2*e] + 3*a*xb~2xc*d
~2*Sinh[2*e] + b~ 3*c*d~2#Sinh[2*e]))/(-1 + Cosh[2*e] + Sinh[2xe]) + (x"4x(-
(a~3*%d"3) + 3*a~2*b*d"3 - 3*axb"2*%d~3 + b~3*d"3 + a~3*d"3*Cosh[2*xe] + 3*a~2
*bxd~3*Cosh[2*xe] + 3*a*b~2*xd"3*Cosh[2*xe] + b~3*d~3*Cosh[2*e] + a~3*d~3*Sinh
[2¥e] + 3*a”2%b*d~3*Sinh[2*e] + 3*a*b~2*d~3*Sinh[2*e] + b~3*d"3*Sinh[2*e]))
/(4x(-1 + Cosh[2*e] + Sinh[2*e])) + x*(a"3*%c”3 + 3*a*xb~2*%c~3 + (3*a~2*b*c”3
)/ (-1 + Cosh[2*e] + Sinh[2*e]) + (3*a~2*b*c~3*Cosh[2*e] + 3*a~2xbxc~3*Sinh[
2*%e]) /(-1 + Cosh[2*e] + Sinh[2*e]) + (2*b~3*c~3*Cosh[2*e] + 2*b~3*c~3*Sinh[
2%e])/((-1 + Cosh[2*e] + Sinh[2*e])*(1 + Cosh[2*e] + Cosh[4*e] + Sinh[2x*e]
+ Sinh[4*e])) + (2*xb~3*c~3*Cosh[4*e] + 2*b~3*c~3*Sinh[4*e])/((-1 + Cosh[2*e
] + Sinh[2*e])*(1 + Cosh[2*e] + Cosh[4*e] + Sinh[2*e] + Sinh[4%*e])) + (b~ 3x*
c~3)/(-1 + Cosh[6*e] + Sinh[6*e]) + (b~3*c~3*Cosh[6*e] + b~3*c”~3*Sinh[6*e])
/(-1 + Cosh[6*e] + Sinh[6*e])) + (3*Csch[e]l*Cschl[e + f*x]*(b~3*c~2*d*Sinh[f
*x] + 2%a*xb”2xc”3*kf*Sinh[f*x] + 2*b~3*ckxd”"2*x*Sinh[f*x] + 6*axb”~2%c 2xd*f*x
*Sinh [f*x] + b~3*d"3*x"2*Sinh[f*x] + 6*axb”~2*c*d~2xf*x~2*Sinh[f*x] + 2*axb”
2%d~3xf*x"3*Sinh [f*x]))/(2*xf~2)

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 2822 vs.
2(524) = 1048.
time = 4.37, size = 2823, normalized size = 5.08
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method | result size
risch Expression too large to display | 2823

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x+c) 3*(at+b*coth(f*x+e)) 3,x,method=_RETURNVERBOSE)

[Out] -6/f*b~2%a*d~3%x~3-2/f"3%b~3%e”~3*d~3*x+18/f ~4*b*a~2*d~3*polylog(4,exp(f*x+e
))+3/fxb*a”~2*c”3*1n(exp (f*x+e)+1)+3/f*b*xa~2*c~3*1ln(exp (f*x+e)-1)+18/f 4*b*a
~2xd"3*polylog(4,-exp(f*x+e))+3/f"3*b~3*xd~3*1n(exp (f*x+e)+1) *x+3/£f~3*%b~3*d~
3*1n(1-exp(f*x+e))*x-6/f"3*%b"3*xd"3*polylog(3,-exp (f*x+e)) *x+1/f"4*b~3*d"3*e
~3x1n(1-exp(f*x+e))+6/f"4*xb~3*d"3*e*x1ln(exp(f*x+e))+2/f 4*xb~3*d"3*e~3*1n(exp
(fxx+e))-18/f"4*b~2*a*d~3*polylog(3,-exp(f*x+e))-18/f~4*b~2*a*d~3*polylog(3
,exp(fxx+e))-3/f74*%b"3*d"3*e*1n(exp (f*x+e)-1)-1/£74*b"3*d"3*xe"3*1n (exp (f*x+
e)-1)+3/£72%b~3*xc~2*d*polylog(2,-exp (f*x+e))+3/f"2%b~3*c~2*d*polylog(2,exp(
fxx+e))+1/f*b"3xd"3*1n(exp(f*x+e)+1)*x~3+3/f~2*%b~3*d"3*polylog(2,-exp (f*x+e
))*x"2+1/f*b"3*xd"3*1n (1-exp (f*x+e) ) *x~3+3/£~2%b~3*d"3*polylog(2,exp (f*x+e))
*x~2-6/f"3*b~3*d"3*polylog (3, exp(f*x+e) ) *x+3/f~4*b"3*d"3*e*1n(1-exp(f*x+e))
+12/£73xb*a”~2%c*d"2*e”3-6/f*b"3*c"2xd*e*x-6/f " 3*bke”3*a"2*d " 3*x+18/f "3xb”2x
e”2%axd~3*x-18/f*b"2*a*ckd~2*x"2+6/f "2xb"3kc*kd"2*e"2%x-18/f*b*a~2*c"2*d*e*xx
+18/£72%b*a~2%cxd " 2ke~2*%x—3*d"2*a"2xb*c*kx~3+3*d " 2*axb~2xc*x~3-9/2*d*a"2xb*c
“2%x72+9/2xd*axb~2*Cc”2+x " 2+3%a” 2¥b*kc " 3*x+3*a*b~2*c"3*xx-18/f " 3*b*a~2*cxd " 2*e
~2x1n(exp (f*x+e) ) +9/f 3xb*xa~2xc*xd~2xe~2x1n(exp (f*x+e)-1)+9/f*b*1n(1-exp (f*x
+e) ) *a~2xc”2*d*x+9/f " 2*b*1n (1-exp (f*x+e) ) *a~2*c~2*d*e+18/f"3*xb~2*1n(1-exp(f
xx+e) ) *axcxd~2xe+9/fxb*1n (exp (f*x+e)+1) *a~2xc~2xd*x+9/f*b*1n(1-exp (f*x+e) ) *
a~2xcxd"2*x"2+18/f"2xb*polylog(2,exp (f*x+e) ) *a~2kcxd~2*x+9/f*bx1n (exp (f*x+e
)+1)*a~2%ckd"2%x"2+1/4%d"3*a"3%x"4-1/4*d"3%b"3*x"4+1/4/d*a"~3*c"4+1/4/d*b"3*
c”4+1/f*b"3%c”3*1n(exp(f*x+e)+1)+1/f*b"3*c"3*1n(exp (f*x+e)-1)-2/fxb~3xc~3*1
n(exp(f*xx+e))+6/f"4*xb~3*d~3*polylog(4,-exp(f*x+e))+6/f 4*b~3*d"3*polylog(4,
exp (fxx+e) )+3/f"4*b~3*%d"3*polylog(2,-exp(f*x+e))+3/f"4xb~3*%d"3*polylog(2,ex
p(f*x+e))-36/f"2xb~2*a*xcxd~2*e*x-3/4*d"3*a"~2%b*x~4+3/4*d"3*xaxb~2*x"4+d"2*a"
3xCc*x"3-d"2%b"3*kcxx"3+3/2*d*a"3*kCc"2*x"2-3/2*d*b"3*Cc”2*x"2+a " 3*c " 3*x+b"3*c"3
*x+3/4/d*a”~2xbxc"4+3/4/d*axb"2xc"4+18/f"2xb*xpolylog(2,-exp (f*x+e) ) *a~2%c*d”
2xx-9/f"3%b*1n(1-exp (f*x+e) ) *a~2xc*d~2*%e~2+36/f"3*xb~2*a*xc*d~2*e*1n (exp (f*x+
e))+18/£7"2xb*a~2*c”~2*d*ex1n(exp (f*x+e) ) -18/f"3*b~2xa*c*xd~2*ex1n (exp (f*x+e) -
1)-9/f72*b*a”~2*c~2*d*e*1n (exp(f*x+e)-1)+18/f"2xb~2*1n (exp (f*x+e)+1) *a*xc*d~2
*x+18/£72+%b~2*%1n (1-exp (f*x+e) ) *axc*xd~2*x-6/f ~3*b~3*c*xd~2*polylog(3,-exp (f*x
+e))-6/£"3%b~3*cxd"2*polylog(3,exp(f*x+e))-6/f"3*b~3xc*d~2*1n(exp(f*x+e))-6
/f¥b*a~2xc~3*1n(exp (f*x+e))+3/£"3*%b~3*c*d~2*1n(exp (f*x+e)+1)+3/£~3*b"3*c*d™
2x1n(exp(f*x+e)-1)+3/f"4xb*a~2xd"3*e~3*1n(1-exp(f*x+e))-6/f"3*%b~3*c*xd"2*e"2
*1n (exp (f*x+e) ) +6/f ~4*b*a~2xd"3*e”3*1n(exp(f*x+e) ) +18/f"3*b~2xa*c*d~2*polyl
0g(2,-exp(f*x+e))+18/f~3*%b~2*axc*xd~2*polylog(2,exp(f*x+e))+3/f"3*xb~3*c*xd~2*
e~ 2x1n(exp (f*x+e)-1)-3/f 4*b*a~2xd~3*e”3*1n(exp (f*x+e)-1)+3/f*b*a~2*d~3*1n (
exp (f*x+e)+1) *x~3+9/f"2xb*a~2*d"3*polylog(2,-exp (f*x+e) ) *x~2-18/f"3*b*a~2*d
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~3xpolylog(3,-exp(f*x+e) ) *x+9/f ~2*b*a~2xc~2*d*polylog(2,-exp (f*x+e))+9/f 2%
b*a~2*c~2xd*polylog(2,exp (f*x+e))+9/f"2%b"2xa*xd~3*1n (exp(f*x+e)+1) *x~2+18/f
~3*b~2*a*d"3*polylog(2,-exp (f*x+e))*x+9/f " 2xb~2xa*xd~3*1n(1-exp (f*x+e) ) *x"2-
9/f~4xb~2%a*d~3*1n(1-exp (f*x+e))*e~2+18/f " 3*%b~2*a*d~3*polylog(2,exp(f*x+e))
*xx+3/£*b~3*1n (exp (f*x+e) +1) *c~2*d*x+3/f*xb~3*1n (1-exp (f*x+e) ) kc~2*d*x+3/f 2%
b~3*1n(1-exp(f*x+e))*c"2xd*e+6/f"2%b~3*polylog(2,-exp (f*x+e))*cxd~2*x+3/f*b
~3x1n(1-exp(f*x+e))*c*d~2*xx"2+6/f"2*b"3*polylog(2,exp (f*x+e))*c*d~2*x+3/f*b
~3*1n(exp (f*x+e)+1)*c*d~2+x~2-18/f " 3*b*a~2*c*d~2*polylog(3,-exp (f*x+e))-18/
f~3*bxa~2*c*d"2*polylog(3,exp (f*x+e))-3/f"2%b~3*xc~2*d*e*x1ln(exp (f*x+e)-1)+3/
f*b*a~2*%d"3*1n(1-exp (f*x+e))*x~3+9/f 2xb*a~2*d"3*polylog(2, exp (f*x+e) ) *x~2-
18/£~3xb*a~2*d~3*polylog(3, exp (f*x+e))*x-3/f"3*b~3*1n(1-exp (f*x+e) ) *c*d 2*e
~2-18/f"4*b~2*axd~3*e”2*1n(exp (f*x+e) ) +6/f"2xb~3*c~2*d*ex1n (exp (f*x+e))-18/
£72xb~2%a*c”~2xd*1n (exp (f*x+e))+9/f~4*b~2*axd~3*e”2*1n(exp(f*x+e)-1)+9/f"2%b
~2xaxc”2xd*1n(exp (f*x+e) +1)+9/£f~2%b~2*axc~2*d*1n (exp (f*x+e)-1)-3/f"4*b"3%e™
2%d~3-3/£72*%b"3%d"3%x"2-3/2/f"4*b"3%e~4*d~3+4/f " 3%b"3*c*d"2*e~3-3/f"2xb"3*c
~2xd*e”~2-6/f"3%b"3*d"3*exx+12/f"4*b~2%e~3*a*xd~3-9/2/f "4xbxe~4*a~2xd"3-9/f"2
*xbxa~2%c"2xdxe”2-18/f"3*%b"2*axc*d"2*e"2-b~2* (6*a*d "3k f*xx " 3*exp (2*xf*xx+2%e) +2
*xbxd "~ 3*f*x"3xexp (2*f*x+2%e) +18*axcxd " 2*f*x"2xexp (2*f*x+2xe) +6xb*ckd~2*xf*xx~2
*xexp (2*f*x+2xe) +18%a*xc™2*xd*f*x*kexp (2*f*x+2%e) —6*axd~3*f*x~3+6xb*c”~2*d*f*x*e
xp (2% f*x+2%e) +3*b*d~3*x"2%exp (2*f*x+2%e) +6*a*xc” 3k f*exp (2*f*x+2*e) -18*a*xcxd™
2%f*x"2+2%b*c”3*f kexp (2*f*x+2%e) +6*bkckd~2xx*exp (2*f*x+2%e) —18*%a*xc™2kd*f*x+
3xbxc~2*d*exp (2*xf*x+2%e) —3*%b*d~3*x"2-6*a*c”3*xf-6*bkcxd~2*x-3*bxc~2xd) /£72/ (
exp (2xf*x+2%e)-1) "2

Maxima [B] Leaf count of result is larger than twice the leaf count of optimal. 1468 vs.
2(536) = 1072.
time = 0.39, size = 1468, normalized size = 2.64

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) 3*(atb*coth(f*x+e))~3,x, algorithm="maxima")

[Out] 1/4*a"3*%d"3*x"4 + a~3*cxd"2*x"3 + 3/2*a”3*c”2xd*x"2 + a~3*c"3*x + 3*a~2xb*c
~3xlog(sinh(f*x + e))/f + 1/4%(24*a*xb~2xc~3*f + 12¥b~3*xc~2*d + (3*%a~2xbxd~3
*f72 + 3*%axb~2xd"3*f"2 + b~3*%d"3*f"2)*x"4 + 4% (3*a"2xbxcxd"2*%f"2 + b~ 3kc*xd”
2%f72 + 3k (cxd"2*xf"2 + 2%d"3*f) *a*b~2)*x"3 + 6x(3*xa"2*b*c”2*d*f"2 + 3*k(c"2x%
d*f~2 + 4dxcxd"2*f)*a*xb”2 + (c™2%d*f"2 + 2*%d"3)*b"3)*x"2 + 4% (3*(c"3*f"2 + 6
*Cc"2xd*f) *a*xb~2 + (c"3*%f72 + 6*%c*d"2)*b"3)*x + ((3*%a”2*b*d"3*xf"2 + 3*axb~2x*
d"3*f72 + b"3*%d"3*xf"2) *kx"4*e” (4*xe) + 4% (3xa”~2xbkxc*d"2xf"2 + 3*axb"2kxckd " 2x*f
2 + b73*ckd"2xf"2) *x"3*e” (4*e) + 6% (3*a”2%b*cT2xd*f"2 + 3xaxb"2kc " 2*xd*xf"2
+ b 3*xcT2xd*f"2) *x"2xe” (4*e) + 4x(3*ka*b”2xc"3*f"2 + b 3*xc"3*kf"2) *x*e” (4*e))
xe” (4*f*x) - 2% ((3*a”~2xbxd"3*f~2 + 3*a*b”2*d"3*f"2 + b~ 3*xd"3*xf"2)*x"4*e” (2%
e) + 4x(3*a"2¥bxcxd"2*f"2 + 3x(ckd"2+%f72 + d"3*f)*axb”2 + (c*d"2*xf"2 + 473*
£)*b~3) *x"3%e” (2%xe) + 6% (3*a~2xb*c ™ 2*xd*f~2 + 3*(c™2xd*f"2 + 2xcxd"2*f)*axb”
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2 + (c72xd*f"2 + 2xcxd"2+f + d73)*b"3)*x"2xe”(2xe) + 4*(3x(c"3*xf"2 + 3kc"2x
dxf)*axb~2 + (c”3*f72 + 3xc”2*d*f + 3*c*d”2)*b"3) *x*ke” (2%e) + 2% (6*a*b"2xc”
3%f + (2xc™3xf + 3xc”2xd)*b"3)*e” (2%e) ) xe” (2xf*x))/ (£ 2xe~ (4*xf*x + 4*e) - 2
*f"2%e” (2x%f*x + 2%xe) + £72) - 2% (9xaxb”2*kc"2xd*xf + (c”3*f72 + 3*c*d”"2)*b"3)
*x/£72 + (9%a*xb"2xc”2*d*f + (c™3*f72 + 3*c*xd~2)*b~3)*log(e~(f*xx + e) + 1)/f
~3 + (9xaxb~2kc"2xd*f + (c"3*f"2 + 3*c*d"2)*b"3)*log(e~(f*x + e) - 1)/£f73 +

(£73*xx"3*log(e”(f*x + e) + 1) + 3*xf~2*x"2xdilog(-e~(f*x + e)) - 6xf*x*poly
log(3, -e~(f*x + e)) + 6%polylog(4, -e”(fxx + e)))*(3*xa~2xbxd~3 + b~3xd"3)/
£74 + (£73*x"3xlog(-e~(f*x + e) + 1) + 3*xf72xx"2*dilog(e” (f*x + e)) - 6xf*x
*xpolylog(3, e~ (f*x + e)) + 6xpolylog(4, e~ (f*x + e)))*(3*xa~2*b*d"3 + b~3*d"
3)/£74 + 3x(3*a~2xb*ckd"2xf + b”~3kcxd"2+f + 3*axb~2*d”3)*(£f"2*x"2*xlog(e” (f*
X + e) + 1) + 2«xf*x*kdilog(-e~(f*x + e)) - 2xpolylog(3, -e~(f*x + e)))/f"4 +
3x (3*a"2xb*xc*d"2xf + b 3*ckd"2xf + 3*kaxb~2xd"3)*(£72xx"2*log(-e” (f*x + e)
+ 1) + 2xfxx*dilog(e~(f*x + e)) - 2xpolylog(3, e~ (f*x + e)))/f74 + 3%(3*a™2
*xbkcT2xd*xf72 + 6*axb"2xckd"2xf + (cT2%d*f72 + d73)*b"3)*x(f*x*log(e”(f*x + e
) + 1) + dilog(-e~(f*x + e)))/f~4 + 3*%(3*%a~2xbxc~2*d*f~2 + 6*a*b~2xcxd~2*f
+ (c72xd*f"2 + d73)*b~3)*(f*x*log(-e~(f*x + e) + 1) + dilog(e~(f*x + e)))/f
~4 - 1/2%((3*%a”2%b*d"3 + b~3*%d"3)*f"4*x"4 + 4*(3*a”2*xbxcxd"2*f + b~ 3*c*kd"2%
f + 3xa*xb”"2%d"3)*f73*x"3 + 6% (3*%a"2xbxc”2*xd*f"2 + 6kaxb"2kxcxd"2*f + (cT2*d*
£72 + d73)*b"3)*£72%x"2)/f74

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 16978 vs.

2(536) = 1072.
time = 0.56, size = 16978, normalized size = 30.54

Too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) ~3*(atb*coth(f*x+e))~3,x, algorithm="fricas")

[Out] 1/4*x((a"3 - 3*a”2*b + 3*a*xb”2 - b~3)*d"3*f"4*x~4 + 4*(a"3 - 3*a”~2*b +
"2 - b73)*kckd"2xf"4*x"3 + 6%(a”3 - 3*a"2%b + 3*kaxb"2 - b"3)*c"2*d*f"4*x"2 +
24%a*xb~2%c”3*f"3 + 4*x(a~3 - 3*a"2%b + 3*axb”2 - b"3)*c"3xf"4xx + 12%b"3*c”
2%d*f~2 + 2% (3*a~2xb + b~3)*d"3*cosh(1)"4 + 2x(3*a~2*b + b~3)*d"3*sinh(1) "4
+ ((a”3 - 3*a™2%b + 3*a*b™2 - b~3)*d"3*f~4*x"4 + 2% (3*a”"2*b + b~3)*d"3*cos
h(1)~4 + 2%(3*a"2%b + b~3)*d"3*sinh(1)~4 - 4*(6*a*b”2*d"3*f~3 - (a~3 - 3*a~
2%b + 3*a*xb”2 - b"3)*c*kd"2*%f"4)*x"3 - 8*(3*axb”2xd"3 + (3*a"2%b + b~ 3)*c*xd”
2*%f)*cosh(1) "3 - 8x(3*a*xb~2*%d"3 + (3*a"2*b + b~3)*cxd~2xf - (3*a~2%b + b~3)
*d~3*cosh(1))*sinh(1) "3 - 6% (12*a*xb~2*c*d"2*f~3 + 2*xb~3*d~3*f~2 - (a3 - 3*
a~2xb + 3*a*b”2 - b73)*cT2*xd*f"4)*x"2 + 12x(6*a*b”2xcxd"2*f + b~3*xd"3 + (3%
a~2xb + b73)*c"2xd*xf"2)*cosh(1) "2 + 12*(6*axb”2*c*d~2*xf + b~3*d~3 + (3*a~2*
b + b73)*c”2xd*f"2 + (3*a”2*b + b~3)*d"3*cosh(1)”~2 - 2*(3*axb”2*d"3 + (3*a~
2%b + b"3)*cxd"2xf)*cosh(1))*sinh(1) "2 - 4x(18*a*xb~2*xc"2*d*f~3 + 6*b~3*c*xd”
2xf72 - (2”3 - 3*a”2%b + 3*axb”2 - b~3)*kc"3*xf"4)*x - 8*k(9xaxb~2xc"2xd*xf"2 +
3*%b~3xcxd"2*f + (3*%a"2*%b + b~3)*c"3*f"3)*cosh(1) - 8*(9*axb™2*c™2xd*xf~2 +

3*axb
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3xb~3kckd"2xf + (3*%a~2x%b + b~3)*c"3*f"3 - (3*a"2xb + b~3)*d"3*cosh(1)"3 + 3
*(3*xa*xb"2+%d~3 + (3*a"2%b + b~3)*c*d"2xf)*cosh(1) "2 - 3*(6*axb~2kc*d"2*xf + b
~3*%d"3 + (3*a~2*b + b~3)*c~2xd*f"2)*cosh(1))*sinh(1))*cosh(f*x + cosh(1l) +
sinh(1))"4 + 4*%((a"3 - 3*a~2*b + 3*a*b™2 - b~3)*d"3*f"4*xx"4 + 2% (3*a~2%b +
b~3)*d"3*cosh(1) "4 + 2*(3*a~2*b + b~3)*d"3*sinh(1) "4 - 4*(6*axb~2xd~3*xf~3 -
(a”3 - 3*a"2xb + 3*a*b”2 - b"3)*cxd"2*xf"4)*x"3 - 8*(3*axb~2*xd"3 + (3*a~2*b
+ b~3)*cxd"2*f)*cosh(1) "3 - 8*(3*a*xb~2+%d~3 + (3*a~2*b + b~3)*c*xd~2xf - (3%
a~2xb + b~3)*d~3*cosh(1))*sinh(1) "3 - 6x(12*a*b~2*xcxd"2*f~3 + 2xb~3*d~3*f~2
- (a3 - 3*%a"2*b + 3*a*b”2 - b"3)*c " 2*kd*f"4)*x"2 + 12*(6*axb"2*c*d"2*f + b
~3*%d"3 + (3*a"2*b + b~3)*c”2xd*f"2)*cosh(1) "2 + 12x(6*a*b~2xcxd"2*f + b~ 3*d
~3 + (3*a"2%b + b"3)*xc"2xd*f"2 + (3*a"2*b + b~3)*d"3*cosh(1)~2 - 2% (3*a*b~2
*d~3 + (3*a"2xb + b~3)*cxd"2*f)*cosh(1))*sinh(1)~2 - 4% (18*axb”~2*c~2*xd*f~3
+ 6*%b~3xcxd"2*%f"2 - (2”3 - 3*a"2xb + 3*a*b”2 - b"3)*c"3*xf"4)*x - 8x(9*a*xb”2
*C"2%d*f"2 + 3*kb"3kckxd"2xf + (3*%a"2%b + b~3)*c"3*f"3)*cosh(1l) - 8*(9*a*b~2*
Cc™2*%d*f~2 + 3*b~3kc*kd"2*f + (3*%a"2%b + b~3)*kc"3*f"3 - (3*%a"2%b + b~3)*d"3*c
osh(1)~3 + 3*(3*xaxb"2*d"3 + (3*a”2%b + b~3)*c*d"2*f)*cosh(1)"2 - 3*(6*a*xb”~2
xcxd"2*xf + b~3*%d"3 + (3*a"2*b + b~3)*c”2*d*f"2)*cosh(1))*sinh(1))*cosh(f*x
+ cosh(1) + sinh(1))*sinh(f*x + cosh(1l) + sinh(1))"3 + ((a"3 - 3*a"2*%b + 3%
a*b”2 - b73)*d"3*xf"4xx~4 + 2% (3*%a"2%b + b~3)*d"3*cosh(1)~4 + 2*%(3*a"2*%b + b
~3)*d"3*sinh(1) "4 - 4*x(6*a*xb~2*xd~3*f~3 - (a"3 - 3*a"2*b + 3*a*b~2 - b~3)*c*
d"2+%f~4)*x"3 - 8% (3*axb"2*%d"3 + (3*a”2%b + b~3)*c*d"2xf)*cosh(1)~3 - 8*(3*a
*b"2+%d"3 + (3*a"2%b + b~3)*cxd"2*f - (3*a"2*b + b~3)*d~3*cosh(1))*sinh(1)"3
- 6x(12*%a*b™2*xcxd"2*f"3 + 2xb~3*d"3*%f"2 - (2”3 - 3*a"2*b + 3*axb”2 - b"3)*
cT2xd*f"4) *x"2 + 12%(6*axb~2xckd"2+xf + b~3*d"3 + (3*a”~2*b + b~3)*c”"2*d*f"2)
xcosh(1) "2 + 12x(6*xaxb~2xcxd~2*xf + b~3*d"3 + (3*a~2*b + b~3)*c"2*d*f"2 + (3
*a"2xb + b~3)*d"3*cosh(1)"2 - 2% (3*a*xb~2*xd"3 + (3*a~2*b + b~3)*c*xd”~2*f)*cos
h(1))*sinh(1)"2 - 4%(18*axb~2xc~2xd*f~3 + 6*%b~3*c*d"2*f"2 - (a~3 - 3*a~2%Db
+ 3*a*xb”2 - b"3)*c"3*f"4)*x - 8*(9*ka*b”2*xc”2xd*f"2 + 3xb"3kc*kd"2xf + (3*a"2
*b + b"3)*c”3*xf"3)*cosh(1l) - 8*(9*axb~2xc~2*d*f~2 + 3*b~3*xckxd~2xf + (3*xa~2x*
b + b73)*c"3*%f"3 - (3*a"2*b + b~3)*d"3*cosh(1)"3 + 3*(3*axb~2*xd"3 + (3*xa~2*
b + b73)*cxd"2*f)*cosh(1)”2 - 3*(6*a*b™2*c*xd"2*xf + b~3*d"3 + (3*a"2*b + b~3
Yxc~2xd*f~2) *cosh (1)) *sinh (1) )*sinh(f*x + cosh(1l) + sinh(1))~4 - 8*(3*axb~2
*d~3 + (3*a"2xb + b~3)*cxd"2*f)*cosh(1)”"3 - 8*(3*xa*xb~2%d~3 + (3*a"2%b + b~3
Yxckd"2+f - (3*%a”2%b + b~3)*d"3*cosh(1))*sinh(1)~3 + 12%(6*axb”~2*c*d~2xf +
b~3*%d~3 + (3*a"2%b + b~ 3)*kc 2xd*f~2)*cosh(1)"2 - 2%((a"3 - 3*a"2*b + 3*axb”
2 - b73)*d"3*%f"4*x"4 + 6%b"3*xc”2*d*f"2 + 2% (3*a"2*b + b~3)*d"3*cosh(1)"4 +
2% (3*xa”~2*%b + b~3)*d"3*sinh(1)~"4 + 4% (3*a*xb”2 + b~3)*c"3*f"3 + 4*((a"3 - 3*a
“2xb + 3*a*b”2 — b”"3)*c*xd"2*xf"4 - (3*xaxb”2 - b"3)*d"3*f"3)*x"3 - 8*(3*axb”~2
*d~3 + (3*a"2xb + b~3)*cxd~2*f)*cosh(1)~3 - 8*(3*xaxb~2%d~3 + (3*a"2%b + b~3
Yxcxd"2xf - (3*%a"2%b + b~3)*d"3*cosh(1))*sinh(1)"3 - 6*%(b~3*d"3*xf~2 - (a3
- 3%a"2*%b + 3*axb”2 - b”3)*c"2xd*f"4 + 2x(3*a*b”2 - b"3)kckd"2*%f"3)*x"2 + 1
2% (6xaxb~2*c*d"2*xf + b~3*%d"3 + (3*a"2*b + b~3)*c"2xd*xf~2)*cosh(1)”2 + 12x(6
*axb~2xc*d"2xf + b"3*d"3 + (3*a"2%b + b"3)*kc"2*d*f"2 + (3*a"2xb + b~3)*d"3*
cosh(1)72 - 2x(3*a*xb~2+%d~3 + (3*a"2*b + b~3)*c*d~2*f)*cosh(1))*sinh(1)"2 -
4% (3xb"3xcxd"2*xf"2 - (a3 - 3*a"2*b + 3*axb”2 - b~3)*c"3*%f"4 + 3*(3*kaxb”2 -
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b~3) *cT2xd*xf"3) *x — 8*(9*ka*b”2*xc”2xd*f"2 + 3*xb"3kckd"2*f + (3*a”2%b + b~3)

*c~3xf"3)*cosh(1) - 8% (9*axb”~2*c 2*xd*f~2 + 3*b~3xcxd"2*f + (3*a"2*b + b~3)*
c~3xf"3 - (3*a"2*b + b~3)*d"3*cosh(1)~3 + 3*(3*a*xb~2*xd"3 + (3*a~2*b + b~3)*
c*d~2*f)*cosh(1) "2 - 3*(6*a*xb~2*xc*d"2*f + b~3*d"3 + (3*a"2%b + b~3)*c 2*d*f
~2)*cosh(1))*sinh(1))*cosh(f*x + cosh(1l) + sinh(1))~2 + 12*(6*axb”~2*c*d~2*xf
+ b"3%d"3 + (3*%a~2*b + b~3)*c”2*d*f"2 + (3*xa~2x%b + b~3)*d"3*cosh(1)"2 - 2%
(3*xa*xb™2+%d"3 + (3*a"2%b + b~3)*c*d~2xf)*cosh(1)...

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (a4 beoth (e + fz))? (c + dz)® dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)**3*(a+b*coth(f*x+e))**3,x)
[Out] Integral((a + bxcoth(e + f*x))**3*(c + d*x)*x3, x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) 3*(atb*coth(f*x+e))~3,x, algorithm="giac")
[Out] integrate((d*x + c)~3*(bxcoth(f*x + e) + a)~3, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/ (a +beoth(e + f2))° (c+dx)’ d

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*coth(e + f*x)) " 3%(c + d*x)~3,x)
[Out] int((a + bxcoth(e + f*x))~3*(c + d*x)~3, x)
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3.48 [(c+ dz)*(a+ beoth(e + fz))’ dx

Optimal. Leaf size=401

b?’cdaerb?’d%v2 _ 3ab’(c+dx)? +a3(c +dz)®  a®b(c+ dx)® Jrab2(c +dz)® b(c+dx)® b’d(c+ dz)coth(
7o 7 3d d d 3d 72

[Out] b~3*cxd*x/f+1/2%b~3*%d~2%x~2/f-3%a*b~2% (d*x+c) ~"2/f+1/3*%a"3*(d*x+c) ~3/d-a"2*b
* (d*x+c) ~3/d+a*xb~2% (d*x+c) ~"3/d-1/3*b~3* (d*x+c) ~3/d-b~3*d* (d*x+c) *coth (f*x+e

) /£72-3%axb~2* (d*x+c) “2*coth (f*x+e) /f-1/2xb~3* (d*x+c) “2*coth (f*x+e) ~2/f+6%a
*b~2xd* (d*x+c) *1n (1-exp (2*f*x+2%e) ) /£~ 2+3%a~2*b* (d*x+c) ~2*1n (1-exp (2*f *x+2x*
e))/f+b~3% (d*x+c) "2*1n(1-exp (2xf*x+2%e)) /f+b~3*d"2*1n(sinh(f*x+e)) /f~3+3*ax
b~2*d~2*polylog(2, exp (2*f*x+2%e)) /£ ~3+3*a~2xb*d* (d*x+c) *polylog(2,exp (2*xf*x

+2x%e) ) /£72+b"3*d* (d*x+c) *polylog(2, exp (2xf*xx+2xe)) /£72-3/2*a”~2xb*d~2*polylo
g(3,exp(2xf*x+2%e))/£73-1/2%b"3*d"2*polylog (3, exp (2xf*x+2%e))/£~3

Rubi [A]

time = 0.50, antiderivative size = 401, normalized size of antiderivative = 1.00, number of

_ _ ; P number of rules __
steps used = 22, number of rules used = 11, integrand size = 20, infegrand size — 0.550,

Rules used = {3803, 3797, 2221, 2611, 2320, 6724, 3801, 2317, 2438, 32, 3556}

Antiderivative was successfully verified.
[In] Int[(c + d*x)~2*(a + b*Coth[e + f*x])~3,x]

[Out] (b~ 3*c*d*x)/f + (b™3*d"2*x72)/(2*f) - (3*a*b™2x(c + d*x)~2)/f + (a"3*(c + d
*x)~3)/(3*%d) - (a"2*b*(c + d*x)~3)/d + (a*b”™2*(c + d*x)~3)/d - (b"3*(c + dx*
x)"3)/(3*d) - (b~3*d*x(c + d*x)*Coth[e + f*x])/f"2 - (3*axb”~2*(c + d*x) 2*Co
thle + fxx])/f - (b™3*(c + d*x)~2xCoth[e + f*x]~2)/(2xf) + (6*a*xb~2xd*x(c +
d*x)*Log[1 - E~(2x(e + f*x))])/f72 + (3*%a"2*b*(c + d*x) 2+Log[l - E~(2%(e +
fxx))1)/f + (b73x(c + d*x)"2xLog[l - E"(2*(e + f*x))])/f + (b~3xd"2xLog[Si
nhle + f*x]])/£°3 + (3*%axb~2xd~2*PolyLog[2, E~(2x(e + fx*x))])/£f"3 + (3*a~2%
bxd*(c + d*x)*PolyLog[2, E"(2*(e + £*x))])/f"2 + (b"3*d*(c + d#*x)*PolyLogl[2
, ET(2%(e + £*x))])/£72 - (3*a"2xbxd~2+PolyLog[3, E~(2x(e + fxx))])/(2%£73)
- (b”3*%d"2xPolyLog[3, E~(2*x(e + f*x))])/(2%x£73)

Rule 32

Int[((a_.) + (b_.)*(x_))"(m_), x_Symbol] :> Simp[(a + b*x)"(m + 1)/(b*(m +
1)), x]1 /; FreeQ[{a, b, m}, x] && NeQ[m, -1]

Rule 2221

Int [CCCF) " ((g_ ) *((e_.) + (£_)*(x))))"(a_.)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
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[((c + d*x)~m/(b*f*g*nxLog[F]))*Log[1l + bx((F~(gx(e + f*x)))"n/a)], x] - Di
st [d* (m/ (bxf*gxn*Log[F])), Int[(c + d*x)~(m - 1)*Logl[l + b*((F~(g*(e + f*x)
))°n/a)], x], x] /; FreeQ[{F, a, b, c, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2317

Int[Logl(a_) + (b_.)*((F_)"((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*exn*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°n], x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, O]

Rule 2320

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Dist[v/D[v, x]
, Subst[Int [FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
onOfExponentialQ[u, x] && !MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 2438

Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"nl/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[c*d, 1]

Rule 2611

Int[Log[l + (e_)*((F_)~((c_.)*((a_.) + (b_)*(x_))))"(n_.)I*x((f_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g*x)~m)*(PolyLogl[2, (-e)*(F~(cx(a +
b*x)) ) n]/(b*c*n*Log[F])), x] + Dist[g*(m/(bxcxn*Log[F])), Int[(f + g*x)~(m
- 1)*PolyLog[2, (-e)*(F~(cx(a + b*x)))"n], x], x] /; FreeQ[{F, a, b, c, e,
f, g, n}, x] & GtQ[m, O]

Rule 3556

Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + d
*x], x]1/d, x] /; FreeQl{c, d}, xI

Rule 3797

Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (Complex[0, fz_])*(f_
O*(x_)], x_Symbol] :> Simp[(-I)*((c + d*x)"(m + 1)/(d*(m + 1))), x] + Dist
[2%I, Int[((c + d*x)"m*(E~(2%x((-I)*e + fxfzxx))/(1 + E~(2%((-I)*e + fxfz*xx)
)/E~ (2xIxk*Pi))))/E~(2*%Ixk*Pi), x], x] /; FreeQl[{c, d, e, f, fz}, x] &% Int
egerQ[4*k] && IGtQ[m, O]

Rule 3801
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Int[((c_.) + (d_.)*(x_))"(m_.)*((b_.)*tan[(e_.) + (£_.)*(x_)])"(n_), x_Symb
0l] :> Simp[b*(c + d*x) m*((b*Tan[e + f*x])~(n - 1)/(fx(n - 1))), x] + (-Di
st [b*xd*(m/(fx(n - 1))), Int[(c + d*x)"(m - 1)*(b*Tan[e + f*x])"(n - 1), x],

x] - Dist[b~2, Int[(c + d*x) m*(b*xTan[e + f*x])~(n - 2), x], x]) /; FreeQ[

{b, c, d, e, £}, x] && GtQ[n, 1] && GtQ[m, O]

Rule 3803

Int[((c_.) + (@_)*(x_))"(m_.)*((a_) + (b_.)*tan[(e_.) + (£_)*(x_)1)"(n_.)
, Xx_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + b*Tan[e + f*x])"n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, 0]

Rule 6724

Int [PolyLog[n_, (c_.)*((a_.) + (b_)*(x_))"(p_.01/C(d_.) + (e_.)*(x))), x_S
ymbol] :> Simp[PolyLog[n + 1, c*(a + b*x)"pl/(exp), x] /; FreeQ[{a, b, c, d

, e, n, p}, x] && EqQ[bxd, axe]

Rubi steps

/(c + dz)?*(a + beoth(e + fx))* dz = / (a®(c + dz)? + 3a®b(c + dz)? coth(e + fz) + 3ab®(c + dx)? coth®

_ d*(c+dx)?

=—— "+ (3a°) /(c + dz)? coth(e + fz) dz + (3ab?) /(c + a

3d

_ d*(c+dx)®  d*b(c+dz)®  3ab*(c+dx)®coth(e+ fz) b(c+

3d d

f

ab’(c+dzx)®> b

f 3d

_ 3ab?(c + dx)* N a’(c+dz)®  a®b(c+dr)®

d

d

a’(c+dz)®  a’b(c+dz)®  a

_ bVedz  B*dPz®  3ab’(c+ da)® N

Y f

_ bledz | b’d’z®  3ab’(c +dz)? N

3d

a’(c+dz)®  a*b(c+dz)® L

d -

Y f

_ bledr | BdPz? 3ab?(c+ dx)? N

3d

a’(c+dz)®  a’b(c+dz)® L

d

fT e T

_ bVedz  B*dPz®  3ab’(c+ da)? N

3d

d

a’(c+dz)®  a’b(c+dz)®  a

_|__

Y f

Mathematica [C] Result contains complex when optimal does not.
time = 10.57, size = 1885, normalized size = 4.70

3d

d
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Warning: Unable to verify antiderivative.

[In] Integrate[(c + d*x)~2x(a + bxCoth[e + f*x])~3,x]

[Out] -1/4%(a~2%b*d~2*Cschle]* (2*f~2xx~2* (2%xE~(2xe) *xf*x - 3% (-1 + E~(2xe))*Log[1
- E"(2%(e + £*x))]) - 6x(-1 + E~(2%xe))*f*x*PolyLog[2, E~(2*(e + f*x))] + 3x*
(-1 + E~(2xe))*PolyLog[3, E"(2x(e + f*x))]))/(E"e*f"3) - (b~3*d~2*Cschle]*(
2xf72xx"2% (24E~ (2%e) xf*xx - 3% (-1 + E~(2%e))*Log[l - E~(2%(e + f*x))]) - 6%*(
-1 + E~(2%e))*fxx*PolyLog[2, E~(2%(e + f*x))] + 3*(-1 + E~(2*e))*PolyLogl[3,
ET(2x(e + £*x))]))/(124E"e*f~3) - (b~3*d"2*Csch[e]*(-(f*xxCosh[e]) + Logl[C
osh[f*x]*Sinh[e] + Cosh[e]l*Sinh[f*x]]*Sinh[e]))/(£f~3*%(-Cosh[e]"2 + Sinh[e]”
2)) - (6*axb~2xc*d*Csch[e]*(-(f*x*Cosh[e]) + Log[Cosh[f*x]*Sinh[e] + Coshl[e
1*Sinh[f*x]]#*Sinh[e])) /(£ 2x(-Cosh[e] "2 + Sinh[e]~2)) - (3*a~2xbxc~2*Cschle
1*(-(f*x*Cosh[e]) + Log[Cosh[f*x]*Sinh[e] + Cosh[e]*Sinh[f*x]]*Sinh[e]))/(£f
*x(-Cosh[e]~2 + Sinh[e]~2)) - (b~3%c~2*Csch[e]*(-(f*x*Cosh[e]l) + Log[Cosh[fx*
x]*Sinh[e] + Cosh[el*Sinh[f*x]]*Sinh[e]))/(f*(-Cosh[e]"2 + Sinh[e]"2)) + (C
sch[e]*Csch[e + f*xx] 2*%(-6*%b~3*c*d*Cosh[e] - 18*axb~2xc~2xf*Cosh[e] - 6*%b~3
*d~2*x*Cosh[e] - 36*axb~2xcxd*f*x*Cosh[e] - 18*a”2xbxc~2*xf 2xx*Cosh[e] - 6%
b~3*c"2+xf"2xx*Cosh[e] - 18*a*b~2xd~2*f*x"2*Cosh[e] - 18*a”~2*b*c*d*f~2xx~2*C
osh[e] - 6*b~3*cxd*xf~2*x"2*xCosh[e] - 6*a~2xb*d~2*f~2xx"3*Cosh[e] - 2%b~3*d~
2+%f~2xx"3*Cosh[e] + 6*b~3*cxd*Cosh[e + 2xf*xx] + 18*axb~2xc”2*f*Coshl[e + 2xf
*x] + 6*%b"3*d"2*x*Coshl[e + 2xfxx] + 36*a*b”2*ckd*f*x*Coshl[e + 2*xf*x] + 9*a”
2%bxc”2*xf"2*x*Cosh[e + 2*f*x] + 3*b~3*c~2xf~2*x*Cosh[e + 2*f*x] + 18*a*b~2%
d"2+f*x"2*Cosh[e + 2xf*x] + 9*a”~2*b*c*d*f~2xx"2*Cosh[e + 2*f*x] + 3*b~3*c*d
*f~2xx"2*%Cosh[e + 2*f*x] + 3*a”2%b*d~2xf"2*x"3*Cosh[e + 2*f*x] + b~3*d"2xf~
2*%x~3*Cosh[e + 2xf*xx] + 9*a~2xbkxc 2*f 2xx*Cosh[3*e + 2xf*x] + 3*xb~3*c 2%xf~2
*x*xCosh[3*e + 2xf*xx] + 9*a~2xbkxc*d*f ~2xx"2*Cosh[3*xe + 2*f*x] + 3*b~3*c*xd*f~
2+%x~2xCosh[3*e + 2xf*xx] + 3*a~2%bxd"2*f 2xx"3*Cosh[3*e + 2*f*x] + b~ 3*d"2xf
~2xx"3*Cosh[3*e + 2*f*x] - 6*b~3*c”2xf*Sinh[e] - 12*xb~3*c*d*f*x*Sinh[e] - 6
*a~3xc”"2+%f"2xx*Sinh[e] - 18*a*b”2*c”2*xf"2*x*Sinh[e] - 6*b~3*d~2*f*x~2*Sinh [
e] - 6*xa”3*c*d*f~2xx"2*Sinh[e] - 18*a*xb~2xckxd*f ~2*x~2*Sinh[e] - 2*a”~3*d~2xf
~2xx~3*Sinh[e] - 6*a*b~2xd~2*f " 2*x"3*Sinh[e] - 3*a~3*%c”2*f " 2xx*Sinh[e + 2*f
*x] - 9*axb”2xc 2xf"2xx*Sinh[e + 2*f*x] - 3*a " 3kckd*f~2xx"2*Sinh[e + 2*f*x]
- Okaxb~2kckd*xf~2xx"2*Sinh[e + 2*f*x] - a~3*%d"2*xf 2*xx"3*Sinh[e + 2*f*x] -
3*xaxb~2xd"2+f"2xx"3*Sinh[e + 2*f*x] + 3*a~3*kc”2*f 2*xx*Sinh[3*e + 2xf*x] + 9
*axb~2xc " 2+f "2xx*Sinh [3*xe + 2*%f*x] + 3*a”~3kckd*f " 2xx"2+Sinh[3*e + 2*fxx] +
Oxaxb~2kxckd*f "2xx"2*Sinh [3*xe + 2*%f*x] + a~3*d"2*%f 2*xx"3*Sinh[3*e + 2*f*x] +
3kaxb~2xd"2*xf "2xx"3*%Sinh [3*e + 2*f*x]))/(12*xf~2) - (3*a*b~2*d"2*Cschle]*Se
chlel*((f~2*xx~2) /E"ArcTanh[Tanh[e]] - (I*(-(f*x*(-Pi + (2*%I)*ArcTanh[Tanh[e
11)) - PixLogl[l + E~(2%f*x)] - 2% (I*fxx + I*ArcTanh[Tanh[e]])*Log[1l - E~((2
*I)* (I*f*x + IxArcTanh[Tanh[e]]))] + PixLog[Cosh[f*x]] + (2*I)*ArcTanh[Tanh
[e]]1*Log[I#Sinh[f*x + ArcTanh[Tanh[el]]] + I*PolyLog[2, E~((2*I)*(I*f*x + I
*ArcTanh [Tanh[e]]))])*Tanh[e])/Sqrt[1 - Tanh[e]~2]))/(£73*Sqrt[Sech[e] ~2%(C
osh[e]~2 - Sinh[e]~2)]) - (3%a~2%bxc*d*Csch[e]*Sech[e]*((f~2*x~2)/E~ArcTanh
[Tanh[e]] - (I*(-(f*x*x(-Pi + (2*I)*ArcTanh[Tanh([e]])) - PixLog[l + E~(2*fx*x
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)] - 2% (Ixf*x + I*ArcTanh[Tanh[e]])*Log[l - E~((2*I)*(I*f*x + IxArcTanh[Tan
h[el]l))] + PixLog[Cosh[f*x]] + (2xI)*ArcTanh[Tanh[e]]*Log[I*Sinh[f*x + ArcT
anh[Tanh[e]]]] + I*PolyLogl[2, E~((2*I)*(I*f*x + I*ArcTanh[Tanh[e]]))])*Tanh
[el)/Sqrt[1 - Tanh[e]~2]))/(£~2*Sqrt[Sech[e] “2*(Cosh[e]~2 - Sinh[e]~2)]) -
(b~3%c*d*Csch[e]*Sech[e]l *((£f72*x~2) /E"ArcTanh[Tanh[e]] - (I*(-(f*x*x(-Pi + (
2xI)*ArcTanh([Tanh([e]])) - PixLog[l + E~(2*f*x)] - 2% (Ixf*x + I*ArcTanh[Tanh
[e]l])*Log[1l - E~((2*I)*(I*f*x + IxArcTanh[Tanh[el]))] + Pix*Log[Cosh[f*x]] +

(2%I)*ArcTanh[Tanh[e]]*Log[I*Sinh[f*x + ArcTanh[Tanh[e]]]] + I*PolyLogl[2,
E~((2+I)*(I*f*x + I*ArcTanh[Tanh[el]))])*Tanh[el)/Sqrt[1 - Tanh([e]~21))/(£f"
2xSqrt [Sech[e] "2*(Cosh[e] "2 - Sinh[e]~2)])

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 1585 vs.
2(389) = 778.
time = 3.69, size = 1586, normalized size = 3.96

method | result size

risch Expression too large to display | 1586

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x+c) 2x(at+b*coth(f*x+e)) 3,x,method=_RETURNVERBOSE)

[Out] -6/f"3%b~2%axd~2*e”~2+1/f"3%b~3*d"2*e~2*1n(exp(f*x+e)-1)+3/f*b*xa~2*c"2x1n(ex
p(f*x+e)-1)+3/f*b*a~2xc~2*1n(exp (f*x+e)+1)-2/f"3xb~3*%d"2*e~2x1n (exp (f*x+e))
-6/f*b*a~2xc~2*1n(exp(f*x+e))-6/f"3*xbxa~2*d"2*polylog(3,-exp(f*x+e))-6/f"3*
bxa~2xd"2*polylog(3,exp(f*x+e))+1/f*b"3*1n(1-exp (f*x+e))*d"2xx"2+2/f"2xb" 3%
polylog(2,exp (f*x+e))*d~2*x+1/f*b~3*1n(exp (f*x+e)+1) *d~2*%x~2+2/f~2*%b~3*poly
log(2,-exp(f*x+e))*d~2*x+6/f ~3*b~2*a*xd~2*polylog(2,-exp(f*x+e))+6/f"3%b~2*a
*d~2*polylog(2,exp(f*x+e))+2/f"2xb~3*c*d*polylog(2,-exp (f*x+e))+2/f"2%b~3*c
*xdxpolylog(2,exp(f*x+e))-1/£"3*b"3x1n(1-exp (f*x+e))*d~2*%e~2-12/f*bxa~2*c*d*
e*xx+6/f*b*1n(1-exp (f*x+e))*a~2xcxd*x+6/f " 2xbx1n(1-exp (f*x+e) ) *a~2*c*d*e+6/f
*bx1n (exp (f*x+e)+1) *a~2*c*xd*x-6/f ~2*b*a~2*c*d*ex1ln(exp (f*x+e)-1)+12/f"2xb*a
~2%cxd*e*x1n(exp (f*x+e))-6/f"3*xb"2%xa*d"2xe*1n(exp (f*x+e)-1)+12/f"3*xb"2%a*d"2
*xex1n (exp (f*x+e))+3/f*b*1n (exp(f*x+e)+1)*a~2xd~2*x"2+6/f ~2*b*polylog(2,-exp
(fxx+e) ) *a~2xd~2+x+3/f*bx1n(1-exp (f*x+e))*a~2*%d"2*x~2+6/f " 2*b*polylog(2, exp
(fxx+e) ) *a~2xd~2+x+6/f"3xb~2*1n (1-exp(f*x+e) ) *axd~2xe+6/f " 2xbxa~2*c*d*polyl
0g(2,-exp(f*xx+e))+6/f"2xbxa~2*c*kd*polylog(2,exp (f*x+e))-3/£ 3*b*1ln(1-exp(f*
x+e) ) *a~2xd"2%e"2+3/f " 3*b*a~2*d"2*e”2*1n (exp (f*x+e)-1) -6/f"3*b*a~2*d"2*e " 2%
1n(exp(f*x+e))+6/f"2xb~2*a*c*d*1ln(exp (f*x+e)+1)+6/f " 2*%b~2*axc*d*1n (exp (f*x+
e)-1)-2/£"2%b"3xc*d*e*x1n(exp(f*x+e)-1)-12/f"2xb~2*a*c*d*1ln(exp(f*x+e))-12/f
“2xb~2%a*xd"2xe*xx-4/f*b"3xc*d*e*xx+4/f " 2+%b"3kckxd*e*1n (exp (f*x+e))+2/f*b"3*1n(
exp (f*x+e) +1) xcxd*x+2/f*b~3*1n(1-exp (f*x+e) ) *ckd*x+2/f~2*%b"3*1n(1-exp (f*x+e
))*cxd*e+6/f"2xb~2*1n (1-exp (f*x+e) ) *a*d~2*x+6/f~2%b~2x1n (exp (f*x+e)+1) *a*xd™
2%x+6/f72%b*a~2xd"2%e"2%x-6/f " 2*b*a~2kckd*e~2-d"2%a"2¥bxx"3+d"2*axb”~2*x"3+d
*a~3%c*kx"2-d*b " 3*ckx"2+a"3*CcT2*x+b " 3*c"2%x+1/d*a"2%b*c"3+1/d*a*b"2xc"3+2/f"
2%b~3xd"2%e"2%x-6/f*b"2%axd"2*%x"2-2/f"2*%b"3*ckxd*e”2+4/f "3*b*a"2xd"2*e~3+1/f
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*b~3%c”2*1n (exp(f*x+e)+1)-2/fxb~3*c~2x1n(exp (f*x+e) ) +1/£~3*b~3*d"2*1n (exp (f
xx+e)-1)+1/£73%b~3*%d"2*1n (exp (f*x+e)+1) -2/f~3*%b"3*xd~2*1n (exp (f*x+e) ) -2/f 3%
b~3*xd~2*polylog(3,-exp (f*x+e))-2/f"3*%b~3*xd~2*polylog(3,exp(f*x+e))+1/3/d*b~
3xc~3+1/3*%d"2*a"3*x"3-1/3*%d"2*b"3*x"3+1/3/d*a”3*xc"3+3*a*b~2*c”2*x-3*d*a”2*b
*xC*xX " 2+3*kd*axb 2% ckx"2+3%a”~2%bkc"2*x+4/3/f"3*xb"3*%d"2*e~3+1/f*b"3*xc~2*1n(exp
(fxx+e)-1)-2xb~ 2% (3*xa*xd~2*f*x~2%exp (2*f*xx+2%e) +b*d~2*f*x " 2%exp (2*fxx+2%e) +6
xaxckd*f*rxkexp (2*%f*x+2xe) +2xbxcxd*f*rxkexp (2*f*x+2xe) +3*axc”2*f*exp (2+f *x+2%
e) —3xaxd"2xf*x"2+bxc"2xf*exp (2*xf*x+2%e) +b*d~2*x*exp (2*f *x+2%e) —6*kakckd*f*x+
b*ckd*xexp (2*f*x+2%e) -3*kaxc™2xf-b*d~2*x-b*c*d) /£~2/ (exp (2*f*x+2%e)-1) "2

Maxima [B] Leaf count of result is larger than twice the leaf count of optimal. 952 vs.
2(398) = 796.
time = 0.38, size = 952, normalized size = 2.37

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) ~2*(a+b*coth(f*x+e)) 3,x, algorithm="maxima")

[Out] 1/3*%a"3%d"2*x"3 + a~3*c*d*x~2 + a~3*%c™2xx + 3*a~2xbxc~2*log(sinh(f*x + e))/
f + 1/3%x(18*a*xb~2xc”2*f + 6xb~3*kckd + (3*a”~2%b*d~2*xf~2 + 3*a*xb~2xd"2*f"2 +
b~3*%d"2*%f"2) *x"3 + 3*%(3*ka"2xbxckd*f~2 + b 3kckd*f"2 + 3k (cxd*f~2 + 2x%d"2x*f)
*¥a*¥b"2)*x"2 + 3% (3% (c™2xf72 + 4kcxd*f)*axb”2 + (c”2*£72 + 2xd”2)*b"3)*x + (
(3*a"2%b*d"2*xf~2 + 3*axb~2xd"2*f~2 + b"3*d"2*f"2) *x"3*e” (4*e) + 3*(3*xa~2*xbx*
cxd*xf~2 + 3xaxb~2kc*kd*f~2 + b~ 3*kckd*f~2)*kx"2%e” (4*xe) + 3*(3*xaxb"2*c 2xf"2 +
b7 3*%c"2xf"2) kx*ke” (4xe) ) ke” (4*fxx) — 2% ((3*a~2xb*d"2+%f~2 + 3*a*xb~2xd~2*f"2
+ b73%d"2*xf"2) *x"3*e” (2%e) + 3*(3*ka"2xbxckxd*f~2 + 3k (ckd*f"2 + d72*f)*axb”"2
+ (c*d*£f~2 + d”2+f)*b~3) *x"2xe” (2xe) + 3*(3x(c™2*xf~2 + 2*cxd*xf)*a*xb~2 + (c
“2xf72 4+ 2%cxdxf + d72)*b73)*x*ke” (2xe) + 3*%(3*xaxb"2kc”2+f + (c"2*%f + cxd)x*b
~3)xe” (2%e) ) xe” (2xf*x) ) / (£~ 2xe” (4*f*x + 4*e) - 2xf~2xe” (2*f*x + 2%e) + £72)
- 2x(6*xaxb”2*xcxdxf + (c™2*xf~2 + d"2)*b"3)*x/f"2 + (3*a"2%b*d"2 + b"3*d"2)*
(f72*x"2*log(e~(f*x + e) + 1) + 2*f*xx*xdilog(-e~(f*x + e)) - 2xpolylog(3, -e
“(f*x + e)))/f73 + (3*¥a”2xbxd"2 + b~3xd"2)*(£72xx"2xlog(-e~(f*x + e) + 1) +
2¢f*x*dilog(e” (f*x + e)) - 2*xpolylog(3, e~ (f*x + e)))/f~3 + 2x(3*a~2*b*c*d
xf + b™3*kckxdxf + 3*kaxb~2xd"2)*(f*xxlog(e”(f*x + e) + 1) + dilog(-e~(f*x + e
)))/£73 + 2%(3xa~2*b*ckd*f + b~ 3kckdxf + 3*axb~2xd"2)*x(f*xxlog(-e~(f*x + e)
+ 1) + dilog(e~(f*x + e)))/f"3 + (6*a*b~2*c*d*f + (c™2*f72 + d~2)*b~3)*log
(e”(f*x + e) + 1)/£73 + (6*%a*b™2kckd*f + (c™2xf72 + d72)*b~3)*log(e” (f*x +
e) - 1)/f73 - 2/3*x((3*a"2%b*xd"2 + b~3*d"2)*f"3*x"3 + 3*(3*a~2xbxcxd*f + b~3
xcxdxf + 3*axb~2xd"2)*f"2xx~2)/f"3

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 9165 vs.
2(398) = 796.
time = 0.50, size = 9165, normalized size = 22.86

Too large to display
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) ~2*(at+b*coth(f*x+e)) 3,x, algorithm="fricas")

[Out] 1/3*((a”3 - 3*a”2*b + 3*a*xb”2 - b~3)*d"2*f"3*x~3 + 3*(a"3 - 3*a”~2*b +
“2 - b73)kckd*f"3*x"2 + 18*axb"2xc”2xf"2 + 3x(a”3 - 3*a"2xb + 3*xa*xb”"2 - b~3
)*xc"2*%f73%x + 6*b " 3*ckdxf - 2% (3*%a"2xb + b~3)*d"2*cosh(1)~3 - 2*(3*a"2xb +
b~3)*d"2*sinh(1) "3 + ((a”3 - 3*a"2xb + 3*a*b~2 - b~3)*d"2*xf"3*x~3 - 2x(3*a”
2%b + b~3)*d"2*cosh(1)"3 - 2*(3*a"2%b + b~3)*d"2*sinh(1) "3 - 3*(6*a*b”2*d"2
*f~2 - (a3 - 3*a”2*b + 3*axb”2 - b~ 3)*ckd*f"3)*x"2 + 6*%(3*axb”2xd"2 + (3*a
~2xb + b~3)*ckxd*xf)*cosh(1)~2 + 6*(3*xaxb”2xd"2 + (3*a~2*b + b~3)*ckd*f - (3%
a~2*%b + b~3)*d"2*xcosh(1))*sinh(1) "2 - 3*(12*a*xb~2xckxd*f~2 + 2*%b~3*d"2*f - (
a~3 - 3*a”2%b + 3*axb”2 - b~3)*c"2*f"3)*x — 6% (6*axb"2kckd*f + b~3*d"2 + (3
*a"2%b + b~3)*c"2*f"2)*cosh(1) - 6*(6xaxb”~2*c*d*f + b~3*d"2 + (3*a"2%b + b~
3)*xc”2xf"2 + (3*a~2*b + b~3)*d"2*cosh(1)~2 - 2% (3*xaxb”2*d"2 + (3*a"2%b + b~
3) *xcxd*xf)*cosh(1))*sinh(1))*cosh(f*x + cosh(1l) + sinh(1))"4 + 4%x((a"~3 - 3*a
~2%b + 3*a*b”2 - b73)*xd"2*xf"3*%x"3 - 2% (3*a"2*b + b~3)*d"2*xcosh(1)"3 - 2*(3*
a~2*%b + b"3)*d"2*xsinh(1)"3 - 3*(6*a*b”~2xd"2*xf~2 - (a~3 - 3*a~2%b + 3*a*xb~2
- b73)*ckd*f~3)*x"2 + 6% (3*xaxb”2*d"2 + (3*a”2%b + b~3)*c*d*f)*cosh(1)"2 + 6
*(3*xaxb"2+%d"2 + (3*a"2%b + b~3)*ckd*f - (3*a”2*b + b~3)*d"2*cosh(1))*sinh(1
)72 - 3% (12*xaxb~2*c*xd*f~2 + 2*%b"3*xd"2*f - (a~3 - 3*a"2%b + 3*a*xb”2 - b~3)*c
“2%f73)*x - 6*%(6kaxb”2xckd*f + b"3*%d"2 + (3*a"2*b + b~3)*c"2xf~2)*cosh(1l) -
6% (6xaxb~2*c*xd*xf + b~3*d"2 + (3*a”2%b + b~3)*c"2xf"2 + (3*a"2*b + b~3)*d"2
*cosh(1) "2 - 2% (3*axb~2xd~2 + (3*a~2*b + b~3)*c*d*f)*cosh(1))*sinh(1))*cosh
(f*x + cosh(1) + sinh(1))*sinh(f*x + cosh(l) + sinh(1))"3 + ((a~3 - 3*a~2+*b
+ 3*axb”2 - b"3)*d"2*xf"3*x"3 - 2*x(3*a"2*b + b~3)*d"2*cosh(1) "3 - 2x(3*a"2*
b + b~3)*d"2*sinh(1) "3 - 3*(6*a*xb~2*xd"2*xf~2 - (a3 - 3*a~2*b + 3*a*xb”2 - b~
3)*cxd*xf~3)*x"2 + 6% (3*a*b”2xd"2 + (3*a"2*b + b~3)*cxd*xf)*cosh(1)~2 + 6*(3*
a*xb~2xd"2 + (3*a"2xb + b~3)*cxd*f - (3*a"2*b + b~3)*d"2*cosh(1))*sinh(1)~2
- 3x(12*%a*b™2*cxd*xf~2 + 2*%b~3*xd"2*f - (a~3 - 3*a"2%b + 3*a*b”2 - b~3)*c"2*f
~3)*x — 6% (6*axb”2*c*d*f + b"3*d"2 + (3*a”2%b + b~3)*kc"2*%f~2)*cosh(1) - 6*(
6*axb”~2kckxd*xf + b~3*d"2 + (3*a"2%b + b"3)*c"2*xf"2 + (3*a"2%b + b~3)*d"2*cos
h(1)72 - 2% (3*a*b~2%d"2 + (3*a~2*b + b~3)*c*d*f)*cosh(1))*sinh(1))*sinh(f*x
+ cosh(1) + sinh(1))"4 + 6%(3*a*b~2*d~2 + (3*a"2*b + b~3)*c*xd*f)*cosh(1) "2
- 2x((a"3 - 3*a"2*b + 3*a*b”2 - b"3)*d"2*xf"3*x"3 + 3*b"3kckdxf - 2% (3*a"2*
b + b"3)*d"2*cosh(1)~3 - 2*(3*a~2*b + b~3)*d"2*sinh(1)~3 + 3*(3*a*b~2 + b~3
Yxc"2+%f72 + 3% ((a”3 - 3*a”"2*b + 3*xaxb”2 - b~3)*cxd*f~3 - (3*xaxb”2 - b~3)*d”
2%f"2)*x"2 + 6% (3*xaxb”2*%d"2 + (3*a"2*b + b~ 3)*ckxd*f)*cosh(1)~2 + 6*%(3*axb~2
*d~2 + (3*%a"2xb + b~3)*cxd*xf - (3*a~2*b + b~3)*d"2*cosh(1))*sinh(1)72 - 3%(
b~3xd~2*xf - (a3 - 3*a”~2*b + 3*axb~2 - b~3)*c"2*%f"3 + 2% (3*%axb”2 - b~3)*c*xd
*f~2)*x — 6% (6*axb~2*ckd*xf + b"3*d"2 + (3*a"2%b + b~3)*c"2*%f~2)*cosh(1) - 6
* (6xaxb~2*ckxd*xf + b~3*%d"2 + (3*a”2%b + b~3)*c"2*xf~2 + (3*a"2*b + b~3)*d"2*c
osh(1)72 - 2x(3*a*xb~2*%d"2 + (3*a~2*b + b~ 3)*c*xd*f)*cosh(1))*sinh(1))*cosh(f
*x + cosh(1) + sinh(1))72 + 6*(3*a*b~2*xd"2 + (3*a"2*b + b~3)*cxd*xf - (3*a”~2
*b + b~3)*d"2*cosh(1))*sinh(1)72 - 2x((a"3 - 3*a"2*b + 3*a*xb~2 - b~3)*d~2*f

3*axb
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“3%x”"3 + 3*b"3kckxd*f - 2*x(3*a”"2*b + b~3)*d"2*cosh(1)”"3 - 2% (3*xa"2*b + b~3)*
d"2*sinh(1)"3 + 3*(3*a*xb”2 + b~3)*c"2*%f"2 + 3*x((a"3 - 3*a"2*b + 3*a*xb™2 - b
“3)*xckd*f~3 - (3*axb”2 - b~3)*kdA"2*%f"2)*x”"2 + 6% (3*axb"2*d"2 + (3*a"2%b + b~
3) *c*kd*f)*cosh(1)"2 - 3*x((a”3 - 3*a"2*b + 3*a*xb™2 - b~3)*d"2*f"3*x"3 - 2*(3
*a"2%b + b~3)*d"2*%cosh(1)~3 - 2% (3*%a~2*b + b~3)*d"2*sinh(1)~3 - 3*(6*a*b~2*
d"2xf~2 - (a”3 - 3*a~2%b + 3*axb~2 - b~3)*kckd*f"3)*x"2 + 6x(3*kaxb”2xd"2 + (
3*%a~2xb + b~3)*ckxd*xf)*cosh(1)"2 + 6*(3*xaxb™2*d"2 + (3*a"2%b + b~3)*c*d*f -

(3*a"2%b + b~3)*d"2*cosh(1))*sinh(1)~2 - 3*(12*xa*xb~2kc*d*f~2 + 2%b~3*d~2*f
- (a3 - 3*a"2*b + 3*a*b”2 - b"3)*c"2*f"3)*x - 6x(6xaxb"2xckd*f + b"3*d"2 +
(3%a"2%b + b~3)*c"2*%f"2)*cosh(1) - 6x(6*a*b~2xcxd*f + b~3*xd"2 + (3*a~2xb +
b~3)*xc™2xf"2 + (3*a"2%b + b~3)*d"2*cosh(1)~2 - 2*(3*a*b~2*d"2 + (3*xa~2xb +
b~3) *cxd*f)*cosh(1))*sinh (1)) *cosh(f*x + cosh(1l) + sinh(1))"2 + 6x(3*axb~2
*d~2 + (3*%a"2xb + b"3)*cxdxf - (3*a~2xb + b~3)*d"2*cosh(1))*sinh(1)"2 - 3*(
b~3*%d"2*xf - (a3 - 3*a"2*b + 3*a*xb"2 - b"3)*c"2*f"3 + 2*(3*axb”2 - b~3)*cxd
*f~2)*kx - 6% (6*axb”2*c*d*f + b~3*d"2 + (3*a”2%b + b~3)*c"2*f"2)*cosh(1) - 6
* (6xaxb”~2*ckxd*xf + b"3*%d"2 + (3*a”2%b + b~3)*c”2*xf"2 + (3*a"2xb + b~3)*d"2*c
osh(1)7"2 - 2% (3*xa*xb~2*d"2 + (3*a”2*b + b~3)*c*d*f)*cosh(1))*sinh(1))*sinh(f
*x + cosh(1) + sinh(1))72 - 6*x(6*a*xb~2xcxd*f + b~3*d"2 + (3*a~2xb + b~3)*c”
2%f~2)*cosh(1) + 6x(3*a*xb~2*%d"2 + (3*a"2*%b + b~3)*d"2xf*x + (3*a*b~2*d"2 +

(3*a”2%b + b~3)*d"2*f*x + (3*a"2%b + b~3)*c*d*f)*cosh(f*x + cosh(1l) + sinh(
1))74 + 4x(3*a*b™2xd"2 + (3*a"2xb + b~3)*d"2xf*x + (3*a~2*b + b~3)*ckxd*f)*c
osh(f*x + cosh(1l) + sinh(1))*sinh(f*x + cosh(1l) + sinh(1))"3 + (3*axb~2xd~2
+ (3*%a"2xb + b~3)*d"2xf*x + (3*a”"2*b + b~3)*ckd*f)*sinh(f*x + cosh(1l) + si
nh(1))~4 + (3*%a"2%b + b~3)*c*d*f - 2% (3*a*xb~2*xd"2 + (3*a~2%b + b~3)*d~2kf*x
+ (3*%a”~2*b + b~3)*c*d*f)*cosh(f*x + cosh(l) + sinh(1))"2 - 2%(3*a*b~2*d"2
+ (3*%a"2xb + b~3)*d"2xf*x + (3*%a"2*b + b~3)*cx*d...

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (a + beoth (e + fz))® (c + dz)® da

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)**2*(atb*coth(f*x+e))**3,x)
[Out] Integral((a + bxcoth(e + f*x))**3%(c + d*x)**2, x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) ~2*(a+b*coth(f*x+e)) 3,x, algorithm="giac")
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[Out] integrate((d*x + c)~2*(bxcoth(f*x + e) + a)~3, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/ (a4 beoth(e + fz))® (c+ dz)* dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + bxcoth(e + f*x))~3*(c + d*x)~2,x)
[Out] int((a + b*coth(e + f*x)) " 3*(c + d*x)~2, x)
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3.49 [(c+ dz)(a+ bceoth(e + fz))* dx

Optimal. Leaf size=261

b*dx 3 a®(c+dx)? 3a’b(c+dz)? b(c+dz)? bddcoth(e + fz) 3ab?(c+ dz)coth(e-
2, 04T 3 .5, o _ _ _ _
3abcz 2f 2ab dz 2d 2d 2d 2f2 f

[Out] 3*axb~2xc*x+1/2xb~3*d*x/f+3/2%a*b~2xd*x~2+1/2*%a"~3* (d*x+c) ~2/d-3/2*a"2xbx* (d*
x+c)~2/d-1/2*%b~3% (d*x+c) “2/d-1/2*b~3*d*coth (f*x+e) /£ ~2-3*a*b~2* (d*x+c) *coth
(f*x+e) /£-1/2xb~3* (d*x+c) *coth(f*x+e) "2/f+3*%a~2*b* (d*x+c) *1n(1-exp (2*f*x+2*

e) ) /f+b”~3* (d*x+c) *1n(1-exp (2*xf*xx+2%e) ) /f+3*a*b~2xd*1n(sinh (f*x+e) ) /£~2+3/2%
a~2xbxd*polylog(2,exp(2xf*x+2%e))/f72+1/2%b"3*d*polylog(2,exp (2*f*x+2xe)) /£

-2

Rubi [A]

time = 0.26, antiderivative size = 261, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.500,

steps used = 16, number of rules used = 9, integrand size = 18,
Rules used = {3803, 3797, 2221, 2317, 2438, 3801, 3556, 3554, 8}

(¢X/9) _ Bdcoth(e + fz) N Bz

a¥(c+dz)® _ 3a%b(c+da)log (1—eXH)  3a%h(c (
+ - 22 2f2 2f

Satdlog(sinhe + f2) | 3o | Plotdn)log (1= ) V(e da)cothile + fr) _ Pl da)? | Pdlia
24 7 T P 7 oF 2d

+ 3ab’ex +

+da)? | 3a%bdLis (") Bab(o + do) coth(e + fz)
d 2f* f

Antiderivative was successfully verified.
[In] Int[(c + d*x)*(a + b*Cothl[e + f*x])~3,x]

[Out] 3*axb™2*c*x + (b~3*d*x)/(2*f) + (3*axb~2*d*x72)/2 + (a"3*(c + d*x)~2)/(2*d)
- (3*xa"2*b*(c + d*x)~2)/(2xd) - (b~3*(c + d*x)~2)/(2*xd) - (b~3*d*Coth[e +
fxx])/(2%£72) - (3*a*b~2*(c + d*x)*Coth[e + f*x])/f - (b~3*(c + d*x)*Cothle

+ £xx]72)/(2%f) + (3*xa~2*b*(c + d*x)*Log[l - E~(2x(e + f*x))]1)/f + (b~3x(c

+ dxx)*Log[1l - E"(2%(e + f*x))])/f + (3*a*b~2xd*Log[Sinh[e + fxx]]1)/f"2 +
(3*a~2xbxd*PolyLog[2, E~(2x(e + f*x))])/(2%£f72) + (b~3*d*PolyLog[2, E~(2x(e

+ £xx))]1)/(2%£72)

Rule 8
Int[a_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

Rule 2221

Int [(((F_)~((g_)*((e_.) + (£_D*(x_))))"(a_)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_D*((F_)~((g_.)*x((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~m/(bxfxg*n*Log[F]))*Log[1l + b*x((F~(gx(e + f*x)))"n/a)], x] - Di
st [d* (m/ (bxfxg*n*Log[F])), Int[(c + d*x)~(m - 1)*Log[l + b*x((F~(g*(e + f*x)
))"n/a)], x1, x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] & IGtQ[m, 0]

Rule 2317
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Int[Logl(a_) + (b_.)*((F_)"((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, 0]

Rule 2438

Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"nl/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[c*d, 1]

Rule 3554

Int[((b_.)*tan[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[b*((b*Tan[c + d
*x])"(m - 1)/@@*(n - 1))), x] - Dist[b"2, Int[(b*Tan[c + d*x])~(n - 2), x],
x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1]

Rule 3556

Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + d
*x], x11/4, x] /; FreeQl{c, d}, x]

Rule 3797

Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (Complex[0, fz_])*(f_
D*(x_)], x_Symbol] :> Simp[(-I)*((c + d*x)"(m + 1)/(d*(m + 1))), x] + Dist
[2%I, Int[((c + d*x)"m*(E-(2%x((-I)*e + fxfzxx))/(1 + E-(2%((-I)*e + fxfz*x)
)/E~(2%I%k*Pi))))/E~(2xIxk*Pi), x], x] /; FreeQl[{c, d, e, £, fz}, x] && Int
egerQ[4+k] && IGtQ[m, O]

Rule 3801

Int[((c_.) + (d_.)*(x_)) " (m_.)*((b_.)*tan[(e_.) + (f_.)*(x_)]1)"(n_), x_Symb
0l] :> Simp[b*(c + d*x) m*x((b*Tan[e + f*x])"(n - 1)/(f*x(n - 1))), x] + (-Di
st[bxd*(m/(fx(n - 1))), Int[(c + d*x)"(m - 1)*(bxTan[e + f*x])"(n - 1), x],
x] - Dist[b~2, Int[(c + d*x) mx(b*Tan[e + f*x])~(n - 2), x], x]) /; FreeQ[
{b, ¢, d, e, f}, x] && GtQ[n, 1] && GtQ[m, O]

Rule 3803

Int[((c_.) + (@_.)*(x))"(m_.)*((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(n_.)
, Xx_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + b*Tan[e + f*x])“n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] & IGtQ[m, 0] &% IGtQ[n, 0]

Rubi steps
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/(c +dz)(a + beoth(e + fz))* dr = / (a®(c + dz) + 3a®b(c + dz) coth(e + fz) + 3ab®(c + dz) coth’(e +

_ &(ctd)? ;—ddx)2 + (3a’b) /(c + dz) coth(e + fz) dz + (3ab?) /(C + dz)

a’(c+dz)*  3a’b(c+dr)®  3ab?(c+ dz)coth(e + fz)  b*(c+da
2d 2d f
a’(c+dz)*  3a’b(c+dz)® bB(c+dz)® b

2d 2d 2d

= 3ab’cr + gadexz +

bdx 3 a*(c+dz)?  3a’b(c+dx)®> b(c+dz
a2 O 19, 2 _ _
= 3ab°cr + o +2abdx+ 2d 2d 2d
b¥dr 3 a®(c+dzx)?  3a’b(c+dz)? b(c+dx
_ o 12 S 19, 2 _ _
= 3Jab“cx + of +2abdx+ 2d 2d 5d
bdxr 3 a*(c+dz)?  3a®b(c+dx)®> b(c+dz
_ o 12 bar S 9, o _ _
= Jab“cx + o +2abd:c—|— 2d 2d 5d

Mathematica [A]
time = 2.13, size = 266, normalized size = 1.02

(a+beoth(e + fx))"sinh(e + fx) ((=((e + /) (~3a%bdl(e + fz) — bd(e + fz) +a"(~2c] +d(e — fz)) + Bab*(~2e] + d{e — ) + 2o(3a® + B d(e + f)log (1 — e"X*+)) — 2b(~3abd + 3a*(de — cf) + t¥(de — cf)) log(sinh(e + fz)) sink’(e + /) — b{3a* + b) dPolyLog(2,e"**+")) sink(e + fz) — 20°(2bf (c + da) + (bd + baf (e + dz) sinh(2(e + 1))
277 (bcosh(e + Jz) + asihle + o)

Antiderivative was successfully verified.

[In] Integrate[(c + d*x)*(a + b*Coth[e + f*x])~3,x]

[Out] ((a + b*Coth[e + f*x])~3*Sinh[e + fxx]*((-((e + fxx)*(-3*a~2xb*xd*(e + f*xx)
- b73xd*(e + f*x) + a"3*%(-2xcxf + d*(e - f*xx)) + 3*xaxb™2x(-2*cxf + dx(e - f
*x)))) + 2xbx(3*a”2 + b"2)*d*(e + f*x)*Logl[l - E~(-2%(e + f*x))] - 2%b*(-3%
axbxd + 3*%a~2x(d*e - cxf) + b~2*(d*e - cxf))*Log[Sinh[e + f*x]])*Sinh[e + f

*x] "2 - b*(3*a”2 + b~2)*d*PolyLog[2, E~(-2*(e + f*x))]*Sinh[e + f*x]~2 - (b

~2x (2+b*f*(c + d*x) + (bxd + 6*%axfx(c + d*x))*Sinh[2*x(e + fx*x)]))/2))/(2*f~
2x(b*Cosh[e + f*x] + a*Sinh[e + f*x])~3)

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 650 vs.
2(243) = 486.
time = 3.10, size = 651, normalized size = 2.49

method | result

. 3ba?d polylog(2,—efzte b3deln(efzte—_1 3ba2cln(efrte—1 3ba2cln(efrtet1 2b3deln(efrte
risch cx a® + P yfg( ) _ (f2 ) 4 (f ) (f ) 4 fg )
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x+c)*(a+b*xcoth(f*x+e))~3,x,method=_RETURNVERBOSE)

[Out] c*x*a~3-1/f"2*%b~3xd*e*1n(exp(f*x+e)-1)+3/fxbxa~2*c*1ln(exp(f*x+e)-1)+3/f*b*a

~2xc*1n(exp (f*x+e)+1)+2/f72xb~3*d*e*1n (exp (f*x+e) ) +3/f~2%b~2*d*a*1n (exp (f*x
+e)-1)+3/£"2xb~2*d*a*1n(exp (f*x+e)+1)+1/£72%b"3*1n(1-exp (f*x+e)) *d*e+1/f*b~
3*1n(exp(f*x+e)+1)*d*xx-3/f"2%bxa~2*d*e~2+1/f*b~3*1n(1-exp (f*x+e) ) *d*x+3/£"2
*xbxa~2*d*polylog(2,-exp(f*x+e))+3/f"2xbxa~2*d*polylog(2,exp(f*x+e))-6/f*bx*a
~2xc*1n(exp (f*x+e))-6/f"2xb~2xd*a*1ln (exp (f*x+e) ) +1/2%a~3*xd*x"2-1/2xb~3*d*x~
2+b~3*c*x-2/f*b~3*d*e*x—6/f*b*a~2*d*e*xx+3/f*bx1n (exp (f*x+e) +1) *a~2*d*x+3/f*
b*1n(1-exp (f*x+e))*a~2xd*x-3/f " 2*¥b*a~2*d*e*1n (exp(f*x+e)-1)+6/f"2xb*a~2*d*e
*1n (exp (f*x+e) ) +3/f " 2*%bx1n (1-exp (f*x+e) ) ¥a~2*kd*e+3*axb~2xc*x+3/2*a*xb~2kd*x"
2-b~2x (6*axd*f*x*kexp (2*f*x+2%e) +2*bxd*f*x*exp (2*xfxx+2%e) +6*a*xcxfxexp (2*f*x+
2xe) +2xbxcxf*xexp (2xfxx+2%e) —6*a*d*f*xx+b*xd*exp (2*xf*x+2%e) —6*a*xcxf-b*d) /£72/ (
exp (2*xf*x+2%e)-1) "2-1/f"2%b"3*d*e~2+1/f*b~3*c*1n(exp(f*x+e)-1)+1/f*b~3*c*1n
(exp (f*x+e)+1) -3/2%a”~2xbxd*x~2+3*a~2*b*c*x+1/f~2*b~3*d*polylog(2, exp (f*x+e)
)+1/£72xb~3*d*polylog(2,-exp (f*x+e))-2/f*b"3*cx1n(exp (f*x+e))

Maxima [B] Leaf count of result is larger than twice the leaf count of optimal. 503 vs.
2(249) = 498.
time = 0.36, size = 503, normalized size = 1.93

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)*(atb*coth(f*x+e))~3,x, algorithm="maxima")

[Out] 1/2*%a”3*d*x"2 + a~3%c*x + 3*xa~2*b*c*xlog(sinh(f*x + e))/f - (3*a~2*b*d
*d)*x"2 - 2% (b~ 3*xckf + 3xaxb~2*d)*x/f + 1/2*%(12*axb~2kc*f + 2xb~3*xd + (3*a”
2%bxd*xf~2 + 3*xaxb~2xd*f"2 + b 3kd*f"2)*x"2 + 2% (b 3kckf"2 + 3k (cxf"2 + 2xdx*
f)*axb™2)*x + ((3*a~2*%b*xd*f~2 + 33*axb~2xd*f~2 + b 3*xd*f~2)*x"2%e” (4*e) + 2%
(3*a*xb™2*c*xf~2 + b 3*cxf~2)*x*e” (4xe) ) *e” (4*fxx) — 2% ((3*a~2xbkd*f~2 + 3*ax
b"2*%d*f72 + b73*d*f72)*x"2*%e” (2%e) + 2% (3*(c*xf~2 + d*f)*axb”2 + (c*xf~2 + dx*
£)*b~3) *xx*e” (2%xe) + (6*a*xb~2xcxf + (2xcxf + d)*b~3)*e” (2%e))*xe” (2xf*x))/(f~
2%e” (Axf*xx + 4xe) — 2xf " 2xe” (2xf*x + 2xe) + £72) + (3*a”2*b*d + b~ 3*d) *(f*x
xlog(e~(f*x + e) + 1) + dilog(-e~(f*x + e)))/f"2 + (3*%a~2*%bxd + b~3*d)*(f*x
*xlog(-e~(f*xx + e) + 1) + dilog(e™(f*x + e)))/f72 + (b~ 3*cxf + 3*axb~2xd)*lo
gle“(fxx + e) + 1)/f72 + (b~3*cxf + 3*a*b~2xd)*log(e”(fxx + e) - 1)/f72

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 3958 vs.

2(249) = 498.
time = 0.39, size = 3958, normalized size = 15.16

Too large to display

+ b"3
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)*(a+b*coth(f*x+e))~3,x, algorithm="fricas")

[Out] 1/2*((a”3 - 3*a”2*b + 3*a*xb”™2 - b~3)*d*xf~2*x"2 + 12*%a*b~2*cxf + 2*%(a”~3 - 3%
a~2*b + 3*axb”2 - b"3)*ckf"2*x + ((a”3 - 3*a"2xb + 3*axb”2 - b”3)*kd*f"2xx"2
+ 2% (3*xa"2*b + b~3)*d*cosh(1)~2 + 2*(3*a"2*b + b~3)*d*sinh(1)~2 - 2x(6*a*b
~2xdxf - (a”3 - 3*%a"2%b + 3*a*b”2 - b"3)*kc*kf"2)*xx — 4*(3*axb”2xd + (3*a"2*b
+ b~ 3)*cxf)*cosh(1l) - 4*(3*a*xb~2xd + (3*a~2xb + b~3)*cxf - (3*a~2xb + b~3)
*d*cosh(1))*sinh(1))*cosh(f*x + cosh(1l) + sinh(1))"4 + 4x((a~3 - 3*a~2*b +
3*xa*xb”2 - b"3)*d*xf"2xx"2 + 2x(3*a”2%b + b~3)*d*cosh(1)”2 + 2% (3*a"2*b + b~3
Y*d*sinh (1) "2 - 2*%(6*axb~2xd*xf - (a~3 - 3*a~2%b + 3*a*xb™2 - b~3)*cxf~2)*x -
4% (3*xaxb~2*d + (3*a~2*b + b~3)*c*xf)*cosh(1l) - 4*(3*axb~2*d + (3*a"2*b + b~
3)*kcxf - (3*xa~2xb + b~3)*d*cosh(1))*sinh(1))*cosh(f*x + cosh(1l) + sinh(1))x*
sinh(f*x + cosh(1) + sinh(1))73 + ((a”3 - 3*a"2%b + 3*a*b™2 - b~3)*d*f ~2xx~
2 + 2x(3*%a"2%b + b~3)*d*cosh(1)”2 + 2% (3*a~2*b + b~3)*d*sinh(1)~2 - 2*(6*a*
b~2xd*f - (a3 - 3*a”2*b + 3*axb”2 - b~3)*c*kf"2)*x - 4*(3*kaxb~2xd + (3*xa~2*
b + b73)*cxf)*cosh(1l) - 4*(3*a*xb~2xd + (3*a~2xb + b~3)*cxf - (3*a~2xb + b~3
Yxd*cosh(1))*sinh(1))*sinh(f*x + cosh(1l) + sinh(1))"4 + 2%b~3xd + 2x(3*a~2*
b + b"3)*d*cosh(1)72 + 2*(3*a~2*b + b~3)*d*sinh(1)"2 - 2x((a"3 - 3*a~2*b +
3*xaxb~2 - b"3)*d*xf"2*x"2 + b~3*xd + 2% (3*a"2*b + b~3)*d*cosh(1)~2 + 2%(3*a”2
*b + b73)*d*sinh(1)”"2 + 2*x(3*a*xb~2 + b~3)*kc*kf + 2*x((a~3 - 3*a~2*b + 3*a*b”2
- b73)*xc*kf72 - (3*a*b~2 - b"3)*d*f)*x - 4x(3*axb"2*d + (3*xa"2%b + b~3)*cxf
Y*xcosh(1) - 4x(3*a*b~2xd + (3*a"2*b + b~3)*c*xf - (3*a”2%b + b~3)*d*cosh(1))
*sinh (1)) *cosh(f*x + cosh(1l) + sinh(1))"2 - 2*((a"3 - 3*%a~2*b + 3*a*b™2 - b
~3)*xd*f"2%x"2 + b"3*d + 2*x(3*a"2%b + b~3)*d*cosh(1)”2 + 2% (3*a"2*b + b~3)*d
*sinh (1) "2 + 2% (3*%a*xb”2 + b~3)*ckxf - 3*%((a”"3 - 3*a"2%b + 3*a*xb~2 - b~3)*d*f
“2xx”2 + 2% (3*a"2*%b + b~3)*d*cosh(1)"2 + 2*(3*a"2*b + b~3)*d*sinh(1)"2 - 2x*
(6xa*xb™2+d*f - (a"3 - 3*a~2*b + 3*a*b”2 - b~3)*cxf~2)*x - 4x(3*a*xb”2+xd + (3
*a"2%b + b~3)*cxf)*cosh(1l) - 4*(3*axb”2xd + (3*a~2*b + b~3)*cxf - (3*a~2*b
+ b~3)*d*cosh(1))*sinh(1))*cosh(f*x + cosh(l) + sinh(1))"2 + 2%((a~3 - 3*xa~
2%b + 3*axb”2 - b"3)*ckf"2 - (3*a*b”2 - b"3)*dxf)*x - 4*(3*a*b”2*d + (3*a”2
*b + b"3)*c*kf)*cosh(1l) - 4x(3*xa*xb~2+%d + (3*a~2%b + b~3)*cxf - (3*a~2%b + b~
3)*d*xcosh(1))*sinh(1))*sinh(f*x + cosh(1l) + sinh(1))~2 - 4%(3*axb~2xd + (3%
a~2*%b + b~3)*xcxf)*xcosh(1l) + 2*%((3*a"~2*b + b~3)*d*cosh(f*x + cosh(1l) + sinh(
1))74 + 4x(3*%a~2%b + b~3)*d*cosh(f*x + cosh(l) + sinh(1))*sinh(f*x + cosh(1
) + sinh(1))~3 + (3*a"2*b + b~3)*d*sinh(f*x + cosh(1) + sinh(1))~4 - 2x(3*a
~2%b + b~3)*d*cosh(f*x + cosh(l) + sinh(1))"2 + 2*(3*(3*a"2*b + b~3)*d*cosh
(f*x + cosh(1) + sinh(1))"2 - (3*a~2%b + b~3)*d)*sinh(f*x + cosh(l) + sinh(
1))72 + (3*%a”2%b + b~3)*d + 4*x((3*a"2xb + b~3)*d*cosh(f*x + cosh(1l) + sinh(
1))7"3 - (3*%a~2xb + b~3)*d*cosh(f*x + cosh(l) + sinh(1)))*sinh(f*x + cosh(1)
+ sinh(1)))*dilog(cosh(f*x + cosh(1l) + sinh(1)) + sinh(f*x + cosh(1l) + sin
h(1))) + 2x((3*a"2%b + b~ 3)*d*cosh(f*x + cosh(1l) + sinh(1))~4 + 4*x(3*a~2*Db
+ b~3)*d*cosh(f*x + cosh(l) + sinh(1))*sinh(f*x + cosh(l) + sinh(1))"3 + (3
*a"2%b + b~3)*d*sinh(f*x + cosh(l) + sinh(1))"4 - 2*(3*a~2xb + b~3)*d*cosh(
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f*x + cosh(l) + sinh(1))"2 + 2%(3*(3*a"2*b + b~3)*d*cosh(f*x + cosh(1l) + si
nh(1))"2 - (3*a"2%b + b~3)*d)*sinh(f*x + cosh(1l) + sinh(1))"2 + (3*a"2*b +
b~3)*d + 4x((3*a"2*b + b~3)*d*cosh(f*x + cosh(1l) + sinh(1))"3 - (3*a~2*b +
b~3)*d*cosh(f*x + cosh(1l) + sinh(1)))*sinh(f*x + cosh(1) + sinh(1)))*dilog(
-cosh(f*x + cosh(l) + sinh(1)) - sinh(f*x + cosh(1l) + sinh(1))) + 2%((3*ax*b
~2%d + (3*a"2*b + b~3)*xdxfxx + (3*a~2*b + b~3)*c*f)*cosh(f*x + cosh(l) + si
nh(1))~4 + 4x(3*a*b~2xd + (3*a~2*b + b~3)*d*f*x + (3*a~2xb + b~3)*c*f)*cosh
(f*x + cosh(1) + sinh(1))*sinh(f*x + cosh(l) + sinh(1))~3 + (3*a*xb~2xd + (3
*a"2%b + b73)*kdxf*xx + (3*%a"2*%b + b~3)*c*f)*sinh(f*x + cosh(l) + sinh(1))"4
+ 3*axb~2xd + (3*a"2xb + b~3)*dxf*xx + (3*%a"2xb + b~3)*cxf - 2% (3*xaxb~2*xd +
(3*%a~2%b + b~3)*d*xf*x + (3*a~2xb + b~3)*c*f)*cosh(f*x + cosh(l) + sinh(1))~
2 - 2x(3*a*b”2xd + (3*a"2*b + b~3)*d*fxx + (3*a"2*b + b~3)*cxf - 3*(3*axb~2
*d + (3*a”2%b + b~3)*d*fxx + (3*a~2*b + b~3)*c*f)*cosh(f*x + cosh(1l) + sinh
(1))"2)*sinh(f*x + cosh(1l) + sinh(1))72 + 4%((3*a*b™2*xd + (3*a"2*%b + b~3)*d
*fxx + (3*a"2xb + b~3)*cxf)*cosh(f*x + cosh(l) + sinh(1))~3 - (3*a*b~2xd +

(3*a”2%b + b~3)*d*f*x + (3*a”2%b + b~3)*c*f)*cosh(f*x + cosh(1l) + sinh(1)))
*sinh(f*x + cosh(1) + sinh(1)))*log(cosh(f*x + cosh(1) + sinh(1)) + sinh(fx*
x + cosh(1) + sinh(1)) + 1) + 2x((3*a*b™2xd + (3*a~2*b + b~3)*c*xf - (3*a~2%
b + b"3)*d*cosh(1) - (3*a"2xb + b~3)*d*sinh(1))*cosh(f*x + cosh(1l) + sinh(1
))"4 + 4% (3xaxb”2*d + (3*a”2*b + b~3)*c*f - (3*a"2*b + b~3)*d*cosh(1l) - (3*
a~2xb + b~3)*d*sinh(1))*cosh(f*x + cosh(1l) + sinh(1))*sinh(f*x + cosh(1l) +
sinh(1))"3 + (3*a*xb™2+d + (3*a”2%b + b~3)*c*f - (3*a"2*b + b~3)*d*cosh(1l) -

(3*a"2%b + b~3)*d*sinh(1))*sinh(f*x + cosh(1) + sinh(1))74 + 3*a*b™2+d + (
3*%a~2xb + b"3)*cxf - (3*a”2*b + b~3)*d*cosh(1) - 2x(3*axb~2*d + (3*a~2*b +
b~3)*xcxf - (3*a”2%b + b~3)*d*cosh(1l) - (3*a"2%b + b~3)*d*sinh(1))*cosh(f*x
+ cosh(1) + sinh(1))"2 - (3*a~2%b + b~3)*d*sinh...

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (a + beoth (e + fz))? (c + dz) dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)*(atb*coth(f*x+e))**3,x)
[Out] Integral((a + b*coth(e + f*x))**3*(c + d*x), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)*(a+b*coth(f*x+e))~3,x, algorithm="giac")
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[Out] integrate((d*x + c)*(bxcoth(f*x + e) + a)~3, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/(a+bcoth(e+fx))3 (c+dz) dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + bxcoth(e + f*x)) 3%(c + d*x),x)
[Out] int((a + b*coth(e + f*x)) " 3*(c + d*x), x)
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3.50 f (a+bcoctfc(li+fx))3 dx

Optimal. Leaf size=23

Tt < (a + beoth(e + fz))3 ’ x)
c+dzx

[Out] Unintegrable((at+b*coth(f*x+e)) 3/ (d*x+c),x)

Rubi [A]
time = 0.04, antiderivative size = 0, normalized size of antiderivative = 0.00, number of
steps used = 0, number of rules used = 0, integrand size = 0, Bumber of rules _ o

integrand size ’
Rules used = {}

dz

(a + bcoth(e + fz))3
/ c+dzx

Verification is not applicable to the result.

[In] Int[(a + b*Cothl[e + f*x])~3/(c + d*x),x]

[Out] Defer[Int] [(a + b*Coth[e + f*x])~3/(c + d*xx), x]
Rubi steps

/(a+bcoth(e+fx))3 d — / (a + beoth(e + fx))3 i
c+dx c+dz

Mathematica [A]
time = 39.88, size = 0, normalized size = 0.00

/ (a + beoth(e + fz))3 i
c+dzx

Verification is not applicable to the result.

[In] Integrate[(a + b*Coth[e + f*x])~3/(c + d*x),x]
[Out] Integrate[(a + b*Coth[e + f*x])~3/(c + d*x), xI]

Maple [A]
time = 180.00, size = 0, normalized size = 0.00

(a + beoth (fz + €))°
dz
dz +c

Verification of antiderivative is not currently implemented for this CAS.
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[In] int((a+b*coth(f*x+e)) "3/ (d*x+c) ,x)
[Out] int((a+b*coth(f*x+e)) 3/ (d*x+c),x)

Maxima [A]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*coth(f*x+e)) 3/(d*x+c),x, algorithm="maxima")

[Out] a~3*log(d*x + c)/d + (3*a"2xb + 3*a*xb~2 + b~3)*log(d*x + c)/d + (6*xa*b”2*dx*
f*x + 6*axb™2%cxf — b"3*d - (2% (3*a*xb~2xd*f + b 3*xd*xf)*x*e” (2xe) + (6*axb~2
xckxf + (2%ckf - d)*b"3)*e”(2xe) ) *e” (2%f*x))/(d"2*f"2*xx"2 + 2xc*xd*f~2*x + ¢~
2%f72 + (d72*xf"2xx"2%e” (4*e) + 2kckd*f~2xx*xe” (4*e) + c 2*%f " 2%e” (4d*e))*e” (4%
fxx) - 2% (d"2xf"2xx"2%xe” (2%e) + 2kckd*f~2xx*xe~(2%xe) + c 2*¢f"2*e” (2%e) ) *e” (2
xfxx)) - integrate((3*a”2xbxc~2*f~2 - 3xa*xb~2kckxdxf + (c”2*f"2 + d72)*b~3 +

(3%a~2xb*d"2+%f"2 + b~ 3*xd"2*xf"2)*x"2 + (6*a”2*b*ckd*xf~2 + 2%xb~3xckd*f~2 - 3
*a*xb”"2+%d"2%f) *x) / (d"3*f"2%x "3 + 3*c*kd"2*f"2%x"2 + 3*kc"2xd*f"2*x + c”"3*f"2 +

(A"3*f"2%x"3%e"e + 3*xckd " 2*xf"2xx"2%e"e + 3kc 2xd*f 2kx*e"e + c~3*f"2*e"e)*
e~ (f*x)), x) + integrate(-(3*a~2xb*c~2*f~2 - 3*a*xb~2xckxd*f + (c™2*xf72 + d~2
)*b”"3 + (3*%a”2%b*d"2*%f"2 + b"3*%d"2*xf"2)*x"2 + (6*a”2¥b*xckxd*xf"2 + 2*b"3*kckd*
£72 - 3*%axb”2+xd"2*xf) *x) /(A" 3*f"2*%x"3 + 3kckd"2*f"2xx"2 + 3*cT2xd*f"2%x + ¢~
3kf~2 - (d73*f"2xx"3*%e"e + 3xckxd"2*xf"2*x"2%e"e + 3*c”"2kd*f " 2kx*e"e + c 3*kf”
2%e~e)*e” (f*x)), x)

Fricas [A]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*coth(f*x+e)) 3/(d*x+c),x, algorithm="fricas")

[Out] integral((b~3*coth(f*x + e)~3 + 3*axb~2xcoth(f*x + e)~2 + 3*xa~2*b*coth(f*x
+e) + a~3)/(d*x + ¢), x)

Sympy [A]
time = 0.00, size = 0, normalized size = 0.00
(a + beoth (e + fz))?
dr
c+dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*coth(f*x+e))**3/(d*x+c),x)



[Out] Integral((a + b*coth(e + f*x))*x3/(c + d*x), x)

Giac [A]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*coth(f*x+e)) 3/(d*x+c),x, algorithm="giac")

[Out] integrate((b*coth(f*x + e) + a)~3/(d*x + c), x)

Mupad [A]
time = 0.00, size = -1, normalized size = -0.04

(a + beoth(e + fz))°
dx
c+dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + bxcoth(e + f*x))~3/(c + d*x),x)
[Out] int((a + b*coth(e + f*x))~3/(c + d*x), x)
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a CO (& x 3
3.51 [ lereetlo)l gy

Optimal. Leaf size=23

. ( (a+ b(ccofléi ; f))* x)

[Out] Unintegrable((at+b*coth(f*x+e)) 3/ (d*x+c)~2,x)

Rubi [A]
time = 0.03, antiderivative size = 0, normalized size of antiderivative = 0.00, number of

number of rules _ 0.000,
integrand size

steps used = 0, number of rules used = 0, integrand size = 0,
Rules used = {}

/ (a + beoth(e + fz))3 i
(c+ dz)?

Verification is not applicable to the result.

[In] Int[(a + b*Coth[e + f*x])~3/(c + d*x)~2,x]

[Out] Defer[Int] [(a + b*Coth[e + f*x])~3/(c + d*x)~2, x]
Rubi steps

(a+bcoth(e+ fx))® . [ (a+bcoth(e+ fx))?
/ ctdn &= / ctdn)?

Mathematica [A]
time = 37.73, size = 0, normalized size = 0.00

/ (a + beoth(e + fz))3 i
(c+ dz)?

Verification is not applicable to the result.

[In] Integrate[(a + b*Coth[e + f*x])~3/(c + d*x)~2,x]
[Out] Integratel[(a + b*Coth[e + f*x])~3/(c + d*x)~2, x]

Maple [A]
time = 180.00, size = 0, normalized size = 0.00

(a + bceoth (fz + €))°

5 dz
(dz + c)

Verification of antiderivative is not currently implemented for this CAS.



273

[In] int((a+b*coth(f*x+e)) "3/ (d*x+c)”~2,x)
[Out] int((at+b*coth(f*x+e)) 3/ (d*x+c)~2,x)

Maxima [A]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*coth(f*x+e))~3/(d*x+c)~2,x, algorithm="maxima")

[Out] -a~3/(d"2*x + c*d) - (3*a~2*bkc™2*xf~2 + 3*x(c™2*%f"2 - 2*c*d*f)*axb™2 + (c™2%
£f72 + 2%d"2)*b"3 + (3*%a~2*b*d"2*f"2 + 3*kaxb"2xd"2*xf"2 + b3*d"2*f"2)*x"2 +
2% (3*xa”~2*b*c*d*f~2 + b ~3*ckxd*f~2 + 3*(cxd*xf~2 - d72xf)*a*b”2)*x + ((3*a~2*b
*d"2*xf"2 + 3xaxb"2xd"2*%f"2 + b"3*%d"2xf"2) *x"2%e” (4*xe) + 2% (3*a”2*b*ckdxf~2
+ 3*axb~2xckd*f"2 + b 3kckd*f~2) *xx*ke” (4*e) + (3*a"2*bxc”2xf"2 + 3xaxb"2%c”2
*f72 + b73kcT2xf"2) *xe” (4*e) ) ke~ (4*f*x) - 2% ((3*ka”~2xbxd"2*xf~2 + 3*a*xb~2%d"2*
£72 + b73*d"2%f72) *kx"2xe” (2%xe) + (6*a~2*xbkxckd*f~2 + 3x(2*ckxd*f~2 - d72*f)*a
*b~2 + (2%c*xd*f~2 - d72%f)*b"3) *x*e” (2xe) + (3*a~2xbxc”"2*f72 + 3*x(c"2*%f"2 -
cxdxf)*a*b™2 + (c™2*%f72 - ckxd*f + d~2)*b"3)*e” (2xe) ) *e” (2*xf*x))/(d"4*f "2*x
"3 + 3kc*kd"3*xfT2kx"2 + 3kcT2xdAT2+fT2xx + c”T3*%d*f"2 + (d74*f"2xx"3*e” (4*xe) +
3kckd"3*f"2xx"2xe” (4*e) + 3*kcT2xdA"2xf"2xx*e” (4*e) + c”3*xd*f"2%e” (4*e))*e” (
dxfxx) — 2x(d~4*xf"2+%x"3*e” (2%e) + 3kcxd 3xf "2xx"2*e” (2%e) + 3kcT2kd"2xf " 2%x
xe~(2xe) + c”3xd*f"2%xe”(2%e))*e”(2xf*x)) - integrate((3*a~2xbxc~2*f~2 - 6xa
*b~2xckd*f + (c”2*f72 + 3*%d"2)*b"3 + (3*a"2%b*d"2*xf"2 + b~ 3*xd"2*f"2)*x"2 +
2% (3xa”~2xb*xc*d*f~2 + b ~3*ckxd*f~2 - 3*axb~2xd"2*f)*x)/(d"4*f"2%x"4 + 4*c*d~3
*f72%xx"3 + 6xc”2xd"2*%f"2%xx "2 + 4xc”3xd*f"2%x + cT4xf"2 + (d74*f"2%x"4*xe"e +
4xcxd"3*xf"2%x"3%e"e + 6*%cT2xd"2xf"2*%x"2%e"e + 4*c”3xd*xf"2*x*e"e + cT4*xf 2%
e"e)*e”(f*x)), x) + integrate(-(3*a~2xb*xc~2*f~2 - 6*a*b~2xcxd*f + (c~2*f~2
+ 3%d"2)*b"3 + (3*a~2xb*d"2+f~2 + b"3*d"2*xf"2)*x"2 + 2% (3*a”2*b*ckxd*f~2 + b
“3xckxd*f"2 - 3xaxb"2*%d"2xf)*x) /(d74*f"2%xx"4 + 4xcxd"3*fT2%x"3 + 6kcT2%d 2% f
T2%x72 + 4xcT3*dA*fT2%x + cT4*xf72 - (d74xf"2xx"4*e"e + 4dxcxd"3*fT2*%x"3*%e"e +
6*%Cc”2*%d"2%f"2xx"2%e e + 4*c”3*d*f"2*x*e"e + cT4xf"2xe"e)*e” (f*x)), x)

Fricas [A]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*coth(f*x+e)) ~3/(d*x+c)~2,x, algorithm="fricas")

[Out] integral((b~3*coth(f*x + e)~3 + 3*axb~2xcoth(f*x + e)~2 + 3*xa~2*b*coth(f*x
+ e) + a~3)/(d"2%x"2 + 2%c*d*x + c~2), x)
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Sympy [A]
time = 0.00, size = 0, normalized size = 0.00

(a + bcoth (e —2}- fz))® i
(c+ dx)

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((a+b*coth(f*x+e))**3/(d*x+c)**2,x)
[Out] Integral((a + bxcoth(e + f*x))**3/(c + d*x)*x2, x)

Giac [A]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*coth(f*x+e)) 3/(d*x+c)~2,x, algorithm="giac")

[Out] integrate((bxcoth(f*x + e) + a)~3/(d*x + c)~2, x)

Mupad [A]
time = 0.00, size = -1, normalized size = -0.04

(a + bceoth(e —|—2f z))° i
(c+dx)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + bxcoth(e + f*x))~3/(c + d*x)~2,x)
[Out] int((a + bxcoth(e + f*x))~3/(c + d*x)~2, x)



275

(c+dz)3
3.52 f a+bfothfe+fw> dz

Optimal. Leaf size=210

a—b)e—2(e+fz) a—b)e—2(etf2)
(c+dz)' b(c + dzx)3log (1 - %) +3bd(c + dx)*PolyLog (2, %) +3bd2(c + dz)PolyL

4(a+b)d (a2 —-0) f 2(a?2—02) f? 2 (a? -

[Out] 1/4*(d*x+c)~4/(a+b)/d-b*(d*x+c) " 3*1n(1+(-a+b)/(a+b)/exp(2*f*x+2%e))/(a~2-b"
2) /£+3/2xbxd* (d*x+c) “2xpolylog(2, (a-b)/(a+b) /exp(2xf*x+2xe))/(a"2-b"2) /£~ 2+
3/2xbxd~2* (d*x+c) *polylog(3, (a-b)/(a+b) /exp(2xf*x+2%e) )/ (a~2-b"2) /£~3+3/4%Db
*d~3*polylog(4, (a-b)/(a+b) /exp(2xf*x+2%e))/(a"2-b"2) /"4

Rubi [A]
time = 0.25, antiderivative size = 210, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.300,

steps used = 6, number of rules used = 6, integrand size = 20,
Rules used = {3812, 2221, 2611, 6744, 2320, 6724}

. [ (a—b)e—2(ctf) . { (a—b)e-2(c+F2) a—b)e-2(e+fz) . ([ (a—b)e—2(c+f2)
3be? (c + da)Lig (#0577 , et da)PLip (DS (et do)log (1 — R T ) N 3bdLiy (=025 (et da’
2% (a2 — B?) 27 (a2 - B?) Fl@—1) 1t (@ — ) 4d(a +b)

Antiderivative was successfully verified.
[In] Int[(c + d*x)~3/(a + b*Coth[e + f*x]),x]

[Out] (c + d*x)~4/(4*(a + b)*d) - (bx(c + d*x)~3xLog[l - (a - b)/((a + b)*E~ (2% (e
+ £xx)))]1)/((@"2 - b~2)*f) + (3*bxdx(c + d*x) 2xPolyLog[2, (a - b)/((a + b
Y¥E" (2% (e + £*x)))])/(2%(a"2 - b"2)*£72) + (3*b*d~2*(c + d*x)*PolyLog[3, (a

- b)/((a + b)*E~(2x(e + £xx)))]1)/(2*x(a"2 - b~2)*£~3) + (3*bxd~3*PolyLogl4,

(a - b)/((a + b)*E~(2%(e + £*x)))]1)/(4*(a”2 - b~2)*£74)

Rule 2221

Int [(CCF_)~"((g_)*((e_.) + (£_.)*(x_))))"(n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~"m/(bxfxg*n*Log[F]))*Logl[l + b*x((F~(gx(e + f*x)))"n/a)], x] - Di
st [d* (m/ (bxfxg*n*Log[F])), Int[(c + d*x)~(m - 1)*Logl[l + b*x((F~(g*(e + f*x)
))°n/a)], x1, x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2320

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
onOfExponentialQ[u, x] && !'MatchQu, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQl
{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]
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Rule 2611

Int[Logll + (e_.)*((F_)~((c_.)*((a_.) + (b_)*(x_))))"(n_.)I1*x((f_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g*x)“m)*(PolyLog[2, (-e)*(F~(cx(a +
b*x)) ) n]/(bxc*n*Log[F])), x] + Dist[g*(m/(b*c*n*Logl[F])), Int[(f + g*x)~(m
- 1)*PolyLog[2, (-e)*(F~(cx(a + bxx)))"nl, x], x] /; FreeQ[{F, a, b, c, e,
f, g, n}, x] & GtQ[m, O]

Rule 3812

Int[((c_.) + (@_.)*(x_))"(m_.)/((a_) + (b_.)*tan[(e_.) + Pix(k_.) + (£f_.)*(
x_)]1), x_Symbol] :> Simp[(c + d*x)~"(m + 1)/(d*(m + 1)*(a + Ixb)), x] + Dist
[2%I*b, Int[(c + d*x) m*E~ (2+Ixk+Pi)*(E~Simp[2*xI*(e + f*x), x]/((a + I*b)"2
+ (a™2 + b"2)*E~ (2+I*k*Pi)*E~Simp [2*%I*(e + f*x), x])), x], x] /; FreeQ[{a,
b, c, d, e, f}, x] && IntegerQ[4*k] && NeQ[a"2 + b~2, 0] && IGtQ[m, O]

Rule 6724

Int[PolyLogln_, (c_.)*((a_.) + (b_.)*(x_))"(p_.)1/C(d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLog[n + 1, cx(a + b*x)~pl/(exp), x] /; FreeQ[{a, b, c, d
, €, n, p}, x] && EqQ[bxd, axel

Rule 6744

Int[((e_.) + (£_.)*(x))"(m_.)*PolyLogln_, (d_.)*((F_)"((c_.)*((a_.) + (b_.
)*x(x_))))"(p_.)], x_Symbol] :> Simp[(e + f*x) m*(PolyLogln + 1, d*(F~(cx(a
+ b*x)))~pl/ (bxc*p*Log[F1)), x] - Dist[f*(m/(bxcxp*Log[F1)), Int[(e + f*x)~
(m - 1)*PolyLogln + 1, d*(F~(c*x(a + b*x)))~pl, x], x] /; FreeQ[{F, a, b, c,
d, e, £, n, p}, x] && GtQ[m, O]

Rubi steps
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/ Crdn) aw= N ) / X e dr)
a+ bCOth(e + fx) B 4(0/ + b)d (a + b)2 + (_CL2 + b2) 6_2(6+f1')
(c+ dx)* b(c + dz)3log <1 — w> (3bd) [(c+ dz)?log (1 4 e
= 4(a+b)d B (a® —02) f + @7
(c+ dz)* b(c + dz)’log (1 B W) 3bd(c + dz)?Li, <W
= 4(0/ + b)d B (a2 — b2) f 2 (a2 — b2) f2
(c+dz)t  bletde)*log (1— EREF ) Bhd(c o+ da)Lig (20
= 4((1 + b)d B (a2 — b2) f 2 (a2 _ b2) 12
(ctdeyt e+ dn)log (1— CVEEEE) ghd(e - do)Lip (005
= 4((1, + b)d Bl (a2 — b2) f + 2 (a2 _ b2) f2
(c +dz)* b(c + dz)’log (1 B W) 3bd(c + dz)?Li, <W
= 4(CL + b)d - (a2 — b2) f + 9 (a2 _ b2) f2

Mathematica [A]
time = 2.29, size = 349, normalized size = 1.66

1001 4000+ o+ OO 4 0o 180 + o2 4 i 1+ 0Pt 400 g (1 + ) onprztog (14 ) — topo a7 log (14 ST ) o (114 ) — b+ d)PPolylog(2, SEEEE) 4 G (e + dPoyLog(, =) — gholylog (s, B2
Aa—b)at I

Antiderivative was successfully verified.

[In] Integrate[(c + d*x)~3/(a + b*Coth[e + f*x]),x]

[Out] (4xa*xc™3*f74xx + 4*bxc™3*f 4*x + 6¥a*xc”2xd*xf~4*x"2 + 6xb*xc ™ 2xd*f~4*x"2 + 4x
axcxd™2+f74*x"3 + 4*bkcxd"2+f74*x"3 + a*d"3*f74xx"4 + bxd"3*xf"4*x"4 - 4xb*c
~3%f"3*Log[l + ((a + D)*E~(2%(e + £*x)))/(-a + b)] - 12%bxc~2*d*f 3*x*Log[1

+ ((a + D)*E~(2x(e + f*x)))/(-a + b)] - 12xb*c*d~2*xf~3*x"2*Log[1 + ((a + b

)¥E~ (2% (e + f*x)))/(-a + b)] - 4*bxd~3*f"3*x"3xLogl[l + ((a + D)*E~(2x(e + £
*x)))/(-a + b)] - 6xb*d*f~2x(c + dxx) " 2xPolyLog[2, ((a + b)*E~(2x(e + f*x))

)/(a - b)] + 6xbxd"2*f*(c + d*x)*PolyLog[3, ((a + b)*E~(2*(e + f*x)))/(a -
b)] - 3*bxd~3*PolyLogl[4, ((a + b)*E~(2x(e + f*x)))/(a - b)])/(4*x(a - b)*(a

+ b)*£74)

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 1157 vs.
2(209) = 418.
time = 5.36, size = 1158, normalized size = 5.51

’ method | result ‘ size ‘
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’ risch ‘ Expression too large to display ‘ 1158 ‘

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x+c)~3/(atb*coth(f*x+e)),x,method=_RETURNVERBOSE)

[Out] 2/£73*b/(a+b)/(a-b)*e~3*d~3*x-4/f"3*b/(a+b)/(a-b) *cxe~3*d~2+3*b/ (a+b) / (a-b)
*xCc~2xd*x"2+3/£72*%b/ (a+b) / (a-b) *c~2*d*e~2-3/f*b/ (a+b) *c~2*d/ (a-b) *1n(1-(a+b)
xexp (2*f*x+2xe) / (a-b) ) *x+3/£~3*b/ (a+b) *d"2*e~2*c/ (a-b) *1n(1-(a+b) *exp (2*f*x
+2%e) /(a-b))-3/£72xb/(atb)*c~2*d/ (a-b) *1n(1- (a+b) *exp (2xf*x+2*e) / (a-b) ) *e-6
/£72xb/ (a+b) *d*xe*c~2/ (a-b) *1n(exp (f*x+e) ) +6/f~3*b/ (a+b) *d~2*e~2*c/ (a-b) *1n(
exp (fxx+e) )-3/£73%b/ (a+b) *d~2*e~2%c/ (a-b) *1n (a*exp (2*xf*x+2%e) +b*exp (2*f *x+2
xe)-a+b)+3/£72xb/ (a+b) *d*xe*c~2/ (a-b) *1n (a*exp (2*f*x+2%e) +b*exp (2*xf*xx+2%e) -a
+b)+1/£74%b/ (a+b) *d~3*e~3/ (a-b) *1n(a*exp (2*f*x+2*e) +b*exp (2*f*x+2*e) -a+b) -3
/2/£72%b/ (atb)*c~2*d/ (a-b) *polylog(2, (a+b) *exp (2xf*x+2%e) /(a-b) )-1/f"4*b/(a
+b) *d~3/ (a-b) *1n(1-(a+b) xexp (2*xf*x+2xe) / (a-b) ) *e~3+2xb/ (a+b) / (a-b) *cxd~2*x"~
3-3/2/£72%b/(a+b) *d~3/(a-b) *polylog(2, (a+b) xexp (2*f*x+2*e) / (a-b) ) *x~2-3/£"2
*b/ (at+b)*c*xd~2/(a-b)*polylog(2, (a+b) *exp (2*xf*x+2*e) /(a-b) ) *x-6/£"2xb/ (at+b)/
(a-b) *c*e~2+d~2*x+1/2%b/ (a+b) / (a-b) *d~3*x~4+6/f*b/ (a+b) / (a-b) *c~2*d*e*x-3/f
*b/ (a+b) *c*d~2/ (a-b) *1n(1-(a+b) *exp (2*xf*x+2xe) / (a-b) ) *x~2+3/2/£"3*b/ (a+b) *d
~3/(a-b)*polylog(3, (a+b) *exp (2xf*x+2*e) /(a-b) ) *x+3/2/£"3*b/ (a+b) *c*d~2/ (a-b
)*xpolylog(3, (a+b) *exp (2xf*x+2%e) /(a-b))-1/f*b/ (a+b)*d~3/(a-b) *1n(1-(a+b) *ex
p(2*f*x+2xe) /(a-b) ) *x~3-2/f"4*b/ (a+b) *d"3*e~3/ (a-b) *1n(exp (f*x+e))+1/4/(at+b
)*d"3*x~4+1/4/ (a+b) /d*xc~4+1/ (a+b) *d"2xc*x"3+3/2/ (a+b) *d*c~2*xx"2+1/ (a+b) *c~3
*xx+3/2/£~4xb/ (at+b) / (a-b) *e~4*d~3-3/4/£~4*b/ (at+b) *d~3/ (a-b) *polylog(4, (a+b) *
exp (2xf*x+2%e) / (a-b) )+2/f*b/ (at+b)*c~3/(a-b) *1n(exp(f*x+e))-1/f*b/(atb)*c~3/
(a-b)*1n(a*xexp (2*f*x+2*e) +bkexp (2*f*x+2*e) —a+b)

Maxima [B] Leaf count of result is larger than twice the leaf count of optimal. 478 vs.
2(205) = 410.
time = 0.41, size = 478, normalized size = 2.28

3 (27zton (I 4 1) ¢ Lip (ST ) ot 3 (2% og (ST 4 1) 42 ot (S (ST o (417 log (IR 41) 46 i (ST - 6 alis (ST 4 gLis(ee ':)M'J(n«,g( (@D ya ) ,m) WO+ b 4 4 GUOA? | P+ dol's) + 6
(a?? 7) 2(a?f> =B f7) 3(a?fT = B2f1) ‘ (a? = 12), N 2(a?f* = B2f7) datb

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)~3/(at+bxcoth(f*x+e)),x, algorithm="maxima")

[Out] -3/2%(2xf*x*log(-(a + b)*e~(2xf*x + 2xe)/(a - b) + 1) + dilog((a + b)*e~ (2%
fxx + 2%e)/(a - b)))*bxc™2*d/(a"2*f"2 - b~2*f72) - 3/2x(2*xf~2xx"2*log(-(a +
b)*e~ (2xf*x + 2%e)/(a - b) + 1) + 2xf*x*dilog((a + b)*e~(2xfxx + 2*e)/(a -
b)) - polylog(3, (a + b)*e”(2xf*xx + 2*e)/(a - b)))*b*c*kd~2/(a"2*xf~3 - b~2x%
£73) - 1/3x(4x£73xx"3%log(-(a + b)*e~ (2xf*x + 2xe)/(a - b) + 1) + 6+xf72%x"2
*dilog((a + b)*e~(2*fxx + 2%e)/(a - b)) - 6*xf*x*polylog(3, (a + b)*e™ (2xf*x
+ 2xe)/(a - b)) + 3*polylog(4, (a + b)*e~(2xf*x + 2%e)/(a - b)))*b*d~3/(a"
2xf~4 - b"2*f74) - c”3x(bxlog(-(a - b)*e~(-2%f*x - 2xe) + a + b)/((a"2 - b~
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2)xf) - (fxx + e)/((a + b)*f)) + 1/2%(b*d"3*%f"4*x"4 + 4xb*xcxd~2*%f"4*xx~3 + 6
*bxc~2xd*f~4xx"2) /(a"2%f~4 - b"2%f"4) + 1/4%x(d"3*x"4 + 4*xcxd"2*x"3 + 6%c”2%
d*xx~2)/(a + b)

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 1060 vs.
2(205) = 410.
time = 0.41, size = 1060, normalized size = 5.05

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)~3/(at+bxcoth(f*x+e)),x, algorithm="fricas")

[Out] 1/4x((a + b)*d"3*xf74*x"4 + 4*x(a + b)*cxd 2*f 4*x"3 + 6%(a + b)*c™2xd*f ~4*x"
2 + 4x(a + b)*c"3*xf"4*x - 24*bxd"3*polylog(4, sqrt((a + b)/(a - b))*(cosh(f
*x + cosh(1l) + sinh(1)) + sinh(f*x + cosh(1) + sinh(1)))) - 24*b*d~3*polylo
g(4, -sqrt((a + b)/(a - b))*(cosh(f*x + cosh(1) + sinh(1)) + sinh(f*x + cos
h(1) + sinh(1)))) - 12%(b*d~3*f~2%x~2 + 2¥bkckd~2*f~2%x + b*c~2*d*f~2)*dilo
g(sqrt((a + b)/(a - b))*(cosh(f*x + cosh(1l) + sinh(1)) + sinh(f*x + cosh(1)
+ sinh(1)))) - 12%(bxd"3*f"2*x"2 + 2%bkcxd~2*f~2*%x + b*c~2*d*f~2)*dilog(-s
qrt((a + b)/(a - b))*(cosh(f*x + cosh(1l) + sinh(1)) + sinh(f*x + cosh(1) +
sinh(1)))) - 4x(b*c™3%f73 - 3%b*c~2*d*f~2%cosh(l) + 3xbxcxd~2xfxcosh(1)~2 -
b*d~3%cosh(1) "3 - b*d"3*sinh(1)~3 + 3*(b*cxd"2*f - b*d~3*cosh(1))*sinh(1)~
2 - 3x(bxc™2*d*f~2 - 2xb*c*d"2xfxcosh(1) + b*d~3*cosh(1)~2)*sinh(1))*log(2*
(a + b)*cosh(f*x + cosh(1) + sinh(1)) + 2x(a + b)*sinh(f*x + cosh(l) + sinh
(1)) + 2x(a - b)*sqrt((a + b)/(a - b))) - 4x(b*c™3*f~3 - 3*b*c~2*d*f ~2*cosh
(1) + 3*b*c*d~2*f*cosh(1)~2 - bxd~3*cosh(1)~3 - b*d"3*sinh(1)~3 + 3*(b*c*d~
2xf - b*d"3*cosh(1))*sinh(1)72 - 3% (b*c™2*d*f~2 - 2*bxcxd~2*f*cosh(1) + bxd
~3xcosh(1)~2)*sinh(1))*log(2*(a + b)*cosh(f*x + cosh(1l) + sinh(1)) + 2*(a +
b)*sinh(f*x + cosh(1) + sinh(1)) - 2x(a - b)*sqrt((a + b)/(a - b))) - 4*x(b
*d"3*f73*%x"3 + 3xkbkckd"2*xf73*%x"2 + 3xb*c”2*d*f"3*x + 3*kbxc"2xd*f"2xcosh(1)
- 3%b*ckd"2*f*cosh(1) "2 + b*d~3*cosh(1)~3 + b*d~3*sinh(1)~3 - 3*(bkckd 2*f
- bxd~3*cosh(1))*sinh(1) "2 + 3*(bxc™2%d*f~2 - 2xb*c*d~2*fxcosh(1) + b*d~3*c
osh(1)~2)*sinh(1))*log(sqrt((a + b)/(a - b))*(cosh(f*x + cosh(l) + sinh(1))
+ sinh(f*x + cosh(1) + sinh(1))) + 1) - 4*(b*d~3*f"3%x"3 + 3*bkckd ~2xf~3*x
"2 + 3%bxc”2*%d*f"3xx + 3%bxc”2*xd*f~2%cosh(1l) - 3*bkckd"2xfxcosh(1)~2 + b*d”
3*%cosh(1)~"3 + b*d~3*sinh(1)~3 - 3*(b*c*xd™2*f - b*d~3*cosh(1))*sinh(1)~2 + 3
* (b*c™2%d*f~2 - 2%b*c*d~2*f*cosh(1l) + b*d~3*cosh(1)~2)*sinh(1))*log(-sqrt ((
a + b)/(a - b))*(cosh(f*x + cosh(1) + sinh(1)) + sinh(f*x + cosh(1) + sinh(
1))) + 1) + 24x(b*d~3xf*xx + bkcxd~2*f)*polylog(3, sqrt((a + b)/(a - b))*(co
sh(f*x + cosh(1) + sinh(1)) + sinh(f*x + cosh(1) + sinh(1)))) + 24x(b*d~3*f
*x + bxcxd~2xf)*polylog(3, -sqrt((a + b)/(a - b))*(cosh(f*x + cosh(l) + sin
h(1)) + sinh(f*x + cosh(1) + sinh(1)))))/((a"2 - b~2)*£"4)

Sympy [F]
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time = 0.00, size = 0, normalized size = 0.00

(c + dzx)®
/ a+ bceoth (e + fx) de

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((d*x+c)**3/(at+b*coth(f*x+e)),x)
[Out] Integral((c + d*x)**3/(a + b*coth(e + f*x)), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((d*x+c)~3/(a+b*coth(f*x+e)),x, algorithm="giac")
[Out] integrate((d*x + c)~3/(b*coth(f*x + e) + a), x)

Mupad [F]

time = 0.00, size = -1, normalized size = -0.00
3

(c+dzx)
/a—i—bcoth(e—i—fx) de

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c + d*x)~3/(a + b*coth(e + f*x)),x)
[Out] int((c + d*x)~3/(a + bxcoth(e + f*x)), x)
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(c+dz)?
3.53 f a+bccothzce+fw) dz

Optimal. Leaf size=156

ye—2(e+f2)

(c+ d:v)3 b(c+ da:)2 log (1 — w> bd(c+ dx)PolyLog<2, (‘l—ba—er> bd2PolyLog <3, (a_b)z-

3(a+ b)d @) f * (@@ — ) 2 + 2(a® — 17) /2

[Out] 1/3*(d*x+c) "3/ (a+b)/d-b*(d*x+c) " 2*1n(1+(-a+b)/(a+b) /exp(2*f*x+2*e))/(a~2-b"
2) /f+b*xd* (d*x+c) *polylog(2, (a-b) /(at+b) /exp (2*%f*x+2%e)) /(a~2-b"2) /£~2+1/2xb*
d~2xpolylog(3, (a-b)/(a+b) /exp(2xf*x+2xe))/(a"2-b"2) /£"3

Rubi [A]
time = 0.21, antiderivative size = 156, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.250,

steps used = 5, number of rules used = 5, integrand size = 20
Rules used = {3812, 2221, 2611, 2320, 6724}

bd(c + da)Lis (“DE5T)  b(o+ da)?log (1 - 25 N bLig (CREET) L gy

(@ —) F (@ =) 23 (@ %) ' 3da+b)

Antiderivative was successfully verified.
[In] Int[(c + d*x)~2/(a + b*Coth[e + f*x]),x]

[Out] (c + d*x)~3/(3*(a + b)*d) - (bx(c + d*x) 2xLog[l - (a - b)/((a + b)*E~ (2% (e
+ £*x)))])/((a”2 - b™2)*f) + (b*dx(c + d*x)*PolyLogl[2, (a - b)/((a + D)*E”

(2x(e + £xx)))]1)/((@a"2 - b~2)*£72) + (b*xd~2+PolyLog[3, (a - b)/((a + b)*E~(

2x(e + £*x)))])/(2%x(a"2 - b~2)*£73)

Rule 2221

Int [(((F_)~((g_)*((e_.) + (£_D*(x_))))"(a_)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)"m/(bxf*g*nxLog[F]))*Log[l + bx((F~(gx(e + f*x)))"n/a)], x] - Di
st [d* (m/ (bxfxg*n*Log[F])), Int[(c + d*x)~(m - 1)*Logl[l + b*x((F~(g*(e + f*x)
))"n/a)l, x], x] /; FreeQ[{F, a, b, c, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2320

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Dist[v/D[v, x]
, Subst[Int [FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
onOfExponentialQ[u, x] && !MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 2611
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Int[Logll + (e_.)*((F_)~((c_.)*x((a_.) + (b_.)*(x_))))"(a_.)]1*((£f_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g*x) m)*(PolyLog[2, (-e)*(F~(cx(a +
b*x))) “n]/(b*cxnxLog[F])), x] + Dist[gx(m/(b*c*nxLog[F])), Int[(f + g*x)~(m
- 1)*PolyLog[2, (-e)*(F~(cx(a + b*x)))"nl, x], x] /; FreeQ[{F, a, b, c, e,
f, g, n}, x] & GtQ[m, O]

Rule 3812

Int[((c_.) + (@_.)*(x))"(m_.)/((a_) + (b_.)*tan[(e_.) + Pix(k_.) + (£f_.)*(
x_)]), x_Symbol] :> Simp[(c + d*x)"(m + 1)/(d*(m + 1)*(a + Ixb)), x] + Dist
[2%xIxb, Int[(c + d*x) “m*E~(2*xI*k*Pi)*(E~Simp[2*I*(e + f*x), x]/((a + I*b)"2
+ (2”2 + b"2)*E~(2%I*k*Pi)*E~Simp[2*I*(e + f*x), x])), x], x] /; FreeQ[{a,
b, c, d, e, f}, x] && IntegerQ[4*k] && NeQ[a"2 + b~2, 0] && IGtQ[m, O]

Rule 6724

Int [PolyLog[n_, (c_.)*((a_.) + (b_)*(x_))"(p_.01/C(d_.) + (e_.)*(x)), x_S
ymbol] :> Simp[PolyLog[n + 1, c*(a + b*x)~pl/(exp), x] /; FreeQ[{a, b, c, d
> €, I, p}, X] && EqQ[b*d, a*e]

(

Rubi steps
/ (c+ dzx)? i — (c+ dzx)® () / e=2e+12) (¢ + dz)? .
a + bceoth(e + fz) 3(a+b)d (@+ b2 + (—a? 1 b?) e—2e+/o)

(c+do)? e+ do)log (1 B W) i (2bd) [(c+ dz)log (1 4 (et
Sa+b)d (@) f @) F
() ble+do)log (1— E=EGE ) bd(e + do)Lip (=5
S(a+b)d (a® =) f (a2 — B?) /2
(c+day  ble+dn)log (1 - =25 | e+ L (te-tizersm)
3(a+b)d (a —02) f @07 [
(c+dz)’ b(c + dz)* log (1 B W> + bd(c + dx)Li, (W
3(a+b)d (a2 — b2) f (@ =) 2

Mathematica [A]
time = 2.41, size = 204, normalized size = 1.31

4(a+b)e? f3z(3c2+3cdr+d?a?) +b)e2(etfz) a+b)e2(e+fz) a+b)e2(e+fz)
b( M UELES ) — 612 (c + da)log (1 -+ ) — 6df (¢ + da)PolyLog (2, 5T ) 4 3dPPolyLog (3, (<17 ) ) 706 + e + a?) sinh )
6(a—b)(a+Db)f3 3(bcosh(e) + asinh(e))

Antiderivative was successfully verified.

)

=+

),
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[In] Integrate[(c + d*x)~2/(a + b*Coth[e + f*x]),x]

[Out] (b*x((4x(a + D)*E~(2*e)*f " 3*x*x(3*c™2 + 3xcxd*x + d"2*x"2))/(ax(-1 + E~(2*e))

+ bx(1 + E7(2%e))) - 6xf72%(c + d*x) 2+Logl[l + ((a + D)*E~(2x(e + f*x)))/(
-a + b)] - 6xd*f*x(c + d*x)*PolyLog[2, ((a + D)*E~(2%(e + f*x)))/(a - b)] +
3*d~2xPolyLog[3, ((a + b)*E~(2x(e + fxx)))/(a - b)1))/(6%(a - b)*x(a + b)*f~
3) + (x*(3%c™2 + 3*cxd*x + d~2*x"2)*Sinh[e])/(3*(b*Cosh[e] + a*Sinh[e]))

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 734 vs.
2(157) = 314.
time = 5.03, size = 735, normalized size = 4.71

method | result

3 2bc? ln(efx“'e) bc? ln(ae2fx+2e+be2fw+25—a+b) 2bd2e? ln(ef’”“'e)

bd2e?]

d%23 + dcx? z c

risch 3a+3b

att Tars T 3(a+b)d flatb)(a—b) f(a+b)(a—b) 73(a+b)(a—b)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x+c)~2/(at+b*coth(f*x+e)),x,method=_RETURNVERBOSE)

[Out] 1/3/(a+b)*d~2*x~3+1/(a+b) *d*c*x~2+1/(a+b)*c~2*x+1/3/ (a+b) /d*c~3+2/f*b/ (a+b)

*c~2/(a-b)*1n(exp(f*x+e) )-1/fxb/ (a+b)*c~2/(a-b) *1n(a*exp (2*f*x+2*e) +b*exp (2
*xfxx+2%e) -a+b) +2/£"3*b/ (a+b) *d"2*e~2/ (a-b) *1n(exp (f*x+e) )-1/£~3*b/ (a+b) *d~2
*e~2/ (a-b) *1n (a*exp (2*f*x+2*e) +tb*exp (2*f*x+2%e) —a+b) +2/3%b/ (a+b) / (a-b) *d~2x
x~3-2/£72xb/ (at+b) /(a-b) *d"2xe~2%x-4/3/£~3%b/ (a+b) / (a-b) *d"2*e~3-1/£*b/ (a+b)
*d~2/ (a-b) *1n(1-(a+b) *exp (2*f*x+2%e) / (a-b) ) *x~2+1/£~3*b/ (a+b) *d~2/ (a-b) *1n(
1-(a+b) *exp (2*f*x+2%e) / (a-b) ) *e~2-1/£"2%b/ (a+b) *d~2/ (a-b) *polylog(2, (at+b) *e
xp(2xf*xx+2%e) /(a-b) ) *x+1/2/£73*b/ (a+b) *d~2/ (a-b) *polylog(3, (a+b) *exp (2*f*x+
2xe) /(a-b) )-4/£~2+b/ (a+b) *d*e*c/ (a-b) *1n(exp (f*x+e) ) +2/£~2*b/ (a+b) *d*e*xc/ (a
-b) *1n (a*exp (2*f*x+2*e) +b*exp (2*f*x+2*e) —a+b) -2/f*b/ (a+b) *c*d/ (a-b) *1n(1-(a
+b) *exp (2xf*x+2xe) / (a-b) ) *x-2/£"2%b/ (a+b) *c*d/ (a-b) *1n(1- (a+b) *exp (2*f*x+2x%
e)/(a-b))*e+2xb/(a+b)/(a-b) *d*c*x~2+4/f*b/ (a+b) / (a-b) *d*cxe*xx+2/f~2xb/ (a+b)
/(a-b)*dxcxe~2-1/£"2xb/(a+b)*c*d/(a-b)*polylog(2, (a+b) *exp (2xf*x+2*e) / (a-b)
)

Maxima [B] Leaf count of result is larger than twice the leaf count of optimal. 309 vs.
2(154) = 308.
time = 0.38, size = 309, normalized size = 1.98

(2fxlog( Wb)i;”b N 1) +Liz((°+b)j‘j;""’))bcd (Q/QIQIOg (_(ub),(:mﬂ 4 1) + szuz((afb)iium) — Lis((a+b)i'3~ze>)>bcp Q(blf)g(f(n —b)el2+2) fatb)  fote ) N 2 (bl f*a® + 3bedf*s?)  d?a® + 3cda?
- —c

P 2 (a2 f* — bife) 3(@f7 — B2f%) + 3@+h)

(a*-0)f (a+b)f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)~2/(a+b*coth(f*x+e)),x, algorithm="maxima")

[Out] -(2xf*xx*xlog(-(a + b)*e~(2xf*x + 2*e)/(a - b) + 1) + dilog((a + b)*e™ (2xf*x

+ 2xe)/(a - b)))*bxcxd/(a~2+%f"2 - b~2%f"2) - 1/2%x(2*f~2*xx"2xlog(-(a + b)*e”
(2xf*xx + 2xe)/(a - b) + 1) + 2xfxxxdilog((a + b)*e” (2*f*x + 2xe)/(a - b)) -
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polylog(3, (a + b)xe~(2xf*x + 2xe)/(a - b)))*bxd~2/(a"2*xf"3 - b"2xf~3) - ¢

~2x(bxlog(-(a - b)*e~(-2xf*x - 2%e) + a + b)/((a"2 - b™2)*f) - (f*x + e)/((
a + b)*xf)) + 2/3x(b*d"2*f"3%x"3 + 3*b*c*xd*f~3%x72)/(a"2%f"3 - b~2x£73) + 1/
3% (d"2*%x"3 + 3*c*xd*x~2)/(a + b)

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 658 vs.
2(154) = 308.
time = 0.37, size = 658, normalized size = 4.22

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)~2/(a+b*coth(f*x+e)),x, algorithm="fricas")

[Out] 1/3%((a + b)*d"2*f73%x"3 + 3x(a + b)*cxd*f~3*x"2 + 3*(a + b)*c™2*xf"3*x + 6%
b*d~2*polylog(3, sqrt((a + b)/(a - b))*(cosh(f*x + cosh(1l) + sinh(1)) + sin
h(f*x + cosh(1) + sinh(1)))) + 6%b*d~2*polylog(3, -sqrt((a + b)/(a - b))*(c
osh(f*x + cosh(1) + sinh(1)) + sinh(f*x + cosh(1) + sinh(1)))) - 6*(bxd~2*f
*x + b*ckdxf)*dilog(sqrt((a + b)/(a - b))*(cosh(f*x + cosh(1) + sinh(1)) +
sinh(f*x + cosh(1) + sinh(1)))) - 6*%(b*d"2xfxx + bkcxd*f)*dilog(-sqrt((a +
b)/(a - b))*(cosh(f*x + cosh(1) + sinh(1)) + sinh(f*x + cosh(1) + sinh(1)))
) — 3k(b*c™2xf72 - 2%bkckxd*xf*cosh(1l) + b*d"2%cosh(1)~2 + b*xd~2*sinh(1)~2 -
2% (b*cxd*f - b*d~2*cosh(1))*sinh(1))*log(2*x(a + b)*cosh(f*x + cosh(l) + sin
h(1)) + 2x(a + b)*sinh(f*x + cosh(1) + sinh(1)) + 2x(a - b)*sqrt((a + b)/(a
- b))) - 3x(b*c™2%f"2 - 2*b*c*d*f*cosh(1l) + b*d~2*cosh(1)~2 + bxd~2*sinh(1
)72 - 2x(b*cxd*xf - b*d"2xcosh(1))*sinh(1))*log(2x(a + b)*cosh(f*x + cosh(1)
+ sinh(1)) + 2x(a + b)*sinh(f*x + cosh(1l) + sinh(1)) - 2%(a - b)*sqrt((a +
b)/(a - b))) - 3*(b*xd"2+#f72*%x"2 + 2xbkckxd*f~2xx + 2xbkcxd*f*cosh(l) - bxd”
2xcosh(1)”"2 - bxd"2*sinh(1)~2 + 2% (b*ckd*f - b*d~2*cosh(1))*sinh(1))*log(sq
rt((a + b)/(a - b))*(cosh(f*x + cosh(1l) + sinh(1)) + sinh(f*x + cosh(l) + s
inh(1))) + 1) - 3x(b*d™2*f~2*x"2 + 2*b*c*d*f~2%x + 2*b*c*d*f*cosh(1l) - bxd~
2xcosh(1)~2 - b*d"2*sinh(1)~2 + 2*(b*c*d*f - b*d~2*cosh(1))*sinh(1))*log(-s
qrt((a + b)/(a - b))*(cosh(f*x + cosh(1l) + sinh(1)) + sinh(f*x + cosh(1) +
sinh(1))) + 1))/((a™2 - b~2)*£"3)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

(c + dzx)?
/ a+ beoth (e + fz) de

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)**2/(a+b*coth(f*x+e)),x)
[Out] Integral((c + d*x)**2/(a + b*coth(e + f*x)), x)
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Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)~2/(a+b*coth(f*x+e)),x, algorithm="giac")

[Out] integrate((d*x + c)~2/(bxcoth(f*x + e) + a), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/ (c+dzx)? i

a+bcoth(e+ fx)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c + d*x)~2/(a + b*coth(e + f*x)),x)
[Out] int((c + d*x)~2/(a + bxcoth(e + f*x)), x)
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ct+dzx
3.54 f a—|—bco;|il(6+f$) dz

Optimal. Leaf size=108

a—ble—2(et+fz) a—ble—2(et+fz)
(c+dzy bletdn)log (1— E=DEEE ) paPolyLog(2, (=t 5 )

2(a+b)d @ =) f + 2@ — 1) 2

[Out] 1/2*%(d*x+c)~2/(a+b)/d-b*(d*x+c)*1n(1+(-a+b)/(a+b)/exp(2*f*x+2*e))/(a~2-b"2)
/£+1/2%b*d*polylog(2, (a-b)/(a+b) /exp (2xf*x+2%e))/(a~2-b"2) /£~2

Rubi [A]
time = 0.12, antiderivative size = 108, normalized size of antiderivative = 1.00, number of

number of rules _ 999
’ integrand size ’

steps used = 4, number of rules used = 4, integrand size = 18
Rules used = {3812, 2221, 2317, 2438}

a—b)e—2(e+f) . a—ble—2(e+fz)
_ ble+dz)log <1 - %) N delz(%) (c + dz)?
f(a2—0?) 2f2% (a? — b?) 2d(a + b)

Antiderivative was successfully verified.
[In] Int[(c + d*x)/(a + bxCoth[e + f*x]),x]

[Out] (c + d*x)"2/(2*(a + b)*d) - (bx(c + d*x)*Log[l - (a - b)/((a + b)*E~(2%(e +
£*x)))1)/((a”2 - b2)*f) + (b*d*PolyLogl[2, (a - b)/((a + D)*E~(2*(e + f*x)
N/ (2%x(a™2 - b2)*£72)

Rule 2221

Int [CC(F)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol]l :> Simp
[((c + d*x)~m/(b*f*g*n*xLog[F]))*Logl[1l + b*x((F~(g*(e + f*x)))"n/a)], x] - Di
st [d* (m/ (bxfxg*n*Log[F])), Int[(c + d*x)~(m - 1)*Log[l + b*x((F~(g*(e + f*x)
))°n/a)l, x1, x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2317

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°n], x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, O]

Rule 2438
Int[Logl(c_.)*((d ) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"n]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlc*d, 1]

Rule 3812
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Int[((c_.) + (d_.)*(x_))"(m_.)/((a_) + (b_.)*tan[(e_.) + Pix(k_.) + (f_.)*(
x_)]), x_Symbol] :> Simp[(c + d*x)"(m + 1)/(d*(m + 1)*(a + Ixb)), x] + Dist
[2%I*b, Int[(c + d*x) m*xE~(2xIxk*Pi)*(E~Simp[2*I*(e + f*x), x]/((a + I*b)"2
+ (a™2 + b"2)*E~ (2%I*k*Pi)*E~Simp [2*%I*(e + f*x), x])), x], x] /; FreeQ[{a,
b, c, d, e, f}, x] && IntegerQ[4*k] && NeQ[a"2 + b~2, 0] && IGtQ[m, O]

Rubi steps

dz

/ c+dz e — (c+dz)* (2b) / e~ U+ (¢ + dx)
a+bcoth(e+ fz) ~  2(a+b)d (a+0)2 + (—a2 + b2) e 2et/)

a—ble—2(etfz) —a24b2 e—2(et+fx)
(et day Metdz)log (1- i) . (bd) [ log (1+ =705

- Ha+ b (a® — ) f @ =) f
ble—2(e+fz) (bd)Subst f _
(c+dp)? ble+da)log (1 _ lemeetso )
ot b (a? —0%) f - 2 (a? — b?) f2
abe ) . [ (a—b)e—2(e+f=)
_ (cdoy Hetdnlog (1 - %) bdLi, (%)
" 2(a+b)d (a2 — %) f ATy

Mathematica [A]
time = 1.73, size = 93, normalized size = 0.86

—a+b a—b

2(a—b)(a+b)f2

f((a +b)fx(2¢c + dz) — 2b(c + dz) log (1 + M)) - deolyLog<2, M)

Antiderivative was successfully verified.

[In] Integratel[(c + d*x)/(a + b*Coth[e + fx*x]),x]

[Out] (fx((a + b)*f*xx*x(2%c + d*x) - 2%b*(c + d*x)*Log[l + ((a + D)*E~(2*(e + f*x)
))/(-a + b)]) - bkxd*PolyLogl[2, ((a + D)*E"(2x(e + f*x)))/(a - b)])/(2%(a -
b)*(a + b)*£~2)

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 356 vs.
2(107) = 214.
time = 4.82, size = 357, normalized size = 3.31

] method \ result
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_ (a+b)e2fm+25 _ (a+b)e fx+2e
isch dz? 4+ 4 2bcln(ef””+e) beln(a ezf“’+2€+b62fz+2€—a,+b) bdln (1 a=b z . bdln{ 1 a—b €
IS¢ 2+2a ' atb | F(atb)(a—b) F(a+b)(a—b) F(a+b)(a—b) 72(a+b)(a—D)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x+c)/(a+bxcoth(f*x+e)),x,method=_RETURNVERBOSE)

[Out] 1/2/(a+b)*d*x~2+1/(a+b)*c*x+2/f*b/(at+b)*c/(a-b)*1n(exp(f*x+e))-1/f*b/ (a+b)*
c/ (a-b)*1n(a*exp (2*f*x+2%e) +tb*xexp (2*f*x+2%e) -a+b)-1/f*b/ (a+b) *d/ (a-b) *1n(1-

(a+b) *exp (2*f*x+2%e) / (a-b) ) *x-1/£72%b/ (a+b) *d/ (a-b) *1n (1-(a+b) *exp (2*f*x+2*
e)/(a-b))*e+b/ (a+b)/(a-b) *d*x~2+2/f*b/ (a+b) / (a-b) *d*e*x+1/f~2xb/ (a+b) / (a-b)
xdxe~2-1/2/£72%b/ (a+b) *d/ (a-b) *polylog(2, (a+b) *exp (2xf*x+2*e) /(a-b) ) -2/£~2x%

b/ (a+b)*d*e/(a-b) *1n(exp(f*x+e) ) +1/£72xb/ (a+b) *d*e/ (a-b) *1n(a*exp (2*f*x+2*e

) +bxexp (2xf*x+2%e) -a+b)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)/(a+bxcoth(f*x+e)),x, algorithm="maxima")

[Out] -1/2*(4*bxintegrate(-x/(a”2 - b™2 - (a”2 + 2*axb + b~2)*e”~ (2*f*x + 2*e)), x
) - x72/(a + b))*d - cx(bxlog(-(a - b)*e”(-2*f*x - 2xe) + a + b)/((a"2 - b~
2)xf) - (fxx + e)/((a + b)*£))

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 362 vs.
2(105) = 210.
time = 0.41, size = 362, normalized size = 3.35

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)/(at+b*coth(f*x+e)),x, algorithm="fricas")

[Out] 1/2x((a + b)*d*f~2*x"2 + 2x(a + b)*cxf 2*x - 2xb*d*dilog(sqrt((a + b)/(a -
b))*(cosh(f*x + cosh(l) + sinh(1)) + sinh(f*x + cosh(1) + sinh(1)))) - 2xbx
dxdilog(-sqrt((a + b)/(a - b))*(cosh(f*x + cosh(1) + sinh(1)) + sinh(f*x +
cosh(1) + sinh(1)))) - 2x(bxcxf - b*d*cosh(l) - bxd*sinh(1))*log(2x(a + b)x*
cosh(f*x + cosh(1) + sinh(1)) + 2%(a + b)*sinh(f*x + cosh(1l) + sinh(1)) + 2

*(a - b)*sqrt((a + b)/(a - b))) - 2x(b*c*f - bxd*cosh(l) - b*d*sinh(1))x*log
(2x(a + b)*cosh(f*x + cosh(1) + sinh(1)) + 2x(a + b)*sinh(f*x + cosh(1l) + s
inh(1)) - 2%(a - b)*sqrt((a + b)/(a - b))) - 2x(bxd*xf*x + b*dxcosh(1l) + bxd
*sinh(1))*log(sqrt((a + b)/(a - b))*(cosh(f*x + cosh(1l) + sinh(1)) + sinh(f
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*x + cosh(1) + sinh(1))) + 1) - 2%(b*d*f*x + bxd*cosh(1l) + b*d*sinh(1))x*log
(-sqrt((a + b)/(a - b))*(cosh(f*x + cosh(l) + sinh(1)) + sinh(f*x + cosh(1)
+ sinh(1))) + 1))/((@"2 - b™2)*£72)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ c+dx .

a+ bceoth (e + fx)

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((d*x+c)/(a+bxcoth(f*x+e)),x)

[Out] Integral((c + d*x)/(a + b*coth(e + f*x)), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)/(at+b*coth(f*x+e)),x, algorithm="giac")
[Out] integrate((d*x + c)/(bxcoth(f*x + e) + a), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/ ct+dzx

dz
a+bcoth(e+ fx)
Verification of antiderivative is not currently implemented for this CAS.

[In] int((c + d*x)/(a + b*coth(e + f*x)),x)
[Out] int((c + d*x)/(a + bxcoth(e + f*x)), x)



1
3.55 f (c+dz)(a+bcoth(e+f)) dz

Optimal. Leaf size=23

Iﬂt((c +dz)(a+ blcoth(e + fz))’ x)

[Out] Unintegrable(1/(d*x+c)/(at+b*coth(f*x+e)),x)
Rubi [A]

290

time = 0.04, antiderivative size = 0, normalized size of antiderivative = 0.00, number of

number of rules

steps used = 0, number of rules used = 0, integrand size = 0, integrand size

Rules used = {}

1

(¢ + dz)(a+ beoth(e + fx)) &

Verification is not applicable to the result.
[In] Int[1/((c + d*x)*(a + bxCoth[e + f*x])),x]
[Out] Defer[Int][1/((c + d*x)*(a + b*Coth[e + f*x])), x]

Rubi steps

1 1
/ (c+dz)(a+ beoth(e + fx)) de = / (c+dz)(a + beoth(e + fx)) d

Mathematica [A]
time = 9.90, size = 0, normalized size = 0.00
1
(c+dz)(a+ beoth(e + fx))

dz

Verification is not applicable to the result.

[In] Integrate[1/((c + d*x)*(a + b*Coth[e + f*x])),x]
[Out] Integrate[1/((c + d*x)*(a + bxCoth[e + f*x])), x]

Maple [A]
time = 180.00, size = 0, normalized size = 0.00

L d
/(dm+c) (a+ beoth (fz +e)) v

Verification of antiderivative is not currently implemented for this CAS.

= 0.000,
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[In] int(1/(d*x+c)/(atb*xcoth(f*x+e)),x)
[Out] int(1/(d*x+c)/(a+b*coth(f*x+e)),x)
Maxima [A]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c)/(a+b*coth(f*x+e)),x, algorithm="maxima")

[Out] -2#b*integrate(-1/(a"2%c - b™2%c + (a"2*%d - b"2*d)*x - ((a”2*d + 2*axbxd +
b~2*d) xx*e” (2*%e) + (a~2*c + 2xaxb*c + b~2*c)*e”(2xe))*e”(2*f*x)), x) + log(
d*x + c)/(axd + bxd)

Fricas [A]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c)/(a+b*coth(f*x+e)),x, algorithm="fricas")
[Out] integral(l/(axd*x + a*xc + (b*d*x + b*c)*coth(f*x + e)), x)

Sympy [A]
time = 0.00, size = 0, normalized size = 0.00

1
d
/ (a + bceoth (e + fx)) (c+ dx) v
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c)/(a+b*coth(f*x+e)),x)
[Out] Integral(1/((a + b*coth(e + f*x))*(c + d*x)), x)

Giac [A]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c)/(a+b*coth(f*x+e)),x, algorithm="giac")
[Out] integrate(1/((d*x + c)*(b*coth(f*x + e) + a)), x)



Mupad [A]
time = 0.00, size = -1, normalized size = -0.04
1

/(a+bcoth(e+fm)) (c+dx) dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/((a + bxcoth(e + f*x))*(c + d*x)),x)
[Out] int(1/((a + b*coth(e + f*x))*(c + d*x)), x)

292
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1
3.56 f (c+dg;)2(a—|—b00th(e+fx)) dz

Optimal. Leaf size=23

Int ( (c+dz)%(a + ll)coth(e + fz))’ x)

[Out] Unintegrable(1/(d*x+c) 2/ (a+bxcoth(f*x+e)),x)
Rubi [A]

time = 0.04, antiderivative size = 0, normalized size of antiderivative = 0.00, number of
steps used = 0, number of rules used = 0, integrand size = 0, number of rules _ ) (0

integrand size
Rules used = {}

! d
/ (c+ dx)?(a + beoth(e + fx)) v

Verification is not applicable to the result.

[In] Int[1/((c + d*x)~2*(a + b*Coth[e + f*x])),x]

[Out] Defer[Int] [1/((c + d*x)~2*x(a + bxCoth[e + f*x])), x]
Rubi steps

1 1
/ (c+ dx)%(a+ beoth(e + fz)) de = / (c+ dz)%(a+ beoth(e + fx)) dz

Mathematica [A]
time = 15.53, size = 0, normalized size = 0.00

1
d
/ (c+ dx)?(a + beoth(e + fz)) v
Verification is not applicable to the result.

[In] Integratel[1/((c + d*x)~2x(a + b*Coth[e + f*x])),x]
[Out] Integrate[1/((c + d*x)~2*(a + b*Coth[e + f*x])), x]

Maple [A]
time = 180.00, size = 0, normalized size = 0.00

/ ! dx
(dz +¢)? (a + beoth (fz + €))

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(1/(d*x+c)~2/(atb*coth(f*x+e)),x)
[Out] int(1/(d*x+c)~2/(a+b*coth(f*x+e)),x)

Maxima [A]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c)~2/(a+b*coth(f*x+e)),x, algorithm="maxima")

[Out] -2#b*integrate(-1/(a”2%c”2 - b™2xc”2 + (a”"2*%d"2 - b72*%d"2)*x"2 + 2*x(a~2*cx*d
- b™2*%ckd)*x - ((a"2*%d"2 + 2*a*xb*d"2 + b~2xd"2)*x"2xe~(2*xe) + 2*(a”2*c*d +
2*xaxbxckd + b~2xckxd)*x*e”(2xe) + (a”2*%c”2 + 2*axbxc”2 + bT2xc"2)*e” (2*e) ) *

e~ (2xf*x)), x) - 1/(a*c*d + bxcxd + (a*xd™2 + b*d"2)*x)

Fricas [A]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c)~2/(a+b*coth(f*x+e)),x, algorithm="fricas")
[Out] integral(1l/(a*d~2*x~2 + 2*axcxd*x + a*xc™2 + (b*d~2*x"2 + 2%b*c*d*x + b*c~2)

xcoth(f*x + e)), x)

Sympy [A]
time = 0.00, size = 0, normalized size = 0.00

/ ! dx
(a + bceoth (e 4+ fz)) (¢ + dz)”

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c)**2/(a+bxcoth(f*x+e)),x)
[Out] Integral(1/((a + b*coth(e + fx*x))*(c + d*x)*x2), x)

Giac [A]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c)~2/(a+b*coth(f*x+e)),x, algorithm="giac")
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[Out] integrate(1/((d*x + c)~2*(b*coth(f*x + e) + a)), x)

Mupad [A]
time = 0.00, size = -1, normalized size = -0.04

/ ! dz
(a+bcoth (e + fz)) (c+dz)”

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/((a + b*coth(e + f*x))*(c + d*x)~2),x)
[Out] int(1/((a + b*coth(e + f*x))*(c + d*x)~2), x)
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(c+dzx)3
3.57 f (a+bcoth(e+fx))? dx

Optimal. Leaf size=638

a+b e2e+2fa:
20 (c +dx)® 20%(c + dx)? (c+ dx)* 3b%d(c + dz)” log <1 - e > |

@7 f @= Dt bRa—b—(o+ ) [ 4a— b @ PP

[Out] -2xb~2*(d*x+c)~3/(a~2-b"2) ~2/f+2xb~2* (d*x+c) “3/(a-b)/(a+b) ~2/ (a-b-(a+b) xexp
(2*f*xx+2%e)) /f+1/4* (d*x+c) "4/ (a-b) ~2/d+3*b~2*d* (d*x+c) "2*1n(1- (a+b) *exp (2*f
xx+2%e) /(a-b))/(a~2-b"2) ~2/£~2-2*b* (d*x+c) ~3*1n(1-(a+b) *xexp (2*xf*x+2%e) /(a-b
))/(a-b) "2/ (a+b) /£+2*%b~ 2% (d*x+c) “3*1n(1- (a+b) *exp (2xf*xx+2*e) /(a-b)) /(a~2-b~
2)"2/£+3xb~2%d~2* (d*x+c) *polylog(2, (a+b) xexp (2*f*x+2xe) /(a-b))/(a"2-b~2) "2/
£73-3xb*d* (d*x+c) “2*polylog(2, (a+b) xexp (2*f*x+2xe) /(a-b)) /(a-b) "2/ (a+b) /£~2
+3%b~2xd* (d*x+c) “2xpolylog(2, (a+b) *exp (2*xf*x+2%e) /(a-b))/(a~2-b"2) ~2/£72-3/
2%b~2xd"3*polylog(3, (a+b) xexp (2*f*x+2%e) /(a-b))/(a"2-b"2) ~2/£~4+3*b*d~2* (d*
x+c)*polylog(3, (a+b) *exp (2xf*x+2*e) /(a-b))/(a-b)~2/(a+b) /£73-3*b~2*d "2 (d*x
+c)*polylog(3, (at+b) *exp (2*f*x+2*e) /(a-b))/(a~2-b"2) ~2/£~3-3/2*%b*d~3*polylog
(4, (at+b) *exp (2xf*x+2*e) / (a-b) )/ (a-b) "2/ (a+b) /£~4+3/2*%b"2xd"3*polylog(4, (a+b
) *exp (2xf*xx+2%e) /(a-b))/(a"2-b"2)"2/f"4

Rubi [A]

time = 1.64, antiderivative size = 638, normalized size of antiderivative = 1.00, number of

steps used = 28, number of rules used = 10, integrand size = 20, Bumber of rules _ 0.500,
integrand size

Rules used = {3815, 2286, 2216, 2215, 2221, 2611, 6744, 2320, 6724, 2222}

Antiderivative was successfully verified.
[In] Int[(c + d*x)~3/(a + b*Coth[e + f*x])~2,x]

[Out] (-2%b~2x(c + d*x)~3)/((a"2 - b~2)72xf) + (2%b~2%(c + d*x)~3)/((a - b)*(a +
b)"2x(a - b - (a + b)*E~(2xe + 2*f*x))*f) + (c + d*x)~4/(4x(a - b)~"2xd) + (
3xb~2xd*(c + d*x) 2*Log[l - ((a + D)*E~(2*%e + 2xf*x))/(a - b)])/((a"2 - b~2
)"2%£72) - (2%b*(c + d*x)~3*Log[l - ((a + b)*E~(2*e + 2xf*x))/(a - b)])/((a
- b)"2x(a + b)*f) + (2%xb~2x(c + d*x)~3*Log[l - ((a + D)*E~(2*e + 2*f*x))/(
a - b)])/((@a”2 - b™2)"2xf) + (3*%b~2xd"2*(c + dx*x)*PolyLog[2, ((a + b)*E~(2*
e + 2xfxx))/(a - b)])/((a”2 - b™2)"2*%f73) - (3*b*d*(c + d*x) 2*xPolyLog[2, (
(a + b)*E~(2%e + 2xf*x))/(a - b)])/((a - b)"2x(a + b)*£72) + (3*b~2*xd*(c +
dxx) “2xPolyLog[2, ((a + b)*E~(2*e + 2xf*x))/(a - b)])/((a"2 - b™2)"2*f"2) -
(3*¥b~2*d~3*PolyLog[3, ((a + b)*E~(2xe + 2xfxx))/(a - b)]1)/(2*%(a"2 - b~2)"2
*£~4) + (3*bxd~2*(c + d*x)*PolyLog[3, ((a + b)*E~(2xe + 2xf*x))/(a - b)1)/(
(a - b)72x(a + b)*£73) - (3*b~2xd"2*(c + d*x)*PolyLog[3, ((a + D)*E~(2xe +
2xfxx))/(a - b)]1)/((a"2 - b~2)"2%f73) - (3xb*d~3*PolyLog[4, ((a + b)*E~(2*e
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+ 2xf*x))/(a - b)]1)/(2x(a - b)"2x(a + b)*f~4) + (3*b~2*d~3*PolyLog[4, ((a
+ b)*E~(2%e + 2*xfxx))/(a - b)])/(2*x(a"2 - b~2)"2xf"4)

Rule 2215

Int[((c_.) + (d_)*(x_))"(m_.)/((a)) + (b_)*x((F_)"((g_.)*((e_.) + (£_.)*(x
J)N)~"(n_.)), x_Symbol] :> Simp[(c + d*x)"(m + 1)/(a*d*(m + 1)), x] - Dist[
b/a, Int[(c + d*x) " m*x((F~(gx(e + £*x)))"n/(a + b*x(F~(gx(e + £*x)))"n)), x],
x] /; FreeQ[{F, a, b, c, 4, e, f, g, n}, x] && IGtQ[m, O]

Rule 2216

Int[((a_) + (b_.)*((F_)"((g_.)*((e_.) + (£_.)*(x_))))"(n_.))~(p_)*((c_.) +
(d_.)*(x_))"(m_.), x_Symbol] :> Dist[1/a, Int[(c + d*x) m*(a + b*x(F~(gx(e +
f*x)))"n)~(p + 1), x], x] - Dist[b/a, Int[(c + d*x) m*(F~(gx(e + f*x))) n*
(a + bx(F~(gx(e + £*x)))"n)"p, x], x] /; FreeQ[{F, a, b, c, d, e, f, g, n},
x] && ILtQ[p, 0] && IGtQ[m, O]

Rule 2221

Int [(CCF_)~((g_)*((e_.) + (£_.)*(x_))))"(a_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*x((F_)"((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~m/(b*fxg*nxLog[F]))*Log[1l + bx((F~(gx(e + f*x)))"n/a)], x] - Di
st [d* (m/ (bxfxg*n*Log[F])), Int[(c + d*x)~(m - 1)*Logl[l + b*x((F~(g*x(e + f*x)
))"n/a)l, x], x] /; FreeQ[{F, a, b, c, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2222

Int [((F_)"((g_.)*((e_.) + (£_.)*(x_))))"(n_.)*((a_.) + (b_.)*x((F_)~((g_.)*(
(e_.) + (£_)*(x_))))"(@m_))"(p_.)*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :>
Simp[(c + d*x) "m*((a + b*(F~(gx(e + £*xx)))"n)"(p + 1)/(b*f*gknx(p + 1)*Log
[F1)), x] - Dist[d*(m/(b*f*xgxn*x(p + 1)*Log[F])), Int[(c + d*x)"(m - 1)*(a +
bx(F~(gx(e + £*x)))"n)~(p + 1), x1, x] /; FreeQ[{F, a, b, c, d, e, f, g, m
, n, p}, x] && NeQ[p, -1]

Rule 2286

Int[((a_.) + (b_)*(F_)~(u_))"(p_.)*((c_.) + (d_.)*(F_)~(v_))"(q_.)*((e_.)
+ (£_.)*(x_))"(m_.), x_Symbol] :> With[{w = ExpandIntegrand[(e + f*x)"m, (a
+ bxF~u) “px(c + d*¥F~v)~q, x1}, Int[w, x] /; SumQ[wl]] /; FreeQ[{F, a, b, c,
d, e, f, m}, x] && IntegersQ[p, ql && LinearQ[{u, v}, x] && RationalQ[Simp
lify[u/v]]

Rule 2320

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]1/x, x1, x, v], x]] /; Functi
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onOfExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQl
{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 2611

Int[Logl[l + (e_.)*((F_)~((c_.)*((a_.) + (b_.)*(x_))))"(m_)I*((f_.) + (g_.)
*(x_))~(m_.), x_Symbol] :> Simp[(-(f + g*x) m)*(PolyLogl[2, (-e)*(F~(c*(a +

b*x)))"nl/ (bxc*n*Log[F1)), x] + Dist[g*(m/(b*c*n*Log[F1)), Int[(f + g*x)~(m
- 1)*PolyLog[2, (-e)*(F~(cx(a + b*x)))"nl], x], x] /; FreeQ[{F, a, b, c, e,
f, g, n}, x] && GtQ[m, O]

Rule 3815

Int[((c_.) + (d_)*(x_))"(m_.)*((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(n ),
x_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (1/(a - I*b) - 2xIx(b/(a"2 +
b~2 + (a - I*b) 2+E~(2*I*(e + £*x)))))~(-n), x], x] /; FreeQ[{a, b, c, d,
e, T}, x] && NeQ[a"2 + b~2, 0] && ILtQ[n, 0] && IGtQ[m, O]

Rule 6724

Int[PolyLogln_, (c_.)*((a_.) + (b_.)*(x_))"(p_.)1/C(d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLog[n + 1, c*(a + b*x)“pl/(e*p), x] /; FreeQ[{a, b, c, d
, e, n, p}, x] && EqQ[bxd, axe]

Rule 6744

Int[((e_.) + (£f_.)*(x_)) " (m_.)*PolyLog[n_, (d_.)*((F_)~((c_.)*((a_.) + (b_.
)*(x_))))~(p_.)], x_Symbol] :> Simp[(e + f*x) m*(PolyLogln + 1, d*(F~(c*(a
+ b*x)))~pl/ (bxc*p*Logl[F1)), x] - Dist[f*(m/(bxcxp*Logl[F1)), Int[(e + f*x)~
(m - 1)*PolyLog[n + 1, d*(F~(c*(a + b*x)))~pl, x], x] /; FreeQ[{F, a, b, c,
d, e, £, n, p}, x] && GtQ[m, O]

Rubi steps



/ (c+ dx)?
(a + beoth(e + fx))?

_ (c+dx)3
dm_/((a—b)Q +
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4be?

4b%etettie(c + dr)? N
(a—1b)?(a(l-

(a—b)2(a(1-2) -a(1+2) e2e+2f”6)2

e2¢t2f2 (c+dx)3 412 etet4f? (c+dx)?
_ (C+d:17)4 (4b)fa(l—g)—a(1+§)e2e+2fx dx s ( )f (a<1_g)_a(1+%)e2e+2fx:
4(a —b)2d (a — b)? (a — b)?

(a+b)e2et2fz 2 (c+dz)3 (a-
oy Hevari - ) (58t

~ 4(a—b)2d (a—b)2(a+bd)f

a+b)e2et2fe ~
(c+da)* | Blc+da)* 2l dz)* log (1 - %)  3bd(c+dz

T 4a—b2d " (a2 —1?)2d (a—b2(a+b)f (a—

a+b 62€+2f$ .
(c+dz)*  b*(c+da)* 2b(c + dz)* log (1 - %) B 3bd(c + dz

= 4(a—b)2d (a2 - b2)2 d (a—b)2(a+b)f (a—
B 20%(c + dz)? (c + dz)* ~ 2b(c + dzx)3log (1
" (a—0b)(a+b)?(a—b— (a+b)e2t2fz) f = 4(a — b)2d (a —b)2(a
_2b2(c +dz)? 2b%(c + dz)3 (c + dz)* B
@ =-0)%f (a—-b(a+b)?(a—b— (a+b)eXt) f = 4(a—1b)2d
_ _W(e+do)’ 26%(c + da)* (c+ dz)*
(@ =02 f  (a—b)(a+b)*(a—b—(a+Db)e*+=) f  4(a—b)%d
_ (et do)’ 20 (c + da)’ (c+ d)*
(@ —0?)?f  (a—b)(a+b)*(a—b—(a+Db)e*+=) f * 4(a—b)%d
_ _2b2(c +dzx)3 2v*(c + dz)? N (c + dz)*
(@ —0?)f  (a—b)(a+b)*(a—b—(a+Db)e*=) f * 4(a—b)%d
20 (c +dx)® 2v*(c + dz)? (c + dz)*
@ =-0)%f (a—-b(a+b)?(a—b— (a+b)eXt2)f = 4(a—1b)2d

Mathematica [B] Leaf count is larger than twice the leaf count of optimal. 1786 vs.

2(638) = 1276.

time = 9.78, size = 1786, normalized size = 2.80
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Antiderivative was successfully verified.

[In] Integrate[(c + d*x)~3/(a + bxCoth[e + f*x])~2,x]

[Out] -1/8%((4%b*(12%a*xb*xc~2*d*E~(2*%e)*f~3*x + 12*¥b~2%c~2*d*E™ (2%e) *f~3*x -
*CT3*E” (2%e) *f"4*x - 8*kaxb*c”~3*E”(2%e) *f"4*xx + 12%axb*ckd 2*xE~(2%e)*f"3*x"2
+ 12%b~2xc*xd"2*E” (2%e) *f"3%x"2 - 12%a~2%c”2*d*E~(2%e) *f"4*x"2 - 12%a¥b*c”2
*d*xE~ (2%e) *£"4%x"2 + 4xaxb*d"3*E”~(2%e) *f~3*x"3 + 4%b"2xd"3*E” (2%e) *f ~3*x"3
- 8%a”2kckd"2*E” (2%e) *f"4*x"3 - 8kaxbkckd"2+E”(2%e) *f~4*x"3 - 2¥a~2%d"3*E~(
2xe) *f"4*xx~4 - 2%axbxd"3+E” (2%e) *f~"4*x"4 + 6xaxbkxc”2xdxf"2+Logla - b - (a +
b)*E~ (2% (e + f*x))] - 6%b~2xc 2xd*f~2+Logla - b - (a + D)*E~(2*x(e + f*x))]
- 6xaxbxc~2+d*E”(2%e)*f"2*Logla - b - (a + D)*E~(2x(e + fx*x))] - 6%b~2xc"2
*d*E~ (2*%e) *f"2+Logla - b - (a + b)*E~(2*(e + f*x))] - 4*a~2*c~3*xf"3*Logla -
b - (a + b)*E~(2x(e + fx*x))] + 4*axbxc~3*f "3*Logla - b - (a + b)*E~(2*(e +
fxx))] + 4xa~2%c"3*xE~(2xe)*f"3xLogla - b - (a + b)*E~(2x(e + f*x))] + 4xa*
bxc~3*E~(2*e)*f"3*Logla - b - (a + b)*E~(2*(e + f*x))] + 12%a*bkckd™2*f 2*x
xLog[1l + ((a + b)*E~(2x(e + f*x)))/(-a + b)] - 12%b~2*c*d~2*f " 2*x*Log[1l + (
(a + b)*E~(2x(e + fxx)))/(-a + b)] - 12xaxb*c*d~2*xE~(2xe)*f " 2xx*Log[1l + ((a
+ b)*E~(2%(e + f*x)))/(-a + b)] - 12%b~2xc*xd~2*E~ (2*e) *f ~2*xx*Log[1 + ((a +
b)*E~ (2% (e + f*x)))/(-a + b)] - 12*%a~2xc~2*d*f~3*xxLog[l + ((a + b)*E~(2x(
e + £xx)))/(-a + b)] + 12xaxb*c”2xd*f~3*x*Log[l + ((a + D)*E~(2*(e + f*x)))
/(-a + b)] + 12xa”~2*%c”2*d*E~ (2xe) *f~3*x*Log[1 + ((a + b)*E~(2x(e + £f*x)))/(
-—a + b)] + 12%axbxc”2*d*E~ (2xe) *f~3*x*Log[1 + ((a + b)*E~(2*(e + f*x)))/(-a
+ b)] + 6*axbxd~3*f~2xx"2xLog[l + ((a + D)*E~(2x(e + f*x)))/(-a + b)] - 6%
b~2%d"3*f"2xx"2*Log[1 + ((a + b)*E~(2*%(e + f*x)))/(-a + b)] - 6*axbxd~3*E~(
2xe) *f"2xx"2+Log[1 + ((a + D)*E~(2*(e + f*x)))/(-a + b)] - 6%b~2xd"3*E~ (2*e
)x£72xx"2xLog[1 + ((a + b)*E~(2x(e + f*x)))/(-a + b)] - 12%a~2%c*xd~2*f"3*x~
2xLog[1 + ((a + D)*E~(2x(e + fx*x)))/(-a + b)] + 12¥axbkcxd™2*f~3*x"2*Log[1
+ ((a + D)*E~(2%(e + f*x)))/(-a + b)] + 12%a~2*kcxd"2+E~ (2%e) *f~3*x~2*Log[1
+ ((a + D)*E~(2%(e + f*x)))/(-a + b)] + 12%a*bkcxd~2+E~(2*e)*f~3*x~2*xLog[1
+ ((a + D)*E~(2%(e + f*x)))/(-a + b)] - 4*a~2xd"3*f"3*x"3xLog[l + ((a + b)*
E"(2x(e + f*xx)))/(-a + b)] + 4xaxbxd~3*xf"3xx"3*xLog[l + ((a + b)*E~(2%(e + £
*xx)))/(-a + b)] + 4%a~2%d"3*E~(2*e)*f~3*x"3*Log[1 + ((a + b)*E~(2x(e + f*x)
))/(-a + b)] + 4*a*xb*d”"3*E”(2xe)*f~3*x"3*Log[1 + ((a + D)*E~(2*(e + f*x)))/
(-a + b)] + 6xd*x(ax(-1 + E~(2%e)) + bx(1 + E~(2%e)))*f*x(c + d*x)*(-(b*xd) +
axfx(c + dxx))*PolyLog[2, ((a + D)*E~(2%(e + f*x)))/(a - b)] - 3xd"2*(ax(-1
+ E7(2%e)) + bx(1 + E~(2xe)))*(-(bxd) + 2*a*f*(c + d*x))*PolyLog[3, ((a +
b)*E~(2x(e + f*x)))/(a - b)] - 3*%a~2xd"3*PolyLogl[4, ((a + b)*E~(2x(e + f*x)
))/(a - b)] + 3xaxb*d"3*PolyLogl[4, ((a + b)*E~(2x(e + f*x)))/(a - b)] + 3*a
~2xd"3+E” (2*e) *PolyLog[4, ((a + b)*E~(2x(e + f*x)))/(a - b)] + 3*axb*d~3*E~
(2xe)*PolyLogl[4, ((a + b)*E~(2x(e + f*x)))/(a - b)]))/(ax(-1 + E"(2%e)) + b
*(1 + E7(2%e))) + ((a - b)*(a + b)*f"3*%((a"2 + b™2) *xfxx*x(4*c™3 + 6*c™2*d*x
+ 4xc*d”"2*%x"2 + d”3*x"3)*Cosh[f*x] - (2”2 - b72)*fxx*(4*c™3 + 6*c™2xd*x + 4
xc*xd"2*%x"2 + d"3%x73)*Cosh[2*e + fxx] + 2%b*(-4*bx(c + d*x)~3 + a*xf*x*(4*c™
3 + 6*%cT2*d*x + 4xc*d"2*x”2 + d~3%x73))*Sinh[f*x]))/((b*Cosh[e] + a*Sinh[e]

8*xa~2
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)*x(b*xCosh[e + f*x] + a*Sinh[e + fxx])))/((a - b)"2%(a + b)~2xf~4)

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 2443 vs.
2(618) = 1236.
time = 5.64, size = 2444, normalized size = 3.83

method | result size
risch Expression too large to display | 2444

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x+c)~3/(atbxcoth(f*x+e)) 2,x,method=_RETURNVERBOSE)

[Out] -12/(a"2+2*axb+b~2) /f~2*b/(a-b) ~2*a*c~2xd*e*1n(exp(f*x+e))-6/(a~2+2*a*xb+b~2
)/£*¥b/ (a-b) “2*a*cxd~2x1n(1-(a+b) *exp (2*f*x+2*e) / (a-b) ) *x~2+6/ (a~2+2*a*b+b~2
)/£73%b/(a-b) "2*%a*xcxd~2*1n(1-(a+b) *exp (2*f*x+2*e)/(a-b))*e~2-6/(a~2+2*a*xb+b
~2)/£72%b/ (a-b) "2*a*xc*d~2*polylog(2, (a+b) xexp (2xf*xx+2xe) / (a-b) ) *x-6/ (a~2+2%
axb+b~2) /fxb/ (a-b) “2xa*xc”2*d*1n(1- (a+b) *exp (2xf*x+2*e) /(a-b) ) *x+12/ (a~2+2*a
*b+b~2) /f*b/ (a-b) "2*a*xc~2*d*e*x-12/ (a~2+2*axb+b~2) /£72%b/ (a-b) "2%e~2%a*c*d”
2*xx-2/(a-b) /f/(a~2+2xaxb+b~2) * (d~3*x"3+3*c*d~2*x"2+3*c"2*d*x+c”~3) *b~2/ (a*ex
p(2%f*x+2%e) +bxexp (2*f*x+2*e) —a+b) +4/ (a~2+2*a*xb+b~2) /£~4*b~2/(a-b) "2*e~3*d"
3-2/(a"2+2xaxb+b~2) /£*¥b~2/ (a-b) "2%d"3*x"3-3/2/ (a~2+2*a*b+b~2) /£ ~4*b~2/ (a-b)
~2*%d~3%polylog(3, (a+b) *exp (2xf*x+2*e)/(a-b) ) +6/(a~2+2*a*xb+b~2) *b/ (a-b) ~"2*a*
¢~ 2xd*x"2+6/ (a~2+2*axb+b~2) /£~ 3%b~2/ (a-b) “2*c*d~2*1n(1-(a+b) *exp (2*xf*x+2%e)
/(a-b))*e-2/(a~2+2xaxb+b~2) /f*b/ (a-b) “2*a*d~3*1n(1-(a+b) *exp (2xf*xx+2*e) / (a-
b)) *x~3-2/ (a~2+2*a*b+b~2) /£~4xb/ (a-b) "2*a*d~3*1n(1- (a+b) *exp (2*f*x+2xe) / (a-
b)) *e~3+4/(a~2+2*a*xb+b~2) ¥b/ (a-b) “2*a*xc*d~2*xx~3+4/ (a~2+2*axb+b~2) /£~3*b/ (a-
b) "2%e~3*a*d”~3*x-12/(a"2+2*a*b+b~2) /£72%b~2/ (a-b) "2*d~2*c*e*x+6/ (a~2+2*axb+
b~2) /£72%b/ (a-b) “2*a*xc~2*d*e~2+2/ (a~2+2*a*xb+b~2) /f~4*xb/ (a-b) "2*a*d~3*e”3*1n
(axexp (2*xf*x+2xe) +bxexp (2*f*x+2%e) —a+b) -3/ (a~2+2*a*b+b~2) /£~ 2xb/ (a-b) “2*axd
~3*polylog(2, (a+b)*exp(2xf*x+2*e)/(a-b) ) *x~2+3/ (a~2+2*axb+b~2) /£~3%b/(a-b) "
2*axd~3*polylog(3, (at+b)*exp (2*¢f*x+2*e)/(a-b))*x-3/(a~2+2*a*xb+b~2) /£~ 2xb/ (a-
b) “2*xa*xc~2*d*polylog(2, (a+b) *exp (2xf*x+2*e) /(a-b) )-8/ (a~2+2*axb+b~2) /£ ~3*b/
(a-b) "2*e~3*axc*xd~2+1/4*d~3/(a~2+2*a*b+b~2) *x~4+1/4/d/ (a~2+2*a*b+b~2) *c~4-4
/(a~2+2%a*b+b~2) /£~4xb/ (a-b) "2*axd~3*e~3*1n(exp (f*x+e) ) +3/(a~2+2xa*xb+b~2) /f
~3xb/ (a-b) “2xa*xc*d~2*polylog(3, (a+b) *exp (2xf*x+2*e) / (a-b) ) +6/ (a~2+2*a*b+b~2
)/£72%b~2/(a-b) "2*c*xd~2*1n(1-(a+b) *exp (2*¥f*x+2*e) / (a-b) ) *x-6/(a~2+2*a*b+b~2
)/£73%b~2/ (a-b) "2*c*xd~2*ex1n (a*exp (2*f*x+2xe) +b*kexp (2*xf*x+2*e) —a+b) +12/ (a~2
+2%axb+b~2) /£73%b~2/ (a-b) “2*c*d~2*ex1n(exp (f*x+e)) -6/ (a~2+2*a*b+b~2) /£~ 3*b/
(a-b) "2xaxc*d~2*e”~2x1n(axexp (2*f*x+2xe) +bxexp (2*f*x+2%e) —a+b) +12/ (a~2+2*axb
+b~2) /£73%b/ (a-b) "2*a*cxd~2*e”2*x1n(exp (f*x+e) ) +6/ (a~2+2xaxb+b~2) /£~2*b/ (a-b
) "2%axc”2xd*e*1n (a*exp (2xf*x+2%e) +b*xexp (2*xf*x+2%e) —a+b) -6/ (a~2+2*a*b+b~2) /f
~2xb/ (a-b) “2xa*xc~2*d*1n(1- (a+b) *exp (2xf*x+2*e) / (a-b) ) *e+d "2/ (a"2+2*a*xb+b~2)
*xcxx~3+3/2xd/ (a”2+2%a*b+b~2) *c"2*xx"2+1/ (a"2+2*axb+b~2) xc~3*x+3/ (a~2+2*axb+b
~2)/£~4xb/ (a-b) "2xe~4*axd~3+6/ (a~2+2xa*b+b~2) /£"3*%b"2/ (a-b) “2*e~2*d"3*x+1/(
a~2+2*a*b+b”2) *b/ (a-b) “2*a*d"3*x"4-6/ (a"2+2*axb+b~2) /£¥b"2/ (a-b) "2*d"2*c*x"
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2-6/(a"2+2xa*b+b~2) /£"3*%b~2/ (a-b) “2*d"2*c*e~2+4/(a~2+2*axb+b~2) /f*b/ (a-b) "2
xaxc~3*1n(exp(f*x+e))-6/(a~2+2*axb+b~2) /£~2+%b~2/ (a-b) "2*c~2*d*1n (exp (f*x+e)
)-2/(a"~2+2*a*b+b~2) /fxb/ (a-b) “2*a*c”3*1n(a*exp (2*f*x+2%e) +tb*exp (2*f*x+2*e) -
at+b)+3/(a”~2+2*axb+b~2) /£~2*%b~2/ (a-b) "2*c~2*d*1n (a*xexp (2*xf*x+2%e) +b*exp (2*f*
x+2%e)-a+b)-3/2/(a~2+2*a*b+b~2) /£~4x*b/ (a-b) “2*a*d~3*polylog(4, (a+b) *exp (2*f
xx+2%e) /(a-b))+3/(a~2+2*a*xb+b~2) /£72+%b~2/ (a-b) “2*d~3*1n(1- (a+b) *exp (2*f*x+2
xe) /(a-b))*x~2+3/(a~2+2*axb+b~2) /£~ 3%b~2/ (a-b) “2*d~3*polylog(2, (a+b) *exp (2%
f*xx+2%e) /(a-b) ) *x+3/ (a"2+2xaxb+b~2) /£ ~4*b~2/ (a-b) "2*d~3*e~2*1n (a*exp (2*xf*x+
2%e) +b*xexp (2*f*x+2%e) —a+b) +3/ (a~2+2*axb+b~2) /£~3*%b~2/ (a-b) “2*c*d~2*polylog(
2, (a+b) xexp (2+¢f*xx+2*e) / (a-b) ) -6/ (a~2+2*a*b+b~2) /£~4*b~2/ (a-b) ~2*d~3*e~2*1n(
exp (fxx+e) ) -3/ (a~2+2xaxb+b~2) /£74*b~2/ (a-b) "2*d"3*e~2*1n (1- (a+b) xexp (2*f*x+
2xe)/(a-b))

Maxima [A]
time = 0.58, size = 989, normalized size = 1.55

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)~3/(atb*coth(f*x+e))~2,x, algorithm="maxima")

[Out] -6*b~2%c~2*d*f*x/(a"4*f~2 - 2%a~2%b~2*f~2 + b~4*f~2) - 2/3*(4*f~3*x"3*log(-
(a + b)*xe”(2xf*x + 2xe)/(a - b) + 1) + 6*%f"2*x"2+dilog((a + b)*e~ (2xf*x + 2
xe)/(a - b)) - 6*f*x*polylog(3, (a + b)xe~(2xfxx + 2*e)/(a - b)) + 3*polylo
g(4, (a + b)*e”~(2*%f*x + 2xe)/(a - b)))*axb*xd~3/(a~4*f"4 - 2%a~2*b"2xf"4 + b
“4xf~4) + 3%b"2xc”2+d*log((a + b)*e~(2xf*x + 2%e) - a + b)/(a”4*xf"2 - 2xa”2
*b"2xf£72 + b74*x£72) - c”3*(2*%axbkxlog(-(a - b)*e”(-2xf*x - 2%xe) + a + b)/((a
4 - 2*%a”2%b"2 + b74)*f) + 2*xb"2/((a"4 - 2*%a"2*%b"2 + b™4 - (a”4 - 2*a~3*xb +
2%axb~3 - b74)xe” (-2*f*x - 2xe))*f) - (fxx + e)/((a”2 + 2*a*xb + b~2)*f))
3/2x (2xaxb*xc*d~2xf - b~2*%d"3) *(2*f~2*x"2x1log(-(a + b)*e”~ (2xf*x + 2xe)/(a
b) + 1) + 2xfxx*dilog((a + b)*e~(2xf*x + 2%e)/(a - b)) - polylog(3, (a +
Yxe~ (2xf*xx + 2%e)/(a - b)))/(a"4*xf~4 - 2%a~2%b"2*%f"4 + b~4*xf~4) - 3x(axb*c”
2xd*f - b72*c*d"2) * (2¢f*x*log(-(a + b)*e” (2xfxx + 2xe)/(a - b) + 1) + dilog
((a + b)*e~(2xf*x + 2%e)/(a - b)))/(a~4*xf~3 - 2xa~2+%b~2xf"3 + b~4xf~3) + (a
*bxd"3*f"4*x~4 + 2% (2*axbxcxd"2*f - b~2xd"3)*f"3*x"3 + 6% (axbxc”2*d*f"2 - b
“2xcxd”2%f) *fT2xx72) /(aT4*xf"4 - 2%a"2xb"2%xf"4 + bT4Axf"4) + 1/4%(24*xb"2*c"2x%
dxx + (a"2*%d"3*f - 2%a*b*d"3*f + b"2xd"3*f)*x"4 + 4*(a”2*ckd"2xf - 2xaxbxc*
d"2+f + (cxd™2+f + 2*xd"3)*b"2)*x"3 + 6*(a~2xc”2*d*f - 2*xaxb*c”2xdxf + (c”2%
d*f + 4xcxd”2)*b"2)*x"2 - ((a”2xd"3*f - b~2xd"3*f)*x"4*xe” (2%e) + 4x(a”2*c*d
“2xf — bT2%cxd"2*xf) *x"3*e”(2%e) + 6% (a"2xc”2*d*f - bT2kcT2*d*f)*xx"2%e” (2%e)
Yxe” (2%f*x))/(a"4*f - 2*xa~2*%b"2*f + b~4xf - (a~4*xf + 2*a~3xbxf - 2¥axb”~3x*f
- b74xf)*e” (2*xfxx + 2%e))

o

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 10570 vs.
2(626) = 1252.
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time = 0.51, size = 10570, normalized size = 16.57

Too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) 3/ (atb*coth(f*x+e))~2,x, algorithm="fricas")

[Out] -1/4*x((a"3 + a~2%b - a*b™2 - b~3)*d"3*xf~4*xx"4 + 4%(a"3 + a"2*%b - axb™2 - b~
3)*xcxd"2xf"4*x"3 + 6%(a”3 + a"2*%b - a*b”2 - b"3)*c 2xd*f"4*x"2 + 4*x(a”3 + a
“2%b - a*b”2 - b"3)*c"3*xf"4xx - 4*(a”2%b - a*b”~2)*d"3*cosh(1)~4 - 4x(a~2%b
- a*b~2)*d"3*sinh(1) "4 + 8*(a*b~2 - b~3)*c~3*f"3 + 8x(2*(a"2*b - a*b~2)*cxd
~2xf - (a*b”2 - b73)*d"3)*cosh(1)73 + 8x(2*(a"2*b - a*b™2)*cxd~2xf - 2*(a”~2
*b - a*b”2)*d"3*cosh(1l) - (a*b™2 - b~3)*d"3)*sinh(1)~3 - 24x((a~2*b - a*b~2
Y*xc”"2%d*f"2 - (a*b”2 - b~3)*c*d"2xf)*cosh(1)"2 - ((a"3 + 3*a~2*b + 3*axb~2
+ b"3)*d"3*xf"4xx~4 - 4%(a”2%b + a*b~2)*d"3*cosh(1)"4 - 4%(a"2*b + a*xb~2)*d”
3*sinh(1)74 + 4x((a”3 + 3*a"2xb + 3*a*xb”2 + b~3)*cxd"2*xf"4 - 2x(a*xb”2 + b~3
)*d"3*%f73)*x"3 + 8% (2x(a"2*b + a*b~2)*c*d"2*f - (a*b”2 + b~3)*d"3)*cosh(1)”
3 + 8x(2*x(a"2%b + a*b”2)*cxd"2xf - 2+ (a"2*b + a*b~2)*d"3*cosh(l) - (a*b™2 +
b~3)*d"3)*sinh(1)"3 + 6*((a”3 + 3*a”2*b + 3*a*xb”™2 + b~3)*c"2xd*f~4 - 4x(ax
b"2 + b73)*c*d"2*%f"3) *x"2 - 24*((a"2*b + a*xb”2)*c”2*%d*f"2 - (a*xb”2 + b~3)*c
*d"2*f)*cosh(1) "2 - 24*x((a~2*b + a*b~2)*c”2*d*f~2 + (a"2*b + a*b~2)*d"3*cos
h(1)"2 - (a*xb”™2 + b~ 3)*cxd"2*f - (2*x(a"2*b + a*b”~2)*c*d"2xf - (a*b™2 + b~3)
*d~3)*cosh(1))*sinh(1)72 + 4*((a”3 + 3*a”2*b + 3*a*xb”™2 + b~3)*c"3*f"4 - 6%(
a*b~2 + b73)*cT2xd*xf"3)*x + 8*x(2*(a”2*b + a*b”2)*c"3*xf"3 - 3*x(axb”2 + b~3)*
c~2xd*xf~2)*cosh(1) + 8% (2x(a”2*b + a*b~2)*c"3*f~3 - 2*x(a"2%b + a*xb~2)*d~3*c
0osh(1)73 - 3*(a*b™2 + b~3)*c™2*%d*f~2 + 3*x(2*x(a"2*b + a*xb~2)*c*d"2*f - (axb”
2 + b"3)*d"3)*cosh(1)"2 - 6*%((a"2*b + a*b~2)*c"2xd*f~2 - (a*b™2 + b~ 3)*c*xd”
2*%f)*cosh(1))*sinh(1))*cosh(f*x + cosh(1l) + sinh(1))"2 - 24*%((a"2*b - axb~2
Y*xc"2%d*f"2 + (a”2%b - a*xb”2)*d"3*cosh(1)"2 - (a*b”™2 - b~ 3)*cxd"2+f - (2*x(a
~2%b - axb”2)*kckxd"2xf - (a*b”2 - b~3)*d"3)*cosh(1))*sinh(1)"2 - 2%((a"3 + 3
*a"2%b + 3*a*xb”2 + b"3)*d"3*xf"4xx"4 - 4%(a”2*b + axb~2)*d"3*xcosh(1)"4 - 4x*(
a~2xb + a*b”2)*d"3*sinh(1)74 + 4*((a”3 + 3*a”2%b + 3*a*xb”2 + b~3)*c*kd"2*f~4
- 2x(a*b”2 + b~3)*d"3*f"3)*x"3 + 8% (2*x(a"2*b + axb~2)*kc*d"2*xf - (a*b”2 + b
~3)*d"3)*cosh(1) "3 + 8% (2x(a"2*b + a*b~2)*c*d"2*xf - 2*x(a"2%b + a*xb”2)*d"3*c
osh(1) - (a*b™2 + b"3)*d"3)*sinh(1)"3 + 6*((a"3 + 3*a”~2*b + 3*axb™2 + b~3)*
c72%d*f"4 - 4*x(a*b”2 + b"3)*ckd"2*%f"3)*x"2 - 24*%((a”"2*b + axb"2)*c"2*d*f"2
- (a*b”2 + b~3)*cxd"2*f)*cosh(1)"2 - 24*x((a"2*b + a*xb~2)*c~2*d*f~2 + (a~2*b
+ axb~2)*d"3*cosh(1)"2 - (a*b™2 + b~3)*cxd™2xf - (2% (a”2%b + a*xb”2)*cxd™ 2%
f - (axb™2 + b~3)*d"3)*cosh(1))*sinh(1)"2 + 4*%((a~3 + 3*a"2*b + 3*a*b™2 + b
~3)*c”"3*%f"4 - 6x(a*b”2 + b~3)*kc"2*d*f"3)*x + 8% (2*x(a"2*b + axb~2)*kc"3*%f"3 -
3% (a*xb™2 + b~3)*c"2*%d*f~2)*cosh(1) + 8*x(2*x(a"2*b + a*xb~2)*c " 3*f"3 - 2*x(a”2
*b + a*b”2)*d"3*cosh(1)"3 - 3*x(a*b™2 + b~3)*c~2xd*f~2 + 3*x(2x(a~2*b + a*b~2
Yxckd"2+f - (a*b”2 + b~3)*d"3)*cosh(1)72 - 6x((a"2*b + a*b~2)*c ™ 2*d*f~2 - (
a*xb”2 + b~3)*xcxd~2xf)*cosh(1))*sinh(1))*cosh(f*x + cosh(1) + sinh(1))*sinh(
f*x + cosh(1) + sinh(1)) - ((a”3 + 3*a~2xb + 3*a*b~2 + b~3)*d"3*f"4*x"4 - 4
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*(a"2*%b + a*b~2)*d"3*cosh(1)"4 - 4x(a"2*b + a*b~2)*d"3*sinh(1)"4 + 4x%((a"3
+ 3*%a"2xb + 3*a*b”2 + b”"3)*cxd"2*xf"4 - 2*x(axb”2 + b~3)*d"3*kf"3)*x"3 + 8* (2%
(a"2*%b + a*b~2)*c*d"2*xf - (a*b™2 + b~3)*d"3)*cosh(1)"3 + 8x(2x(a"2%b + axb™
2) kcxd”"2*xf - 2x(a"2*b + a*b~2)*d"3*cosh(1l) - (a*xb”2 + b~3)*d"3)*sinh(1)"3 +
6%((a”3 + 3*a"2xb + 3*a*b~2 + b”"3)*c"2xd*f"4 - 4x(axb”2 + b~3)*ckd"2*f"3)*
X"2 - 24x((a"2xb + a*b~2)*c”"2*xd*f"2 - (axb”2 + b~3)*c*d"2*f)*cosh(1)"2 - 24
*((a"2*%b + a*b~2)*c"2+%d*f~2 + (a"2%b + a*xb”2)*d"3*cosh(1)"2 - (a*xb”™2 + b~3)
xcxd~2xf - (2% (a”2*%b + a*xb~2)*c*d"2*xf - (a*b”2 + b~3)*d"3)*cosh(1))*sinh(1)
“2 + 4%((a”3 + 3*%a"2xb + 3*axb”2 + b"3)*c”"3*f"4 - 6x(axb”2 + b”3)*c"2*d*f"3
)xx + 8%(2x(a”2*%b + a*b~2)*c”3*f~3 - 3*(a*b”2 + b~3)*c"2*d*f~2)*cosh(1l) + 8
*(2x(a"2%b + axb”2)*c”3*xf~3 - 2*%(a"2*b + a*b”2)*d"3*cosh(1)~3 - 3*(a*b~2 +
b~"3) *c™2xd*xf"2 + 3*%(2*x(a”"2*%b + a*b~2)*c*d"2*xf - (a*b”2 + b~3)*d"3)*cosh(1)”
2 - 6x((a"2%b + axb”2)*c™2xd*f"2 - (a*b~2 + b~3)*cxd~2*f)*cosh(1))*sinh(1))
*sinh (f*x + cosh(1l) + sinh(1))72 + 8%(2*%(a"2*b - a*b~2)*c~3*f~3 - 3*(a*b~2

- b73)*c”2*d*f"2)*cosh(1) - 24*((a"2%b - a*b™2)*d"3*xf"2*x"2 + (a"2*b - axb”
2)*c”2xd*f"2 - (a*xb”2 - b~3)*ckd"2*f - ((a"2%b + a*xb~2)*d"3*f"2*x"2 + (a~2x%
b + a*b™2)*xc”2xd*f"2 - (a*xb”2 + b~3)*ckd"2*f + (2%x(a"2%b + axb”2)*c*xd"2xf"2
- (a*b”2 + b~3)*d"3*xf)*x)*cosh(f*x + cosh(1l) + sinh(1))"2 - 2x((a™2%b + ax*
b~2)*d"3*xf"2%x"2 + (a"2*b + axb"2)*c"2xd*f"2 - (a*b”2 + b”"3)*kckd"2xf + (2% (
a~2xb + a*b”2)*cxd"2*f"2 - (a*xb”2 + b~3)*d"3*f)*x)*cosh(f*x + cosh(1l) + sin
h(1))*sinh(f*x + cosh(l) + sinh(1)) - ((a"2%b + a*b~2)*d"3*xf"2*%x~2 + (a~2%xb
+ a*xb~2)*xc”"2*d*f"2 - (a*b”2 + b~3)*kc*kd"2xf + (2*%(a”2*b + a*b”2)*cxd"2*xf"2

- (a*xb”™2 + b~3)*d"3*f)*x)*sinh(f*x + cosh(1l) + sinh(1))"2 + (2x(a"2*b - a*b
~2)*c*d"2%f72 - (a*b”2 - b~3)*d"3xf)*x)*dilog(sqrt((a + b)/(a - b))*(cosh(f
*x + cosh(1) + sinh(1)) + sinh(f*x + cosh(1l) + sinh(1)))) - 24x((a”2%b - ax
b~2) *d"3*xf"2xx"2 + (a”2%b - a*b”2)*c”2xd*f"2 - (a*b”2 - b~3)*xckd"2xf - ((a~
2%b + a*b”2)*d"3*xf"2*x"2 + (a"2*b + a*b~2)*c”2*d*f~2 - (a*b”2 + b73)*c*d"2x*
f + (2x(a"2%b + a*xb”™2)*c*d"2*xf~2 - (a*b”2 + b~3)*d"3*f)*x)*cosh(f*x + cosh(
1) + sinh(1))72 - 2x((a”2*b + a*b~2)*d"3*f~2xx~...

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00
(c + dz)®
(a + bceoth (e + fz))?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)**3/(atb*coth(f*x+e))**2,x)
[Out] Integral((c + d*x)**3/(a + bxcoth(e + f*x))**x2, x)

Giac [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((d*x+c) 3/ (a+b*coth(f*x+e))~2,x, algorithm="giac")
[Out] integrate((d*x + c)~3/(bxcoth(f*x + e) + a)~2, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/ (c+dzx)? ”
(a + beoth (e + f z))”

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c + d*x)~3/(a + b*coth(e + f*x))~2,x)
[Out] int((c + d*x)~3/(a + bxcoth(e + f*x))~2, x)
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(c+dx)?
3.08 f (a+bcoth(e+fx))? dx

Optimal. Leaf size=475

a+b 625+2fa:
20 (c +dx)® 20%(c + dx)? (c+dz)? 2bd(c + dz) log (1 - >

@) @-b@+b?(@a—b—(a+ b)) f 3(a—byd @ b P

[Out] -2#b~2*(d*x+c)~2/(a"2-b"2) ~2/f+2xb~2x (d*x+c) “2/(a-b) / (a+b) "2/ (a-b-(a+b) *exp
(2xf*x+2%e)) /£+1/3% (d*x+c) ~3/ (a-b) “2/d+2*b~2*xd* (d*x+c) *1n(1- (a+b) *exp (2*f*x
+2xe) /(a-b))/(a~2-b"2) ~2/£~2-2xbx (d*x+c) “2*x1n(1- (a+b) *exp (2*f*x+2*e) / (a-b))
/(a-b)~2/(a+b) /£+2xb~2* (d*x+c) “2*1n(1-(a+b) *exp (2*f*x+2*e) /(a-b))/(a"2-b"2)
~2/f+b~2*d"2xpolylog(2, (a+b) *exp (2xf*x+2*e) /(a-b) )/ (a~2-b"2) ~2/£~3-2xb*d* (d
*xx+c)*polylog(2, (a+b) *exp (2xf*x+2%e) /(a-b) )/ (a-b) “2/ (a+b) /£~ 2+2%b"2xd* (d*x+
c)*polylog(2, (at+b)*exp (2*xf*x+2*e) /(a-b))/(a"2-b"2) ~2/£f~2+b*d~2*polylog(3, (a
+b) *exp (2xf*x+2xe) /(a-b) )/ (a-b) "2/ (a+b) /£73-b~2*d"2*polylog(3, (a+b) *xexp (2*f
xx+2xe) /(a-b))/(a"2-b"2)"2/£"3

Rubi [A]

time = 1.22, antiderivative size = 475, normalized size of antiderivative = 1.00, number of

_ _ : o number of rules __
steps used = 24, number of rules used = 11, integrand size = 20, integrand size — 0.550,

Rules used = {3815, 2286, 2216, 2215, 2221, 2611, 2320, 6724, 2222, 2317, 2438}

We + do)lia(“HEE) (e do)log (1= SUEEE) (e da)log (1- SHEEE) g g BPL (UG ) gL (S W(c + da)? bd(c +d = + g (1- 2 et dry  bLis(@HS
o + T + T T - —+ = - - + +
@) @) F@ -ty T - Tl =2y ol =5y Tla=b)a+ b7 (~(a+ D)@ +a—1b) Fla—tr@a+n) Ta—0a+) 3da—bF " fla-0P(at)

Antiderivative was successfully verified.
[In] Int[(c + d*x)~2/(a + b*Coth[e + f*x])~2,x]

[Out] (-2%b~2x(c + d*x)~2)/((a"2 - b~2)"2*%f) + (2*b~"2x(c + d*x)~2)/((a - b)*(a +
b)"2x(a - b - (a + b)*E~(2xe + 2*xf*x))*f) + (c + d*x)~3/(3*(a - b)~"2xd) + (
2xb~2xd*(c + d*x)*Log[l - ((a + D)*E~(2%e + 2xfxx))/(a - b)])/((a"2 - b~2)~
2%£72) - (2#bx(c + d*x)~2xLogl[l - ((a + D)*E~(2*e + 2xf*x))/(a - b)1)/((a -
b)~2x(a + b)*f) + (2%b~2*x(c + d*x) 2xLogl[l - ((a + b)*E~(2xe + 2*f*x))/(a
- b)])/((@a”2 - p°2)"2*%f) + (b"2*d"2*xPolyLog[2, ((a + b)*E~(2xe + 2*f*x))/(a
- b)1)/((a”2 - b72)"2*%£73) - (2*b*d*(c + d*x)*PolyLog[2, ((a + D)*E~(2%e +
2xfxx))/(a - b)])/((a - b)"2*(a + b)*£72) + (2¥b"2*d*(c + d*x)*PolyLogl[2,
((a + D)*E™(2xe + 2%fxx))/(a - b)1)/((a"2 - b72)"2%f~2) + (b*d~2*PolyLogl[3,
((a + b)*E~(2*%e + 2*fxx))/(a - b)])/((a - b)"2x(a + b)*£73) - (b~2*d~2xPol
yLog[3, ((a + b)*E~(2%e + 2%f*x))/(a - b)])/((a"2 - b~2)"2*£~3)

Rule 2215

Int[((c_.) + (d_.)*(x_))"(m_.)/((a_) + (b_.)*x((F_)~((g_.)*((e_.) + (f_.)*(x
D))~ (n_.)), x_Symbol] :> Simp[(c + d*x)~(m + 1)/(a*d*(m + 1)), x] - Dist[
b/a, Int[(c + d*x) m*x((F~(gx(e + f*x)))"n/(a + bx(F~(gx(e + f*x)))"n)), x],
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x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2216

Int[((a)) + (b_)*x((F_)~((g_.)*((e_.) + (£_)* NN~ (@_))"(p)*((c_.) +
(d_.)*(x_))"(m_.), x_Symbol] :> Dist[1/a, Int[(c + d*x) m*(a + b*x(F~(gx(e +
fxx)))"n)"(p + 1), x], x] - Dist[b/a, Int[(c + d*x) m*x(F~(gx(e + f*x))) "nx
(a + bx(F~(gx(e + f*x)))™n)"p, x], x] /; FreeQ[{F, a, b, c, d, e, f, g, n},
x] && ILtQ[p, 0] && IGtQ[m, O]

Rule 2221

Int [(CCF_)~((g_D)*((e_.) + (£_.)*(x_))))"(n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_)"((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~m/(bxfxg*n*Log[F]))*Logl[l + b*x((F~(gx(e + f*x)))"n/a)], x] - Di
st [d* (m/ (bxfxg*n*Log[F])), Int[(c + d*x)~(m - 1)*Logl[l + b*x((F~(g*x(e + f*x)
))"n/a)l, x], x] /; FreeQ[{F, a, b, c, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2222

Int [((F_)~((g_.)*((e_.) + (£_)*x(x_))))"(n_.)*x((a_.) + (b_.)*((F_)~((g_.)*(
(e_.) + (£_)*(x_))))"(n_)) " (p_)*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :>
Simp[(c + d*x)"m*((a + b*(F~(gx(e + £*xx)))"n)"(p + 1)/(b*f*g*nx(p + 1)*Log
[F1)), x] - Dist[d*(m/(b*f*xgxn*x(p + 1)*Log[F])), Int[(c + d*x)"(m - 1)*(a +
bx(F~(gx(e + f*x)))"n)~(p + 1), x], x] /; FreeQ[{F, a, b, c, d, e, f, g, m
, n, p}, x] && NeQ[p, -1]

Rule 2286

Int[((a_.) + (b_.)*(F_)~(u_))"(p_.)*((c_.) + (d_.)*(F_)~(v_))"(q_.)*((e_.)
+ (£_.)*(x_))"(m_.), x_Symbol] :> With[{w = ExpandIntegrand[(e + f*x)"m, (a
+ b*F~u) “px(c + d*F°v)~q, x1}, Intl[w, x] /; SumQ[wl] /; FreeQ[{F, a, b, c,
d, e, f, m}, x] && IntegersQ[p, ql && LinearQ[{u, v}, x] && RationalQ[Simp
lify[u/v]]

Rule 2317

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, O]

Rule 2320

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
onOfExponentialQ[u, x] && !'MatchQu, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ[
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{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 2438

Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"nl/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[cxd, 1]

Rule 2611

Int[Logll + (e_.)*((F_)~((c_.)*((a_.) + (b_.)*(x_))))"(n_)1*((£f_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g*x)“m)*(PolyLogl[2, (-e)*(F~(cx(a +
b*x))) "n]/(b*c*n*xLog[F])), x] + Dist[gx(m/(b*c*n*xLog[F])), Int[(f + g*x)~(m
- 1)*PolyLog[2, (-e)*(F~(cx(a + b*x)))"nl, x1, x] /; FreeQ[{F, a, b, c, e,
f, g, n}, x] && GtQ[m, O]

Rule 3815

Int[((c_.) + (d_)*(x_))"(m_.)*((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(n ),
x_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (1/(a - I*b) - 2xIx(b/(a"2 +
b~2 + (a - Ixb) 2+E~(2*I*(e + f*x)))))~(-n), x], x] /; FreeQ[{a, b, c, d,
e, T}, x] && NeQ[a~2 + b~2, 0] && ILtQ[n, O] && IGtQ[m, O]

Rule 6724

Int [PolyLog[n_, (c_.)*((a_.) + (b_)*(x_))"(p_.01/C(d_.) + (e_.)*(x)), x_S
ymbol] :> Simp[PolyLog[n + 1, c*(a + b*x)~pl/(exp), x] /; FreeQ[{a, b, c, d
> €, I, p}, X] && EqQ[b*d, a*e]

Rubi steps
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(c + dx)? i — / (c+ dx)? 4b%etette(c + dx)? N 4be?
(a+ beoth(e + 12))? @87 0P (a(1-2) —a (14 By eerr) @ b7(a(1-
4b e2e+2fm(c+d$)2 d 462 e4e+4fz(0+dm)2 \
_ (C+d:1:)3 N ( )f a<1_§)_a<1+%)825+2fm € N ( )f <a<1_3)_a<1+%)825+2f.@/
3(a —b)%d (a —b)? (a — b)?
a+b)e2et2fz (c+dz)? (a-
 (ctdz)? 2b(c + dz)?log (1 - %) ) (4?) [ < @ T epa

~ 3(a—b)2d (a—b)%(a+b)f

a+b e2e+2fz
_ (c+dz)®  4bP(c+dz)? 2b(c + dz)*log (1 - %) B obd(c +d

" 3(a—0)%d " 3(a2—b2)°d (a—b)%(a+b)f (a -

a+b e2e+2fz
(c+dz)®  4b(c+da)® 2blct dz)* log (1 — %) ~ d(c+d

T 3(a—b2d  3(a?—1?2)2d (a—b)2(a+0b)f (a -
B 26%(c + dz)? (c+ dz)? ~ 2b(c + dz)?log (1
~ (a—b)(a+b)2(a—b— (a+b)ext2fz) f  3(a—b)2d (a —b)2(a
_ _ 2b%(c +dx)? 2b%(c + dx)? (c + dx)3

(a2 —b2)* f T A D@ b (a—b—(at b2y f  3a—b2d

_2b2(c + dz)? 2b%(c + dz)? (c + dz)? |
(a2—-02)°f  (a—b)(a+b)?(a—b—(a+bd)er+2f)f = 3(a—1b)2d

__ 2%(c+dz)? N 2b%(c + du)? (c+dz)®
(a2 —02)?f  (a—b)(a+b)?(a—b— (a+Db)e*t2z)f  3(a—b)2d

_ 20%(c+dx)? 20%(c + du)? (c+dx)®
(@ -2 f  (a—b)(a+b)?(a—b— (a+b)e*t?=) f  3(a—b)d

Mathematica [A]
time = 5.67, size = 389, normalized size = 0.82

by (DI e eyt ke ) _ e+ acf)log (o= b= (a-+D)e2+99) = Bd(~bd + af (2e-+ d) log (1 + EI2Y) — Gha(~b -+ 20 (e + d))PolyLog (2, 2 1) 4 abaPolyLog (3,

Antiderivative was successfully verified.

[In] Integrate[(c + d*x)~2/(a + bxCoth[e + f*x])~2,x]

[Out] (4xbxfx(((a + b)*E~(2%e) *f*xx*x (-3*%bxd* (2%c + d*x) + 2%axf*x(3%c™2 + 3*xcxd*x +
d~2xx72)))/(ax(-1 + E"(2*%e)) + b*x(1 + E~(2%e))) - 3*cx(-(b*d) + axcxf)*Log
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[a - b - (a+ b)*xE"(2%x(e + £xx))] - 3*d*x*(-(b*d) + axfx(2xc + d*x))x*Logl[1

+ ((a + b)*E~(2%(e + f*x)))/(-a + b)]) - 6xbxd*x(-(b*d) + 2*ka*f*(c + d*xx))*P
olyLog[2, ((a + D)*E~(2*(e + f*x)))/(a - b)] + 6*axbxd"2*PolyLog[3, ((a + b
Y*E~ (2% (e + f*x)))/(a - b)] - ((a - b)*(a + b)*f"2%((a"2 + b~2) *xf*xx*(3*%c~2

+ 3*cxd*x + d"2*x72)*Cosh[f*x] - (272 - b72)*f*x*(3*%c™2 + 3*kc*d*x + d~2*x"2
)*Cosh[2*e + f*xx] + 2xbx(-3*b*(c + d*x)~2 + axfxx*k(3*%c™2 + 3*xckd*x + d~2*x~
2))*Sinh[f*x]))/((b*Cosh[e] + a*Sinh[e])*(b*Cosh[e + f*x] + a*Sinh[e + fx*x]
)))/(6%(a - b)~2%(a + b)~2%f"3)

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 1469 vs.
2(464) = 928.
time = 5.35, size = 1470, normalized size = 3.09

method | result size
risch Expression too large to display | 1470

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x+c)~2/(at+b*coth(f*x+e)) 2,x,method=_RETURNVERBOSE)

[Out] -2/(a"2+2*a*b+b~2)/f~2xb/(a-b) "2*a*xd~2*polylog(2, (a+b)*exp (2*f*x+2*e)/(a-b)
) *x+2/ (a”~2+2*%a*b+b~2) /£~ 3xb/ (a-b) “2*a*xd"2xe"2*1n(1- (a+b) *exp (2*f*x+2xe) / (a-
b))-2/(a"2+2*axb+b~2) /£~2%b/ (a-b) “2*a*c*d*polylog(2, (a+b) *exp (2xf*x+2*e) /(a
-b))-4/(a"~2+2xaxb+b~2) /£~2*b/ (a-b) ~2*a*cxd*1n(1-(a+b) *exp (2*f*x+2*e) /(a-b))
xe+8/ (a~2+2*a*b+b~2) /fxb/ (a-b) “2*axc*d*e*xx-4/(a~2+2*a*b+b~2) /f*b/ (a-b) ~2*ax*
cxd*1n(1-(a+b) *exp (2xf*x+2*e) /(a-b) ) *x-8/ (a~2+2*axb+b~2) /£~2%b/ (a-b) ~2*a*c*
d*e*1n(exp (f*x+e))+4/(a~2+2*a*xb+b~2) /£~2+b/ (a-b) “2*a*c*d*ex1ln (a*exp (2*f*x+2
*xe) +bxexp (2*f*x+2xe) —a+b) -2/ (a~2+2*a*xb+b~2) /£*¥b~2/ (a-b) "2*d~2*xx"2-2/ (a~2+2%
axb+b~2) /£73%b~2/ (a-b) “2*%d"2*e~2+1/(a~2+2*a*b+b~2) /£~3*xb~2/ (a-b) “2*d~2*poly
log(2, (a+b) *exp (2xf*x+2*e) / (a-b) ) +4/ (a~2+2*axb+b~2) /£*b/ (a-b) “2*a*c”~2x1n(ex
p(f*xx+e))-2/(a~2+2*a*xb+b~2) /f*b/ (a-b) "2*a*c”~2x1n (a*exp (2*f*x+2%e) +b*exp (2*f
*xx+2%e) —a+b) +1/(a~2+2*a*b+b~2) /£~ 3*b/ (a-b) “2*a*d~2*polylog(3, (a+b) xexp (2*f*
x+2%e) /(a-b) ) -4/ (a~2+2*a*b+b~2) /£~2xb~2/ (a-b) ~2*c*d*1n (exp (f*x+e) ) +d/ (a~2+2
*axb+b~2) *c*x"2+1/ (a"2+2*a*b+b~2) *c"2*x+4/ (a~2+2*a*b+b~2) /£~ 3xb/ (a-b) “2*axd
~2xe~2*1n(exp (f*x+e)) -2/ (a~2+2*axb+b~2) /£~3%b/ (a-b) "2*a*d~2*e~2*1n (a*xexp (2%
fxx+2xe) +bxexp (2*f*x+2%e) —a+b) -2/ (a"2+2*a*b+b~2) /f*b/ (a-b) "2*a*d~2*1n(1-(a+
b) xexp (2*f*x+2%e) /(a-b) ) *x~2-4/ (a~2+2*a*xb+b~2) /£~2%b/ (a-b) “2*a*d~2*e”~2*x-2/
(a-b) /£/(a~2+2*xa*xb+b~2) * (d~2*x~2+2*c*d*x+c~2) *b~2/ (a*exp (2*f*x+2*e) +b*xexp (2
*xfxx+2%e) —a+b) +4/ (a~2+2*axb+b~2) /£~ 2%b/ (a-b) “2*a*c*d*e~2+4/3/ (a~2+2*a*xb+b~2
) *b/ (a-b) “2*a*d~2*x~3-8/3/(a"2+2*axb+b~2) /£~3%b/ (a-b) “2*a*d"2*e~3-4/(a~2+2%
axb+b~2) /£72+%b~2/ (a-b) “2*d"2*exx+4/ (a~2+2*a*b+b~2) *b/ (a-b) "2*axc*d*x"2+1/3*
d~2/(a"2+2*a*b+b~2) *x~3+1/3/d/ (a~2+2*%a*b+b~2) *c~3+2/ (a"2+2*a*xb+b~2) /£~2%b"2
/ (a-b) "2*xc*d*1n(axexp (2*f*x+2%e) +bxexp (2*xf*x+2*e) -a+b) +4/ (a~2+2*a*b+b~2) /£~
3*b~2/(a-b) "2xd"2*e*1n(exp (f*x+e))-2/(a~2+2*axb+b~2) /£~3*%b~2/ (a-b) ~2*d " 2*xex
1n (a*exp (2xfxx+2%e) +b*exp (2xf*xx+2%e) —a+b) +2/ (a~2+2*a*xb+b~2) /£~ 3*%b~2/ (a-b) "2
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*d~2*1n(1-(a+b) *exp (2*f*x+2*xe) / (a-b) ) *e+2/(a~2+2*a*b+b~2) /£"2xb~2/ (a-b) "2xd
~2x1n(1-(a+b)*exp (2*f*x+2*e) / (a-b) ) *x

Maxima [A]
time = 0.59, size = 707, normalized size = 1.49

R S P Sy

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)~2/(at+b*coth(f*x+e))~2,x, algorithm="maxima")

[Out] -4xb~2*ckd*xfxx/(a~4*f~2 - 2%xa~2+«b~2*f72 + b~4*f~2) - (2*xf~2*xx"2*log(-(a + b
)*xe~ (2+f*x + 2xe)/(a - b) + 1) + 2xfxx*dilog((a + b)*e”~ (2*f*x + 2xe)/(a - b
)) - polylog(3, (a + b)*e~(2*f*x + 2xe)/(a - b)))*axbxd~2/(a~4*f"3 - 2xa~2%
b~2%f~3 + b~4*f~3) + 2*¥b"2xc*d*log((a + b)*e”™ (2*f*x + 2%e) - a + b)/(a~4x*f"
2 - 2%a”2%b"2*%f72 + bT4*£72) - c"2x(2*axbxlog(-(a - b)*e”(-2xf*x - 2%e) + a
+ b)/((a”4 - 2*%a"2%b"2 + b"4)*f) + 2xb"2/((a"4 - 2*%a"2*%b"2 + b™4 - (a4 -
2%a~3%b + 2%a*b~3 - b"4)*e” (-2xf*x - 2xe))*f) - (fxx + e)/((a”2 + 2*a*b + b
~2)*f)) - (2xaxb*ckd*f - b~2*%d"2)*(2*f*x*log(-(a + b)*e” (2*f*x + 2xe)/(a -
b) + 1) + dilog((a + b)*e~(2xf*x + 2xe)/(a - b)))/(a~4*f~3 - 2%a~2xb~2xf"3
+ b74*£73) + 2/3*%(2*a*bxd"2+%f"3*%x"3 + 3*(2*axbkckxd*xf - b 2xd"2)*f"2%x"2)/(a
“4%f73 - 2%xa"2xb"2*f"3 + b~4*f73) + 1/3*%(12xb"2*xcxd*x + (a72xd"2*f - 2kaxbx
d"2+f + b"2xd"2*f)*x"3 + 3*(a"2xckxd*f - 2xaxbkxckd*f + (cxd*f + 2xd~2)*b"2)*
x"2 - ((@"2%d"2+f - b~2%d"2*f)*x"3*%e” (2%e) + 3k (a"2*cxd*xf — b 2*ckxd*xf)*x~ 2%
e~ (2xe) ) *xe” (2xfxx))/(a~4*f - 2%a~2+%b~2xf + b~4*f - (a~4*xf + 2xa~3*xb*f - 2*a
*b~3*f — b 4*f)*e” (2xfxx + 2%e))

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 5791 vs.
2(469) = 938.
time = 0.45, size = 5791, normalized size = 12.19

Too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)~2/(at+b*coth(f*x+e))~2,x, algorithm="fricas")

[Out] -1/3*((a”3 + a~2%b - a*b™2 - b"3)*d"2*xf"3*x"3 + 3*%(a”"3 + a"2*%b - a*xb™2 - b~
3)*xcxd*xf~3*%x"2 + 3*(a”3 + a"2*xb - a*b”2 - b73)*c”2xf"3*kx + 4x(a"2*b - axb”~2
Y*d~2xcosh(1) "3 + 4*(a"2%b - a*b~2)*d"2*sinh(1) "3 + 6*(a*b™2 - b~3)*c~2xf"2
- 6x(2*x(a"2%b - a*xb”2)*cxd*xf - (a*b”2 - b"3)*d"2)*cosh(1)"2 - ((a"3 + 3*a~
2%b + 3*a*b”2 + b~3)*d"2*%f"3*x"3 + 4*(a"2*b + a*b~2)*d"2*cosh(1)”3 + 4*(a”~2
*b + a*b”2)*d"2*sinh(1)"3 + 3*%((a”3 + 3*a"2*b + 3*a*xb”2 + b~3)*c*kd*f~3 - 2%
(a*b™2 + b73)*d"2*f"2)*x"2 - 6% (2*x(a~2*%b + a*b~2)*ckd*f - (a*xb”2 + b~3)*d"2
Yxcosh(1)"2 - 6%(2%(a"2*%b + a*xb~2)*cxd*f - 2*%(a”2*b + a*xb~2)*d"2*xcosh(1l) -
(a*xb™2 + b~3)*d"2)*sinh(1)"2 + 3*((a"3 + 3*a~2xb + 3*a*b~2 + b~3)*c™2xf"3 -
4% (a*xb”2 + b7 3)*cxd*xf~2)*x + 12*x((a"2%b + a*xb”2)*c™2xf~2 - (a*b”2 + b~3)*c
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*dxf)*cosh(1) + 12*((a"2*b + a*b™2)*c”2*xf"2 + (a”2*b + a*b~2)*d"2*cosh(1)~2
- (a*xb”2 + b~ 3)*cxd*xf - (2x(a"2*b + a*b~2)*c*d*f - (axb™2 + b~3)*d”2) *cosh
(1)) *sinh(1))*cosh(f*x + cosh(1) + sinh(1))"2 - 6x(2*(a"2%b - a*b™2)*cxd*xf
- 2%(a"2%b - a*b"2)*d"2*cosh(1l) - (a*b”"2 - b~3)*d"2)*sinh(1)"2 - 2*((a"3 +
3*%a~2xb + 3*a*b~2 + b~3)*d"2*xf"3*x"3 + 4x(a"2*b + ax*b~2)*d"2*cosh(1)"3 + 4x
(a~2%b + a*b~2)*d"2*sinh(1)~3 + 3*((a”3 + 3*a~2*b + 3*axb~2 + b~3)*c*d*f~3
- 2x(axb”2 + b~3)*d"2*f"2)*x"2 - 6*%(2*x(a"2*b + axb~2)*ckd*f - (axb”2 + b~3)
*d~2)*cosh(1)~2 - 6%(2*x(a”2*b + a*b~2)*ckd*f - 2x(a~2*b + a*b~2)*d"2*cosh(1
) - (a*b™2 + b~3)*d"2)*sinh(1)"2 + 3*((a”3 + 3*a"2*b + 3*a*b™2 + b~3)*c"2xf
3 - 4x(a*b”2 + b"3)*kckd*xf~2)*x + 12x((a”2*b + ax*b~2)*c"2*f"2 - (a*xb”2 + b~
3)*cxdxf)*cosh(1l) + 12%((a"2xb + a*b™2)*c”2*xf"2 + (a~2*b + a*b~2)*d"2*cosh(
1)72 - (a*xb”2 + b~ 3)*cxd*f - (2*x(a"2*b + a*xb~2)*c*d*f - (a*b™2 + b~3)*d"2)*
cosh(1))*sinh(1))*cosh(f*x + cosh(1) + sinh(1))*sinh(f*x + cosh(1) + sinh(1
)) - ((a”3 + 3*a"2*b + 3*a*xb”2 + b~3)*d"2*%f"3*%x"3 + 4*(a"2*%b + a*xb~2)*d"2*c
osh(1)73 + 4x(a"2*b + a*b™2)*d"2*sinh(1)"3 + 3*((a"3 + 3*a~2%b + 3*a*xb™2 +
b~3) *c*d*f~3 - 2% (a*b”2 + b7"3)*d"2*xf"2)*x"2 - 6x(2*(a"2%b + a*b”2)*ckxdxf -
(a*xb™2 + b~3)*d"2)*cosh(1)”2 - 6%(2*x(a"2*b + a*xb”~2)*c*d*f - 2*x(a"2%b + a*xb™
2)*d"2*xcosh(1) - (a*b™2 + b~3)*d"2)*sinh(1)"2 + 3*((a"3 + 3*a~2xb + 3*a*xb~2
+ b73)*c"2*xf"3 - 4x(a*xb”2 + b"3)*kckd*f"2)*x + 12*x((a”2%b + a*b”2)*c"2*xf"2
- (a*b”2 + b~3)*cxd*f)*xcosh(1l) + 12%((a"2*b + axb~2)*c~2*xf~2 + (a~2*b + ax*b
~2)*d"2*%cosh(1)"2 - (a*b~2 + b73)*ckxd*xf - (2*%(a”2xb + a*b™2)*cxd*xf - (axb”~2
+ b~3)*d"2)*cosh(1))*sinh (1)) *sinh(f*x + cosh(l) + sinh(1))"2 + 12*x((a"2*b
- axb”2)*c"2+%f"2 - (a*b”2 - b~3)*c*d*f)*cosh(1l) - 6x(2*x(a"2*b - a*b™2)*d"2
xfxx + 2%(a”2xb - a*b”2)*cxd*xf - (a*b”2 - b"3)*d"2 - (2%(a”2*b + a*xb~2)*d"2
*f*xx + 2%(a"2*%b + axb~2)*cxd*f - (a*b™2 + b~3)*d"2)*cosh(f*x + cosh(l) + si
nh(1))72 - 2%(2*%(a"2*%b + a*b~2)*xd"2xfxx + 2*x(a~2*b + a*b~2)*ckd*xf - (axb~2
+ b~3)*d"2)*cosh(f*x + cosh(1l) + sinh(1))*sinh(f*x + cosh(1) + sinh(1)) - (
2% (a"2xb + a*b~2)*d"2*xf*x + 2x(a”"2*b + axb"2)*c*d*f - (a*b”2 + b~3)*d"2)*si
nh(f*x + cosh(1) + sinh(1))~2)*dilog(sqrt((a + b)/(a - b))*(cosh(f*x + cosh
(1) + sinh(1)) + sinh(f*x + cosh(1) + sinh(1)))) - 6%(2%(a~2%b - a*xb~2)*d~2
xfxx + 2*%(a”2xb - a*b”2)*cxd*f - (a*b”2 - b"3)*d"2 - (2%(a"2*b + a*b”2)*d"2
*fxx + 2%(a"2*%b + axb~2)*cxdxf - (a*b”2 + b~3)*d"2)*cosh(f*x + cosh(l) + si
nh(1))72 - 2x(2%(a"2xb + a*b™2)*d"2xf*x + 2*x(a"2*b + a*xb~2)*c*d*f - (a*xb~2
+ b~3)*d"2)*cosh(f*x + cosh(1l) + sinh(1))*sinh(f*x + cosh(1l) + sinh(1)) - (
2% (a"2*%b + axb"2)*d"2xf*xx + 2% (a”2%b + axb"2)*ckxd*f - (a*xb”2 + b~3)*d"2)*si
nh(f*x + cosh(1) + sinh(1))~2)*dilog(-sqrt((a + b)/(a - b))*(cosh(f*x + cos
h(1) + sinh(1)) + sinh(f*x + cosh(1l) + sinh(1)))) - 6%((a"2*b - a*xb~2)*c~2*
£f72 + (a™2%b - a*b~2)*d"2*cosh(1)"2 + (a"2xb - a*b~2)*d"2*sinh(1)"2 - (axb”
2 - b73)*kckd*f - ((a"2%b + axb™2)*c"2*xf~2 + (a"2%b + a*xb”2)*d"2*cosh(1)"2 +
(a"2%b + a*b~2)*d"2*sinh(1)"2 - (a*b”2 + b~3)*c*kd*f - (2*x(a"2*b + a*xb~2)*c
*dxf - (a*b”2 + b~3)*d"2)*cosh(1) - (2*x(a"2*b + a*xb”~2)*c*d*f - 2*x(a"2%b + a
*b~2)*d"2*%cosh(1) - (a*xb™2 + b~3)*d"2)*sinh(1))*cosh(f*x + cosh(1l) + sinh(1
))”"2 - 2% ((a"2*%b + a*xb~2)*c”2*%f"2 + (a”"2*b + axb~2)*d"2*cosh(1)"2 + (a~2*b
+ a*b~2)*d"2*sinh(1)”"2 - (a*b~2 + b~3)*cxd*xf - (2*%(a~2xb + a*b~2)*cxd*f - (
a*b~2 + b"3)*d"2)*cosh(1) - (2x(a"2%b + axb”2)*ckxd*xf - 2*%(a”2xb + a*b~2)*d~
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2*%cosh(1) - (a*xb”2 + b~3)*d"2)*sinh(1))*cosh(f*x + cosh(1) + sinh(1))*sinh(
f*x + cosh(1) + sinh(1)) - ((a"2*b + a*b~2)*c™2+%f~2 + (a"2%b + axb”2)*d"2*c
osh(1)"2 + (a™2*b + a*b™2)*d"2*sinh(1)~2 - (a*b™2 + b~3)*c*d*f - (2x(a"2%Db
+ axb~2)*cxd*f - (a*b”2 + b~3)*d"2)*cosh(1l) - (2*%(a"2*b + a*b”~2)*cxd*xf - 2%
(a~2%b + axb~2)*d"2*cosh(1l) - (a*b™2 + b~3)*d~2)*sinh(1))*sinh(f*x + cosh(1l
) + s8inh(1))"2 - (2%(a"2*b - a*xb~2)*cxd*f - (a*b”2 - b~3)*d~2)*cosh(1l) - (2
*(a"2%b - a*b~2)*ckd*f - 2x(a”"2*b - a*b~2)*d"2*cosh(1) - (a*b”2 - b~3)*d"2)
*sinh(1))*log(2*(a + b)*cosh(f*x + cosh(1l) + sinh(1)) + 2*(a + b)*sinh(f*x
+ cosh(1) + sinh(1)) + 2*(a - b)*sqrt((a + b)/(a - b))) - 6%((a~2*b - a*b~2
Y*xc"2+%f72 + (a”2%b - a*b”2)*d"2*cosh(1)”2 + (a"2*b - a*b~2)*d"2*sinh(1)"2 -

(a*xb™2 - b~ 3)*ckd*f - ((a"2*%b + a*b~2)*c”2*f"2 + (a”2*b + a*xb”~2)*d"2*cosh(
1)72 + (a"2*b + a*b~2)*d"2*sinh(1)"2 - (a*b~2 +...

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00
(c + dz)®
(a + beoth (e + fx))?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)**2/(a+b*coth(f*x+e))**2,x)
[Out] Integral((c + d*x)**2/(a + bxcoth(e + f*x))**x2, x)
Giac [F]

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)~2/(at+b*coth(f*x+e))~2,x, algorithm="giac")
[Out] integrate((d*x + c)~2/(bxcoth(f*x + e) + a)~2, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/ (c+dx)? .
(a + bcoth (e + f z))?
Verification of antiderivative is not currently implemented for this CAS.

[In] int((c + d*x)~2/(a + b*coth(e + f*x))~2,x)
[Out] int((c + d*x)~2/(a + b*coth(e + f*x))~2, x)
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ctdz
3.59 f (a+b cot-ll_1(6+fx))2 dx

Optimal. Leaf size=196

(c+ da:)2 (bd — 2acf — 2a,df:1;)2 b(c + dz) b(bd — 2acf — 2adfx) log (1 _ (o=

To(@—t?)d " dala—b)(a+b)2d? (@ —B) f(a+ booth(e + f)) (@ — ) 2

[Out] -1/2*(d*x+c)~2/(a"2-b"2)/d+1/4* (-2*xa*xd*f*x-2*xa*cxf+bxd) ~2/a/(a-b)/(a+b)~2/d
/£72+bx (d*x+c) /(a~2-b"2) /f/ (a+b*coth (f*xx+e) ) +b* (—2*a*d*xf*x-2*a*cxf+b*d) *1n (
1+(-a+b) / (a+b) /exp (2*f*x+2%e) )/ (a~2-b"2) "2/f~2+axb*d*polylog(2, (a-b)/(atb)/

exp (2xf*xx+2%e)) /(a~2-b"2)"2/£72

Rubi [A]

time = 0.21, antiderivative size = 196, normalized size of antiderivative = 1.00, number of

number of rules _ ( 97g
integrand size ’

steps used = 5, number of rules used = 5, integrand size = 18,
Rules used = {3814, 3812, 2221, 2317, 2438}

(a—b)e—2(etfz)
b(—2acf — 2adfz + bd) log (1 - T)
12 (a? — b2)2

. (u_b)e—2(c+fz>
b(c + dz) (c+dz)?  abdliz (T) (=2acf — 2adfz + bd)?
f(a®—b%) (a+beoth(e + fz))  2d(a® — b?) + F2(a? — 0?2)? 4adf?(a — b)(a + b)?

+

Antiderivative was successfully verified.
[In] Int[(c + d*x)/(a + b*Coth[e + fx*x])~2,x]

[Out] -1/2%(c + d*x)"2/((a"2 - b"2)*d) + (b*d - 2*axc*f - 2*axd*f*x)~2/(4*a*x(a -
b)x(a + b)"2xd*£72) + (b*(c + d*x))/((a"2 - b~2)*f*(a + b*Coth[e + f*x])) +
(bx(bxd - 2%a*c*f - 2%a*d*f*x)*Log[l - (a - b)/((a + D)*E~(2*(e + f*x)))])
/((a”2 - b~2)"2%x£72) + (axbxd*PolyLog[2, (a - b)/((a + b)*E~(2x(e + f*x)))]
)/ ((@a"2 - b™2)"2%f"2)
Rule 2221
Int [CC(F_)~((g_.)*((e_.) + (£_.)*(x_)))) " (n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~m/(bxfxg*n*Log[F]))*Log[l + b*x((F~(gx(e + f*x)))"n/a)], x] - Di
st [d* (m/ (bxfxg*n*Log[F])), Int[(c + d*x)~(m - 1)*Log[l + b*x((F~(g*(e + f*x)
))"n/a)], x1, x] /; FreeQ[{F, a, b, ¢, 4, e, f, g, n}, x] & IGtQ[m, 0]

Rule 2317

Int[Logl(a_) + (b_.)*((F_)"((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, O]

Rule 2438
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Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)xexx"n]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[cxd, 1]

Rule 3812

Int[((c_.) + (d_.)*(x_))"(m_.)/((a_) + (b_.)*tan[(e_.) + Pix(k_.) + (f_.)*(
x_)]), x_Symbol] :> Simp[(c + d*x)~(m + 1)/(d*(m + 1)*(a + Ixb)), x] + Dist
[2%I*b, Int[(c + d*x) m*xE~(2*Ixk*Pi)*(E~Simp[2*I*(e + f*x), x]/((a + I*b)"2
+ (2”2 + b"2)*E~ (2*Ixk*Pi)*E~Simp[2*I*(e + f*x), x])), x], x] /; FreeQ[{a,
b, c, d, e, f}, x] && IntegerQ[4*k] && NeQ[a"2 + b~2, 0] && IGtQ[m, O]

Rule 3814

Int[((c_.) + (d_.)*(x_))/((a_) + (b_.)*tan[(e_.) + (£f_.)*(x_)]1)~2, x_Symbol
1 > Simp[-(c + d*x)~2/(2xd*(a"2 + b~2)), x] + (Dist[1/(f*(a"2 + b~2)), Int
[(bxd + 2*%axcxf + 2*axdxfxx)/(a + bxTan[e + f*x]), x], x] - Simp[b*((c + d*
x)/(fx(a"2 + b"2)*(a + b*Tan[e + f*x]))), x]) /; FreeQ[{a, b, c, d, e, f},
x] && NeQ[a"2 + b~2, 0]

Rubi steps
c+dz i — (c+ dx)? b(c + dx) B if ’fﬂi@‘lﬁf:ﬁ}i‘;ﬂ dzx
(a + beoth(e + fx))? T (@®>=v)d = (a®? —b?) f(a+ beoth(e + fx)) (a? — b?) f
(c+ dx)? (bd — 2acf — 2adfr)* b(c+ dzx)
2@ —1®)d " dala—b)(a+b)2df2 | (@ =) f(a+ booth(e + f2))
_ (c+dx)> | (bd—2acf — 2adfz)? b(c+ dx) N
2(a2—12)d ' 4a(a—Db)(a+b)2df2 ' (a2 —b?) f(a+ beoth(e + fz))

(c+ dx)? (bd — 2acf — 2adfx)? b(c+ dzx)
" 2(a2—12)d ' 4ala—b)(a+b)2df2 ' (a®—b?) f(a+ beoth(e + fz))
_ (c+dx)* | (bd—2acf — 2adfz)? b(c+ dz) N
" 2(a2—b?)d ' 4a(a—b)(a+Db)2df2 ' (a® —?) f(a+ beoth(e + fz))

Mathematica [C] Result contains complex when optimal does not.
time = 3.87, size = 477, normalized size = 2.43
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Antiderivative was successfully verified.

[In] Integrate[(c + d*x)/(a + b*Coth[e + f*x])~2,x]

[Out] (Cschl[e + fxx] 2x(b*Cosh[e + f*x] + a*Sinh[e + fx*xx])*(2xb*x(-a~2 + b~2)*fx(c

+ d*x)*Sinh[e + f*x] - (2”2 - b™2)*(e + f*x)*(-2xcxf + d*x(e - fx*x))*(b*Cos
h[e + fxx] + a*Sinh[e + f*x]) + 2xbxd*(a*x(e + f*x) - bxLog[b*Cosh[e + fx*x]
+ axSinh[e + f*x]])*(b*Cosh[e + f*x] + axSinh[e + f*x]) + 4*axd*ex(ax(e + f
*x) - bxLog[b*Cosh[e + f*x] + a*Sinh[e + f*x]])*(b*Cosh[e + fxx] + a*Sinh[e

+ fxx]) - 4xaxcxfx(ax(e + f*x) - b*Log[b*Cosh[e + f*x] + a*Sinh[e + fxx]])
*x(b*Cosh[e + f*x] + a*Sinh[e + f*x]) - 2*axdx((a*Sqrt[1 - b~2/a"2]*(e + f*x
)~2) /E"ArcTanh[b/a] - I*b*(e + f*x)*(Pi - (2*I)*ArcTanh([b/a]) + I*b*PixLogl[
1 + E"(2%(e + f*x))] - 2*bx(e + f*x + ArcTanh[b/a])*Log[l - E~(-2x(e + f*x
+ ArcTanh[b/al))] - I*b*PixLog[Cosh[e + f*x]] + 2xb*ArcTanh[b/a]*Log[I*Sinh
[e + fxx + ArcTanh[b/a]]l] + b*PolyLog[2, E~(-2*(e + f*x + ArcTanh[b/al))])=*
(bxCosh[e + f*x] + a*Sinh[e + fx*x])))/(2%(-a + b)*(a + b)*(a"2 - b~2)*£~2%(
a + b*Coth[e + f*x])~2)

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 619 vs.
2(195) = 390.
time = 5.24, size = 620, normalized size = 3.16

method | result

dxz?

2(dz4-c)b? b2dln(a e2fzt2e 62f1+2e—a+b)

risch

cx
2a2+4ab+2b2 + a?+2ab+b2 (a—b) f(a?+2ab+b2) (ae2fot2etpe2frt2e_qgb) (a24+2ab+b2) f2(a—b)?

(e

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x+c)/(a+b*coth(f*x+e)) 2,x,method=_RETURNVERBOSE)

[Out] 1/2/(a~2+2*a*xb+b~2) *xd*x~2+1/(a"~2+2*%a*b+b~2) *c*xx-2/(a-b) /f/(a~2+2*a*xb+b~2) * (

d*x+c) *b~2/ (axexp (2*f*x+2xe) +bxexp (2*f*x+2%e) —a+b) +1/(a~2+2*a*b+b~2) /£~ 2xb"~
2/ (a-b) "2*d*1n(a*xexp (2*f*x+2%e) +bxexp (2*f*x+2*e) —a+b) -2/ (a~2+2*a*xb+b~2) /£~2
*b~2/(a-b) “2*d*1n(exp(f*x+e)) -2/ (a~2+2*a*xb+b~2) /£*xb/ (a-b) "2*a*c*1ln (a*xexp (2%
fxx+2%e) +tb*xexp (2*f*x+2%e) —a+b) +4/ (a~2+2*a*xb+b~2) /£*b/ (a-b) “2*a*c*1n (exp (f*x
+e))+2/(a”~2+2*axb+b~2) /£72%b/ (a-b) “2*a*d*e*1n(axexp (2*f*x+2*e) +bxexp (2*f*x+
2xe)-a+b) -4/ (a~2+2*axb+b~2) /£~2%b/ (a-b) “2*a*d*ex1ln(exp (f*x+e))-2/(a~2+2xa*b
+b~2) /£*b/ (a-b) "2*a*d*1n(1- (a+b) *exp (2xf*xx+2*e) / (a-b) ) *x-2/ (a~2+2*axb+b~2) /
£°2xb/(a-b) “2*axd*1n(1-(a+b)*xexp (2*f*x+2xe) /(a-b) ) *e+2/(a~2+2*a*b+b~2) *b/(a
-b) “2xaxd*x~2+4/(a"2+2*a*b+b~2) /f*b/ (a-b) "2*a*d*exx+2/ (a~2+2*a*xb+b~2) /£~2*b
/(a-b) "2xaxd*e~2-1/(a”~2+2*a*xb+b~2) /£~2*b/ (a-b) “2*a*d*polylog(2, (a+b) *exp (2%
fxx+2*e)/(a-b))

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)/(a+b*coth(f*x+e))~2,x, algorithm="maxima")

[Out] -1/2%(8*axbxf*integrate(x/(a~4*fxe~(2*xf*x + 2%e) + 2%xa~3xbxfxe” (2*%f*x + 2%e
) - 2xaxb"3*f*e” (2kf*x + 2%e) - b 4xfxe” (2xf*x + 2%e) - a~4*xf + 2%xa~2xb~2xf

- b74xf), x) + 2¥b"2x(2x(f*x + e)/((a"4 - 2*%a"2*b"2 + b"4)*f"2) - log((a +

b)*e”~ (2xf*x + 2%e) - a + b)/((a”4 - 2*a"2%b"2 + b"4)*f~2)) + ((a™2*xf - b~2
*f)xx"2%e” (2xfxx + 2%e) - 4xb"2*x - (a~2%f - 2%axbxf + b~2*f)*x"2)/(a~4*f -
2%a"2*%b"2*%f + b74xf - (a~4xf + 2*a”3*b*f - 2%axb"3*f - b 4xf)*xe” (2*f*x + 2
*xe)))*d - cx(2xa*bxlog(-(a - b)*e~(-2xf*x — 2%e) + a + b)/((a~4 - 2%a~2%b"~2

+ b"4)*xf) + 2xb"2/((a"4 - 2*a"2*b"2 + b™4 - (a~4 - 2*a~3%b + 2%a*xb~3 - b~4

Yxe” (—2%fxx — 2%e))*f) - (f*x + e)/((a"2 + 2xaxb + b~2)*f))

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 2489 vs.
2(197) = 394.
time = 0.41, size = 2489, normalized size = 12.70

Too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)/(a+b*coth(f*x+e))~2,x, algorithm="fricas")

[Out] -1/2*x((a”3 + a™2%b - a*b™2 - b~3)*d*xf~2*xx"2 + 2*x(a~3 + a~2*%b - a*xb™2 - b~3)
xcxf~2%x - 4x(a”2*%b - a*b~2)*d*cosh(1)”"2 - 4*(a”2xb - a*b~2)*d*sinh(1)~2 +
4x(axb~2 - b"3)*cxf - ((a"3 + 3*a”~2*%b + 3*axb”2 + b~3)*d*xf~2*x"2 - 4*x(a"2*b
+ axb”~2)*d*xcosh(1)"2 - 4*%(a"2*b + a*b~2)*d*sinh(1)"2 + 2%((a"3 + 3*a~2xb +
3*%a*xb~2 + b73)*cxf"2 - 2% (a*xb”2 + b73)*d*f)*x + 4% (2x(a"2*b + axb~2)*kc*f -
(a*xb™2 + b~3)*d)*cosh(1) + 4*%(2x(a"2*b + a*xb~2)*c*f - 2x(a"2*b + a*xb~2)x*dx*
cosh(1) - (a*b”™2 + b~3)*d)*sinh(1))*cosh(f*x + cosh(1l) + sinh(1))"2 - 2%((a
3 + 3*%a"2%b + 3*a*b”2 + b73)*kd*f"2*xx"2 - 4*(a”2xb + a*b~2)*d*cosh(1)"2 - 4
*(a~2%b + a*b”2)*d*sinh(1)"2 + 2*x((a”3 + 3*a~2*%b + 3*a*xb”2 + b~3)*c*f"2 - 2
*(axb™2 + b~3)*d*f)*x + 4x(2*x(a"2%b + axb”2)*c*f - (a*b”™2 + b~3)*d)*cosh(1)
+ 4% (2x(a”2%b + axb”2)*c*f - 2x(a”2%b + axb”~2)*d*cosh(1l) - (a*b”2 + b~3)*d
Y*sinh(1))*cosh(f*x + cosh(1l) + sinh(1))*sinh(f*x + cosh(1) + sinh(1)) - ((
a~3 + 3*%a”2%b + 3*axb”2 + b~3)*xd*f"2*%x"2 - 4*(a”2*b + a*b”2)*d*cosh(1)"2 -
4% (a”~2*b + a*b~2)*d*sinh(1)"2 + 2*((a"3 + 3*a~2*b + 3*a*b”2 + b~ 3)*cxf~2 -
2x(axb™2 + b~3)*d*f)*x + 4%(2%(a"2*b + axb™2)*cxf - (a*b™2 + b~3)*d)*cosh(1
) + 4% (2% (a"2*b + a*xb~2)*cxf - 2x(a"2*b + a*b~2)*d*cosh(l) - (a*b™2 + b~3)*
d)*sinh(1))*sinh(f*x + cosh(1) + sinh(1))72 + 4x(2x(a"2%b - a*b~2)*c*xf - (a
*b~2 - b"3)*d)*cosh(1l) + 4x((a~2*b + a*b~2)*d*cosh(f*x + cosh(l) + sinh(1))
~2 + 2x(a”"2xb + axb~2)*d*xcosh(f*x + cosh(1l) + sinh(1))*sinh(f*x + cosh(1l) +
sinh(1)) + (a"2*b + a*b~2)*d*sinh(f*x + cosh(l) + sinh(1))"2 - (a"2%b - ax
b~2)*d) *dilog(sqrt((a + b)/(a - b))*(cosh(f*x + cosh(1l) + sinh(1)) + sinh(f
*x + cosh(1) + sinh(1)))) + 4x((a"2*b + a*b~2)*d*cosh(f*x + cosh(l) + sinh(
1))72 + 2x(a~2%b + a*b~2)*d*cosh(f*x + cosh(l) + sinh(1))x*sinh(f*x + cosh(1
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) + sinh(1)) + (a"2*%b + a*b~2)*d*sinh(f*x + cosh(1l) + sinh(1))"2 - (a~2xb -
a*b~2)*d) *dilog(-sqrt((a + b)/(a - b))*(cosh(f*x + cosh(l) + sinh(1)) + si
nh(f*x + cosh(1) + sinh(1)))) - 2*x(2x(a"2%b - a*xb”2)*c*xf - 2x(a"~2%b - a*xb”2
Y*xd*xcosh(1) - (2%(a"2*b + axb~2)*cxf - 2x(a”2%b + a*b~2)*d*cosh(1l) - 2x(a~2
*b + a*b”2)*d*sinh(1) - (a*b”2 + b~3)*d)*cosh(f*x + cosh(l) + sinh(1))"2 -
2% (a"2xb - a*b~2)*d*sinh(1) - 2*x(2*(a"2xb + a*b~2)*xcxf - 2+%(a”2xb + a*b~2)*
d*cosh(1) - 2x(a~2%b + a*b~2)*d*sinh(1) - (a*b”2 + b~3)*d)*cosh(f*x + cosh(
1) + sinh(1))*sinh(f*x + cosh(1l) + sinh(1)) - (2%(a"2%b + a*xb~2)*xcxf - 2x(a
~2%b + a*b”2)*d*cosh(1l) - 2*x(a"2*b + a*b~2)*d*sinh(1) - (a*b”2 + b~3)*d)*si
nh(f*x + cosh(1) + sinh(1))"2 - (a*b™2 - b~3)*d)*log(2x(a + b)*cosh(f*x + c
osh(1) + sinh(1)) + 2*%(a + b)*sinh(f*x + cosh(1) + sinh(1)) + 2*(a - b)*sqr
t((a + b)/(a - b))) - 2x(2%(a"2*xb - a*b~2)*cxf - 2+x(a”2*b - a*b~2)*d*cosh(1
) - (2%(a”2xb + a*b™2)*cxf - 2+%(a”2xb + a*b~2)*d*cosh(1l) - 2x(a"2%b + axb”2
Y*d*sinh(1) - (a*b”™2 + b~3)*d)*cosh(f*x + cosh(l) + sinh(1))~2 - 2x(a"2*b -
a*b~2)*d*sinh(1) - 2*(2*(a"2xb + a*b~2)*cxf - 2*(a"2*b + a*b~2)*d*cosh(1)
- 2x(a"2*b + a*b~2)*d*sinh(1) - (a*b”2 + b~3)*d)*cosh(f*x + cosh(1l) + sinh(
1))*sinh(f*x + cosh(1) + sinh(1)) - (2*%(a”2*b + a*b~2)*cxf - 2*%(a”2xb + a*b
~2)*d*cosh(1) - 2*(a"2%b + a*b”2)*d*sinh(1) - (a*b”2 + b~3)*d)*sinh(f*x + c
osh(1) + sinh(1))72 - (a*b”™2 - b~3)*d)*log(2*(a + b)*cosh(f*x + cosh(l) + s
inh(1)) + 2*%(a + b)*sinh(f*x + cosh(1) + sinh(1)) - 2*(a - b)*sqrt((a + b)/
(a - b)) - 4%x((a"2%b - a*b~2)*d*f*xx + (a~2%b - axb~2)*d*cosh(1l) - ((a~2%b
+ a*xb~2)xdxf*x + (a~2*b + a*b~2)*d*cosh(1l) + (a"2%b + a*b~2)*d*sinh(1))*cos
h(f*x + cosh(1) + sinh(1))"2 + (a”2*b - a*b~2)*d*sinh(1) - 2x((a"2%b + a*xb”
2)*xdxfxx + (a”2*b + a*b”2)*d*cosh(1) + (a”2*b + a*b~2)*d*sinh(1))*cosh(f*x
+ cosh(1) + sinh(1))x*sinh(f*x + cosh(1) + sinh(1)) - ((a”2%b + a*b”2)*d*fx*x
+ (a™2*b + a*b~2)*d*cosh(1l) + (a~2*b + a*b~2)*d*sinh(1))*sinh(f*x + cosh(l
) + sinh(1))~2)*log(sqrt((a + b)/(a - b))*(cosh(f*x + cosh(1l) + sinh(1)) +
sinh(f*x + cosh(1) + sinh(1))) + 1) - 4%((a"2%b - a*xb~2)xdxfxx + (a~2%b - a
*b~2) *d*cosh(1) - ((a™2%b + a*b™2)*d*xf*xx + (a~2%b + a*b~2)*d*cosh(1) + (a~2
*b + a*b”2)*d*sinh(1))*cosh(f*x + cosh(1l) + sinh(1))~2 + (a"2*b - a*b™2)*d*
sinh(1) - 2*x((a"2*b + a*xb~2)*d*f*x + (a"2*b + a*b~2)*d*cosh(l) + (a"2%b + a
*b~2) *d*sinh (1)) *cosh(f*x + cosh(1l) + sinh(1))*sinh(f*x + cosh(1l) + sinh(1)
) - ((a™2%b + a*b™2)*d*xf*xx + (a”2*b + a*b”2)*d*cosh(1) + (a"2*b + a*xb~2)x*dx*
sinh(1))*sinh(f*x + cosh(1) + sinh(1))~2)*log(-sqrt((a + b)/(a - b))*(cosh(
f*x + cosh(l) + sinh(1)) + sinh(f*x + cosh(1l) + sinh(1))) + 1) + 4*x(2x(a"~2x*
b - a*b™2)xcxf - 2%(a”2xb - a*b~2)*d*cosh(1l) - (a*xb”™2 - b~3)*d)*sinh(1))/((
a"b + a"4xb - 2*xa~3*%b"2 - 2*a"2%b"3 + a*b”4 + b~5)*xf~"2xcosh(f*x + cosh(1l) +
sinh(1))72 + 2*x(a”5 + a~4xb - 2%a~3%b~2 - 2*%a~2*b~3 + a*b~4 + b~5)*f " 2*cos
h(f*x + cosh(1) + sinh(1))*sinh(f*x + cosh(l) + sinh(1)) + (2”5 + a~4xb - 2
*a"3%b"2 - 2*%a”"2*b”"3 + a*b”4 + b~5)*f"2*sinh(f*x + cosh(1l) + sinh(1))"2 - (
a"b - a"4xb - 2*xa~3*%b"2 + 2*a"2%b"3 + a*xb”4 - b~5)*xf"2)

Sympy [F]
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time = 0.00, size = 0, normalized size = 0.00

c+dx
5 dx
(a+ beoth (e + fz))

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((d*x+c)/(a+b*coth(f*x+e))**2,x)
[Out] Integral((c + d*x)/(a + bxcoth(e + f*x))**2, x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((d*x+c)/(at+b*coth(f*x+e))~2,x, algorithm="giac")
[Out] integrate((d*x + c)/(bxcoth(f*x + e) + a)~2, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/ c+dzx

5 dx
(a+bcoth(e+ fx))
Verification of antiderivative is not currently implemented for this CAS.

[In] int((c + d*x)/(a + b*coth(e + f*x))~2,x)
[Out] int((c + d*x)/(a + b*coth(e + f*x))~2, x)
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1
3.60 f (c+dz)(a+b coth(e+fx))? dx

Optimal. Leaf size=23

Int ( (c+do)(a+ blcoth(e + fx))¥’ x)

[Out] Unintegrable(1/(d*x+c)/(atb*coth(f*x+e))~2,x)
Rubi [A]

time = 0.04, antiderivative size = 0, normalized size of antiderivative = 0.00, number of
steps used = 0, number of rules used = 0, integrand size = 0, number of rules _ ) o0

integrand size
Rules used = {}

: d
/ (c+ dz)(a + beoth(e + fz))2 "

Verification is not applicable to the result.

[In] Int[1/((c + d*x)*(a + bxCoth[e + f*x])~2),x]

[Out] Defer[Int] [1/((c + d*x)*(a + b*Coth[e + f*x])~2), x]
Rubi steps

1 1
/ (c+ dx)(a + beoth(e + fx))? de = / (c+ dz)(a+ beoth(e + fx))? dz

Mathematica [A]
time = 100.15, size = 0, normalized size = 0.00

1
d
/ (c+ dx)(a + beoth(e + fx))? v
Verification is not applicable to the result.

[In] Integrate[1/((c + d*x)*(a + b*Coth[e + f*x])~2),x]
[Out] Integrate[1/((c + d*x)*(a + bxCoth[e + f*x])~2), x]

Maple [A]
time = 180.00, size = 0, normalized size = 0.00
1

/ (dz + ¢) (a + beoth (fz + €))? d

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(1/(d*x+c)/(a+b*coth(f*x+e))~2,x)
[Out] int(1/(d*x+c)/(a+tb*coth(f*x+e))”2,x)
Maxima [A]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c)/(atb*coth(f*x+e))~2,x, algorithm="maxima")

[Out] 2*b~2/(a~4*cxf - 2*a~2*%b~2*c*f + b 4dxcxf + (a~4*d*f - 2*a~2xb~2xd*f + b~4*d
*f)xx — ((a~4xd*xf + 2*a~3xbxd*f - 2*axb~3*kd*f - b 4*xd*f)*x*e”(2xe) + (a~4*c

xf + 2%a”~3xbxckxf - 2%axb~3*c*kf - bT4xc*f)*e”(2xe))*e” (2*xf*x)) + log(d*x + c

)/ (a"2+d + 2*axbxd + b~2xd) - integrate(-2*(2*axbxdxf*x + 2*axbxc*f + b~2xd

)/ (@"4*c™2xf — 2*%a”2%b"2xc”2*f + bT4xc”2*f + (a~4*xd"2*f - 2*xa”~2%b"2%d"2xf +
b~4xd"2xf)*x"2 + 2% (a"4dkckdxf - 2*xa~2xb"2xckd*f + b 4kckdxf)*x - ((a~4*%d"2

*f + 2%a”3*bxd"2*f - 2%axb"3*d"2*f - bT4*d"2+f)*x"2xe” (2%e) + 2x(a”4*cxdxf

+ 2%a~3xbxckd*f - 2xaxb~3kckd*f — b 4kckdxf)*xke” (2%e) + (a~4*c”2xf + 2*a”3
*b*xc”2%f - 2%axb"3xcT2xf - bT4xcT2xf)*e” (2%e) ) ke~ (2xf*xx)), x)

Fricas [A]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c)/(at+b*coth(f*x+e))~2,x, algorithm="fricas")
[Out] integral(1l/(a”2*d*x + a"2%c + (b~2xd*x + b~2xc)*coth(f*x + e)~2 + 2x(axb*dx

X + axb*c)*coth(f*x + e)), x)

Sympy [A]
time = 0.00, size = 0, normalized size = 0.00

1
/ 5 dx
(a+bcoth (e + fx))” (c+ dx)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c)/(a+b*coth(f*x+e))**2,x)
[Out] Integral(1l/((a + b*coth(e + f*x))**2%(c + d*x)), x)
Giac [A]

time = 0.00, size = 0, normalized size = 0.00

could not integrate
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c)/(a+b*coth(f*x+e))~2,x, algorithm="giac")
[Out] integrate(1/((d*x + c)*(b*coth(f*x + e) + a)~2), x)

Mupad [A]
time = 0.00, size = -1, normalized size = -0.04
1
/ 5 dx
(a+bcoth(e+ fx))” (c+dx)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/((a + b*coth(e + f*x)) 2%(c + d*x)),x)
[Out] int(1/((a + b*coth(e + f*x)) 2%(c + d*x)), x)
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1
3.61 f (c+dx)%(a+bcoth(e+fx))? dx

Optimal. Leaf size=23

Int ( (c+do)?(a+ blcoth(e + fz))?’ w)

[Out] Unintegrable(1/(d*x+c)~2/(a+b*coth(f*x+e))~2,x)
Rubi [A]

time = 0.04, antiderivative size = 0, normalized size of antiderivative = 0.00, number of
steps used = 0, number of rules used = 0, integrand size = 0, number of rules _ ) (0

integrand size
Rules used = {}

! d
/ (c+ dx)?(a + beoth(e + fx))? v

Verification is not applicable to the result.

[In] Int[1/((c + d*x)~2x(a + b*Coth[e + f*x])~2),x]

[Out] Defer[Int] [1/((c + d*x)~2%(a + b*Cothl[e + f*x])~"2), x]
Rubi steps

1 1
/ (c+ dx)%(a + beoth(e + fx))? de = / (¢ + dx)%(a+ beoth(e + fx))? de

Mathematica [A]
time = 80.46, size = 0, normalized size = 0.00

1
d
/ (c+ dzx)?(a + beoth(e + fx))? v
Verification is not applicable to the result.

[In] Integrate[1/((c + d*x)~2*(a + b*Coth[e + fx*x])~2),x]
[Out] Integrate[1/((c + d*x)~2x(a + b*Coth[e + f*x])~2), x]

Maple [A]
time = 180.00, size = 0, normalized size = 0.00
1

/ (dz + ¢) (a + beoth (fz + e))” d

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(1/(d*x+c) "2/ (at+b*coth(f*x+e))~2,x)
[Out] int(1/(d*x+c) "2/ (a+b*coth(f*x+e))~2,x)

Maxima [A]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c)~2/(atb*coth(f*x+e))~2,x, algorithm="maxima")

[Out] -(a~2*c*f - 2xaxbkxc*f + (cxf - 2*%d)*b~2 + (a~2xd*f - 2*axbxdxf + b~ 2*d*f)x*x
- ((a"2*%d*f - b~2xd*f)*x*xe”(2*e) + (a”2*c*f — b~ 2xc*xf)*e”(2*e))*e” (2*f*x))
/(a~4d*xc™2xdxf — 2%a~2x%b"2%c”2*d*f + b "4dxc"2xd*xf + (a~4*d"3*f - 2%a”~2%b"2xd”
3*f + b74xd"3*f)*x"2 + 2% (a~4*ckd"2*xf - 2%a"2xb"2xckd"2*f + b 4dkckd"2*f)*x
- ((a™4*xd"3*f + 2*xa~3*b*d"3*f — 2*a*b~3*d"3*f - b 4*xd"3*f)*x"2xe” (2%e) + 2%
(a4*xc*d™2xf + 2%a”3*bxcxd"2*f - 2*xaxb~3kc*d~2xf — b ~4*c*xd"2xf)*x*e” (2xe) +
(a~4xc™2xd*f + 2%a”3*bkc~2xd*xf — 2*xaxb~3*xc”2*d*f - b 4dkc"2xd*xf)*e” (2xe) ) *e
~(2xf*x)) - integrate(-4x*(a*xb*dxf*x + axbxcxf + b~2xd)/(a~4xc”3*f - 2xa~2*Db
“2xc”3*f + bT4xc”3*f + (a”4*xd"3*f - 2*xa"2*b"2*%d"3*f + b~4*d"3*f)*x"3 + 3x(a
“4xckd"2%f - 2%a"2xb"2xckd"2xf + b 4kckd"2*f) *x"2 + 3k (a~4xcT2xd*f - 2%a" 2%
b"2*%c”2*d*f + b 4*cT2xdxf)*x - ((a”4*d"3*f + 2*xa”~3*b*d~3*f - 2*a*b~3*d”"3*f
- b74xd"3*f) *x"3xe” (2%e) + 3x(a"4*c*d"2xf + 2*a”3xbxcxd"2*f - 2xaxb"3*c*xd"2
*f — b T4kckd"2*f) *x"2%xe” (2%xe) + 3k (a~4*c”2*d*f + 2%a”"3xbkxc 2xd*xf - 2*a*b”3*
c~2xd*xf - bT4xc”2kd*f)*x*xe”(2*%e) + (a~4*xc”3*f + 2*xa”~3*b*c”3xf - 2*a*b~3*c”3
*f — b74*c”3xf)*e” (2%e) ) xe” (2*f*x)), x)
Fricas [A]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c)~2/(a+b*coth(f*x+e))~2,x, algorithm="fricas")

[Out] integral(1l/(a”2*d"2%x"2 + 2*xa~2*ckd*x + a~2*%c”™2 + (b72xd"2*x"2 + 2%b~2%c*d*
X + b™2*%c”"2)*coth(f*x + e)”2 + 2% (axb*d~2*x"2 + 2*a*xbxcxd*x + axbxc~2)*coth
(f*x + e)), x)
Sympy [A]
time = 0.00, size = 0, normalized size = 0.00

1

/ 3 5 dT
(a + bceoth (e + fx))” (c+ dx)

Verification of antiderivative is not currently implemented for this CAS.



[In] integrate(1/(d*x+c)**2/(a+b*coth(f*x+e))**2,x)
[Out] Integral(1/((a + b*coth(e + fxx))*x2x(c + d*x)**2), x)

Giac [A]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(1/(d*x+c)~2/(a+b*coth(f*x+e))~2,x, algorithm="giac")
[Out] integrate(1/((d*x + c)~2*(b*coth(f*x + e) + a)~2), x)

Mupad [A]
time = 0.00, size = -1, normalized size = -0.04

1
/ 3 5 dT
(a+bcoth(e+ fz))" (c+dx)
Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/((a + bxcoth(e + f*x)) " 2*(c + d*x)~2),x)
[Out] int(1/((a + bxcoth(e + f*x))“2%(c + d*x)~2), x)
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4.1 Download section

The following zip files contain the raw integrals used in this test.

Mathematica format [Mathematica syntax.zip|

Maple and Mupad format [Maple syntax.zip|

Sympy format SYMPY syntax.zip|

Sage math format SAGE syntax.zip|

4.2 Listing of Grading functions

The following are the current version of the grading functions used for grading the quality
of the antiderivative with reference to the optimal antiderivative included in the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

4.2.1 Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* Nasser: April 7,2022. add second output which gives reason for the grade *)
(* Small rewrite of logic in main function to make it*)
(* match Maple's logic. No change in functionality otherwis

(* ::Subsection:: *)

(*GradeAntiderivative[result, optimal]*)

(* ::Text:: *)
(*If result and optimal are mathematical expressions, *)

(* GradeAntiderivative[result,optimal] returns*)
(¥ "F" if the result fails to integrate an expression that*)
(* is integrablex)

(¥ "C" if result involves higher level functions than necessary+*)
(*» "B" if result is more than twice the size of the optimal*)

(* antiderivative*)

(*» "A" if result can be considered optimalx*)

ex)


/my_notes/CAS_integration_tests/reports/summer_2022/input/Mathematica_syntax.zip
/my_notes/CAS_integration_tests/reports/summer_2022/input/Maple_syntax.zip
/my_notes/CAS_integration_tests/reports/summer_2022/input/SYMPY_syntax.zip
/my_notes/CAS_integration_tests/reports/summer_2022/input/SAGE_syntax.zip
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GradeAntiderivative[result_,optimal_] := Module[{expnResult,expnOptimal,leafCount

(* :

expnResult = ExpnType[result];
expnOptimal = ExpnType[optimal];
leafCountResult = LeafCount [result];
leafCountOptimal = LeafCount [optimal];

(*Print ["ezpnResult=", expnResult, " expnOptimal=",expnOptimall];*)
If [expnResult<=expnOptimal,
If [Not[FreeQ[result,Complex]], (*result contains complez+*)
If [Not [FreeQ[optimal,Complex]], (*optimal contains complex*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A","none"}

,» (*ELSE*)
finalresult={"B","Both result and optimal contain complex but
]
, (*ELSE*)
finalresult={"C","Result contains complex when optimal does not."
]
, (xELSE*) (*result does not contains complez*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A","none"}
, (*ELSE*)
finalresult={"B","Leaf count is larger than twice the leaf count o
]

]
, (*ELSE*) (*expnResult>expnOptimal*)
If [FreeQ[result,Integrate] && FreeQ[result,Int],
finalresult={"C","Result contains higher order function than in optim

3

finalresult={"F","Contains unresolved integral."}

]
1;
finalresult
:Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involves*)

(*1
(*2
(*3
(%4
(*5
(*6
(*7
(*8

= rational function*)

= algebraic function*)

= elementary function¥)

= special function*)

= hyperpergeometric function*)
= appell function*)

= rootsum function*)

= integrate function*)

Result,leafC

leaf count

f optimal. $

al. Order "<
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(*9 = unknown function*)

ExpnType[expn_] :=
If[AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType,expn]],
If [Head[expn]===Power,
If [IntegerQ[expn[[2]]1],
ExpnType [expn[[1]]],
If [Head [expn[[2]]]===Rational,
If[IntegerQlexpn[[1]1]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]1]],2]],
Max [ExpnType [expn[[1]1]] ,ExpnType [expn[[2]1]1,3]11],
If [Head[expn]===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max[3,ExpnType[expn[[1]]1]],
I1f [SpecialFunctionQ[Head [expn]],
Apply [Max,Append [Map [ExpnType,Apply[List,expn]],4]1],
I1f [HypergeometricFunctionQ[Head [expn]],
Apply[Max, Append [Map [ExpnType,Apply[List,expn]],5]],
If [AppellFunctionQ[Head [expn]],
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],6]1],
If [Head[expn]===RootSum,
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],7]1],
If [Head[expn]===Integrate || Head[expn]===Int,
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],8]]1,
91111111111

ElementaryFunctionQ[func_] :=
MemberQ[{
Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch
},func]

SpecialFunctionQ[func_] :=
MemberQ [{
Erf, Erfc, Erfi,
FresnelS, FresnelC,
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ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, ProductLog,
EllipticF, EllipticE, EllipticPi

},func]

HypergeometricFunctionQ[func_] :=
MemberQ [{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ[{AppellF1}, func]

4.2.2 Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin
#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added
#Nasser 03/24/2017 corrected the check for complex result
#Nasser 10/27/2017 check for leafsize and do not call ExpnType()

# if leaf size is "too large". Set at 500,000
#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions
# see problem 156, file Apostol_Problems

#Nasser 4/07/2022 add second output which gives reason for the grade

GradeAntiderivative := proc(result,optimal)
local leaf_count_result,
leaf_count_optimal,
ExpnType_result,
ExpnType_optimal,
debug:=false;

leaf _count_result:=leafcount(result);
#do NOT call ExpnType() if leaf size is too large. Recursion problem
if leaf count_result > 500000 then
return "B","result has leaf size over 500,000. Avoiding possible recu

fi;
leaf_count_optimal := leafcount(optimal);
ExpnType_result := ExpnType(result);

ExpnType_optimal := ExpnType(optimal);

rsion issues




#
#
#
#
#
#
#
#

If result and optimal are mathematical expressions,
GradeAntiderivative[result,optimal] returns

IIFII

IICII
IIBII

"AII

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check
#for "F" before calling this. But no harm of keeping it here.
#just in case.

if not type(result,freeof('int')) then

fi;

if ExpnType_result<=ExpnType_optimal then
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if debug then
print ("ExpnType_result" ,ExpnType_result," ExpnType_optimal=",ExpnType
fi;

if the result fails to integrate an expression that

is integrable

if result involves higher level functions than necessary
if result is more than twice the size of the optimal
antiderivative

if result can be considered optimal

return "F","Result contains unresolved integral";

if debug then
print ("ExpnType_result<=ExpnType_optimal") ;
fi;
if is_contains_complex(result) then
if is_contains_complex(optimal) then
if debug then
print ("both result and optimal complex");

fi;

if leaf_count_result<=2*leaf_count_optimal then
return "A" s nn g

else

return "B",cat("Both result and optimal contain complex but le
convert(leaf_count_result,string)," vs. $2 (",
convert(leaf_count_optimal,string)," ) = ",con
end if
else #result contains complex but optimal is not
if debug then
print("result contains complex but optimal is not");
fi;
return "C","Result contains complex when optimal does not.";
fi;

optimal) ;

af count of r

vert (2xleaf _c

else # result do not contain complex
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# this assumes optimal do not as well. No check is needed here.
if debug then
print("result do not contain complex, this assumes optimal do not as well"
fi;
if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A","";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B",cat("Leaf count of result is larger than twice the leaf count of o
convert(leaf_count_result,string),"$ vs. $2(",
convert(leaf_count_optimal,string),")=",convert(2xleaf_cou
fi;
fi;
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;
return "C",cat("Result contains higher order function than in optimal. Order ",
convert (ExpnType_result,string)," vs. order ",
convert (ExpnType_optimal,string),".");
fi;

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));
end proc:

The following summarizes the type number assigned an expression
based on the functions it involves

rational function

= algebraic function

= elementary function

= special function

= hyperpergeometric function

= appell function

= rootsum function

H OH OH H HH HEHH
~NOo O WwN -
|



# 8 = integrate function
# 9 = unknown function

ExpnType := proc(expn)
if type(expn, 'atomic') then
1
elif type(expn,'list') then
apply (max ,map (ExpnType, expn) )
elif type(expn, 'sqrt') then
if type(op(1,expn), 'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' " ') then
if type(op(2,expn),'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn),'rational') then
if type(op(1,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
else
max (3,ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
end if
elif type(expn,' + ') or type(expn,' * ') then
max (ExpnType (op(1,expn) ) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply (max,map (ExpnType, [op(expn)]1)))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5, apply (max,map (ExpnType, [op(expn)]1)))
elif AppellFunctionQ(op(0,expn)) then
max (6, apply (max,map (ExpnType, [op(expn)]1)))
elif op(0,expn)='int' then
max (8,apply (max ,map (ExpnType, [op(expn)]))) else
9
end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [
exp,log,ln,
sin,cos,tan,cot,sec,csc,
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arcsin,arccos,arctan,arccot,arcsec,arccsc,

sinh,cosh,tanh,coth,sech,csch,

arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])
end proc:

SpecialFunction := proc(func)
member (func, [

erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA,1nGAMMA,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,El1lipticE,EllipticPi])

end proc:

HypergeometricFunctionQ := proc(func)
member (func, [HypergeometriclF1,hypergeom, HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount(u) returns the number of nodes in u.
#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple
leafcount := proc(u)
MmaTranslator [Mma] [LeafCount] (u) ;
end proc:
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4.2.3 Sympy grading function

p

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added *RootSum . See problem 177, Timofeev file
# added 'exp_polar’

from sympy import x

def leaf count(expr):
#sympy do not have leaf count function. This is approrimation
return round(1.7xcount_ ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is elementary function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

]

def is_special_function(func):
return func in [ erf,erfc,erfi,
fresnels,fresnelc,Fi, Ei,Li,Si,Ci,Shi,Chi,
gamma,loggamma,digamma,zeta,polylog,LambertW,
elliptic_ f,elliptic_ e,elliptic_ pi,exp_ polar

]

def is_ hypergeometric_ function(func):
return func in [hyper]

def is_appell function(func):
return func in [appellfl]

def is_atom(expn):
try:
if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True
else:
return False




def expnType(expn):
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except AttributeError as error:
return False

debug=False
if debug:
print("expn=",expn,"type(expn)=",type(expn))

if is atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if isinstance(expn.args|0],Rational): #type(op(1,expn),'rational’)
returnl
else:
return max(2,expnType(expn.args(0])) #maz(2,EzpnType(op(1,expn)))
elif isinstance(expn,Pow): #type(expn,' ')
if isinstance(expn.args[l],Integer): #type(op(2,expn),'integer’)
return expnType(expn.args(0]) #EzpnType(op(1,expn))
elif isinstance(expn.args[1],Rational): #type(op(2,expn), rational’)
if isinstance(expn.args[0],Rational): #type(op(1,expn), rational’)
return 1
else:
return max(2,expnType(expn.args|0])) #maz(2,ExpnType(op(1,expn)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args(l])) #maz(3,ExpnType(op(1
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,' +'') or type(expn,’
ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[l:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #FElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #maz(3,ExpnType(op(1,expn)))
elif is_special function(expn.func): #SpecialFunction@Q(op(0,expn))
ml = max(map(expnType, list(expn.args)))
return max(4,ml) #maz(4,apply(maz,map(ExpnType,[op(expn)])))
elif is hypergeometric_function(expn.func): #HypergeometricFunctionQ(op(0,expn))
ml = max(map(expnType, list(expn.args)))
return max(5,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif is_appell function(expn.func):
ml = max(map(expnType, list(expn.args)))
return max(6,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif isinstance(expn,RootSum):

,expn)), Expn’

x')

ml = max(map(expnType, list(expn.args))) #Apply/Max, Append[Map[ExpnType, Apply[List,expn]],7]],

return max(7,ml)

elif str(expn).find("Integral") != —1:
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ml = max(map(expnType, list(expn.args)))

return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:

return 9

#main function
def grade_ antiderivative(result,optimal):

#print ("Enter grade__antiderivative for sagemath")
#print("Enter grade__antiderivative, result=",result," optimal=",optimal)

leaf count_result = leaf count(result)
leaf count_ optimal = leaf count(optimal)

#print("leaf _count_result=",leaf count_result)
#print("leaf _count_optimal=",leaf _count optimal)

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if str(result).find("Integral") != —1:

grade = "F"
grade_ annotation =""
else:

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =""
else:

grade = "B’

grade_ annotation ="Both result and optimal contain complex but leaf count of result is larger

else: #result contains complex but optimal is not

grade = "C"

grade_ annotation ="Result contains complex when optimal does not."

else: # result do not contain complex, this assumes optimal do not as well

if leaf count_result <= 2+leaf count_optimal:

grade = "A"

grade_ annotation =
else:

grade = "B'

grade__annotation ="Leaf count of result is larger than twice the leaf count of optimal. "+str(lea

else:
grade = "C"
grade_ annotation ="Result contains higher order function than in optimal. Order "+st

r(ExpnType_ re



#print("Before returning. grade=",grade, " grade__annotation=",grade__annotation)

return grade, grade_annotation
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4.2.4 SageMath grading function

#Dec 24, 2019. Nasser: Ported original Maple grading function by

# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Mazxima results.

#Dec 24, 2019. Nasser: Added 'exp integral_e' and 'sng', 'sin__integral’
# 'arctan2’, 'floor','abs', 'log__integral’

#June 4, 2022 Made default grade annotation "none" instead of "" due
# issue later when reading the file.

#July 14, 2022. Added ellipticF. This is until they fix sagemath, then remove it.

from sage.all import x
from sage.symbolic.operators import add_ vararg, mul_ vararg

debug=False;

def tree_size(expr):
r" nn
Return the tree size of this expression.
nnn

#print("Enter tree__size, expr is ",expr)

if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

def is_sqrt(expr):
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands()[1]==1/2: #expr.args[l] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False




def is_elementary_ function(func):
#debug=False

m = func.name() in ['exp','log','In',
'sin','cos’,'tan','cot','sec','csc',
'arcsin','arccos','arctan','arccot','arcsec','arccsc’,
'sinh','cosh','tanh’','coth','sech','csch’',

'arcsinh','arccosh','arctanh','arccoth','arcsech','arccsch’,'sgn’,
'arctan2','floor','abs'

]
if debug:
if m:

print ("func ", func , " is elementary_ function")
else:

print ("func ", func , " is NOT elementary_ function")

return m

def is_special function(func):
#debug=False
if debug:

print ("type(func)=", type(func))

m= func.name() in ['erf')'erfc','erfi','fresnel_sin','fresnel cos','Ei',
'Ei','Li",'Si",'sin__integral','Ci','cos__integral','Shi','sinh__ integral'
'Chi','cosh__integral','gamma’,'log_gamma','psi,zeta’,
'polylog','lambert_ w','elliptic_ f','elliptic_ e','ellipticF"',
'elliptic_ pi','exp_integral_e','log_integral]
if debug:
print ("m=",m)
if m:

print ("func ", func ," is special_function")
else:

print ("func ", func ," is NOT special_function")

return m

def is_ hypergeometric_ function(func):

return func.name() in ['hypergeometric','hypergeometric_M','hypergeometric_ U']

def is_appell function(func):
return func.name() in ['hypergeometric']

#[appellfl] can't find this in sagemath
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def is_atom(expn):

#debug=False
if debug:
print ("Enter is_atom, expn=",expn)

if not hasattr(expn, 'parent'):
return False

#thanks to answer at https://ask.sagemath.org/question/49179/what—is—sagemath—equivalent—to—atomic—
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().gens()

return False

except AttributeError as error:
print("Exception,AttributeError in is_atom")
print ("cought exception' , type(error)._ name )
return False

def expnType(expn):

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is_atom(expn)=", is_atom(expn))

if is atom(expn):
return 1
elif type(expn)==1ist: #isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is sqrt(expn):
if type(expn.operands()[0])==Rational: #type(isinstance(ezpn.args[0],Rational):

returnl
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args(0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands()[1])==Integer: #isinstance(expn.args[1],Integer)
return expnType(expn.operands()[0]) #expnType(expn.args[0])

elif type(expn.operands()[1])==Rational: #isinstance(ezpn.args[1],Rational)
if type(expn.operands()[0])==Rational: #isinstance(expn.args/0],Rational)
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return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args(0]))
else:
return max(3,expnType(expn.operands()[0]),expnType(expn.operands()[1])) #maz(3,e
elif expn.operator() == add_ vararg or expn.operator() == mul_ vararg: #isinstance(ezpn,
ml = expnType(expn.operands()[0]) #expnType(expn.args[0])
m?2 = expnType(expn.operands()[1:]) #expnType(list(expn.args[1:]))
return max(ml,m2) #maz(ExpnType(op(1,expn)) max(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.func)
return max(3,expnType(expn.operands()[0]))
elif is_special function(expn.operator()): #is_special _function(expn.func)
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(4,ml) #maz(4,m1)
elif is_hypergeometric_ function(expn.operator()): #is_hypergeometric_ function(expn.func
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(5,ml) #maz(5,m1)
elifis appell function(expn.operator()):
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(6,ml) #maz(6,m1)
elif str(expn).find("Integral") != —1: #this will never happen, since it
#1is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #maz(map(expnType, list(expn.args)))
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

if debug:
print ("Enter grade_ antiderivative for sagemath")
print("Enter grade_antiderivative, result=",result)
print("Enter grade_antiderivative, optimal=",optimal)
print("type(anti)=",type(result))
print("type(optimal)=",type(optimal))

leaf count_result = tree_size(result) #leaf count(result)
leaf count_ optimal = tree_ size(optimal) #leaf count(optimal)

#if debug: print ("leaf count_result=", leaf count_result, "leaf count optimal=",leaf count

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

rpn Type(expn. o]
Add) or isinsta

optimal)
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if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",expnType_

if expnType_result <= expnType_ optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade__annotation ="none'
else:

grade = "B"

grade_ annotation ="Both result and optimal contain complex but leaf count of re
else: #result contains complex but optimal is not
grade = "C"
grade_ annotation ="Result contains complex when optimal does not."
else: # result do not contain complex, this assumes optimal do not as well
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"
grade_ annotation ="none"
else:
grade = "B’
grade_ annotation ="Leaf count of result is larger than twice the leaf count of optims
else:
grade = "C"

grade_annotation ="Result contains higher order function than in optimal. Order "+str(e

print("Before returning. grade=",grade, " grade_annotation=",grade_ annotation)

return grade, grade_ annotation

‘optimal)

ssult is larger t

l. "+str(leaf

xpnType_ rest
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	 (c+d x)^m (a+a (e+f x))  dx
	 (c+d x)^m  a+a (e+f x)  dx
	 (c+d x)^m  (a+a (e+f x))^2  dx
	 (c+d x)^m  (a+a (e+f x))^3  dx
	 (c+d x)^3 (a+b (e+f x))  dx
	 (c+d x)^2 (a+b (e+f x))  dx
	 (c+d x) (a+b (e+f x))  dx
	 a+b (e+f x)  c+d x  dx
	 a+b (e+f x)  (c+d x)^2  dx
	 (c+d x)^3 (a+b (e+f x))^2  dx
	 (c+d x)^2 (a+b (e+f x))^2  dx
	 (c+d x) (a+b (e+f x))^2  dx
	 (a+b (e+f x))^2  c+d x  dx
	 (a+b (e+f x))^2  (c+d x)^2  dx
	 (c+d x)^3 (a+b (e+f x))^3  dx
	 (c+d x)^2 (a+b (e+f x))^3  dx
	 (c+d x) (a+b (e+f x))^3  dx
	 (a+b (e+f x))^3  c+d x  dx
	 (a+b (e+f x))^3  (c+d x)^2  dx
	 (c+d x)^3  a+b (e+f x)  dx
	 (c+d x)^2  a+b (e+f x)  dx
	 c+d x  a+b (e+f x)  dx
	 1  (c+d x) (a+b (e+f x))  dx
	 1  (c+d x)^2 (a+b (e+f x))  dx
	 (c+d x)^3  (a+b (e+f x))^2  dx
	 (c+d x)^2  (a+b (e+f x))^2  dx
	 c+d x  (a+b (e+f x))^2  dx
	 1  (c+d x) (a+b (e+f x))^2  dx
	 1  (c+d x)^2 (a+b (e+f x))^2  dx
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